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Methods of deriving existence and nonexistence theorems for certain classes of nonlinear integral
and other equations are discussed. The methods are illustrated by examples from high-energy physics

of equations of the bootstrap type.

HE purpose of this note is to present methods
of dealing with certain nonlinear integral and
other equations which have been applied to a number
of problems of physical interest''® which arise in
high-energy physics in connection with the bootstrap
program.’> The methods concern those equations
which can be regarded as relations on a ring, or
which are closely related to such equations. In the
main text of this paper, we simply sketch the
methods and discuss some new examples of physical
interest. Since it is our purpose to write something
intelligible to physicists as well as interesting to
mathematicians, we relegate details to two series of
extensive notes: one, indexed Al, A2 (Appendix A),
explaining our terminology and containing also var-
ious points of physical interest; and the other,
indexed B1, B2 (Appendix B), containing certain
mathematical refinements.
Suppose first of all we are given a system of equa-
tions,

a—|—b+c---=0, d+€+f"'=0,"', (1)
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where we have not bothered to distinguish between
known and unknown quantities (A2), on a given
commutative ring (Al).

The first possible method is the classical method
of algebraic elimination theory (Ref. 4, Chap. XI)
(A3).

Unfortunately, the conditions for applying this
type of argument are too restrictive to apply to
realistic physical problems, and if there is the slight-
est additional complication, the method does not
work at all.

A method related to this, which we found
useful, and of which we give an example below, is
the following: let x be a character (A4) of the given
ring. Then the system (1) gives us

x(@) + x(®&) + x) -+ =0,
x(d) +x(@ + x(f) --- =0,

The system (2) is just a series of polynomial
equations in ordinary numbers and can be solved
easily. Then if there are sufficiently many (A5)
characters, one can, in principle, reconstruct the
solutions (B1). In particular, if the given ring is a
topological algebra, one can use functional repre-
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sentation theory (A6). By arguments of this kind,
one may not be able to get solutions, but, as we
see below, existence and nonexistence proofs some-
times come out rather easily.

A second series of methods is that connected with
fixed-point theorems of nonlinear analysis.” These
have been further developed® and applied by Taylor’
to problems similar to those discussed in this paper,
and so we refer the reader to those references for
discussion of such methods. They apply naturally to
a rather different class of problems than the one
we consider here and yield, in general, only an
existence or nonexistence theorem.

Now suppose we are given the Eq. (1), but are
not told on which ring they act (B2). The problem
of constructing a space on which a given operator
is a continuous mapping with certain properties is
an old one in nonlinear functional analysis, ap-
parently first considered by Schauder’ but “has
received little attention so far.”® If there are some
known functions in the equations, or if we have some
sort of boundary conditions, such notions may be
of help. Otherwise, we are completely at sea; ‘‘other-
wise”’ covers many situations of genuinely physical
interest. Under this heading come two methods
which we discuss with examples and whose descrip-
tion and justification are the essential purpose of
the present paper.

In the first of these methods, we make a definite
set of assumptions about the underlying ring (B3).
In practice, this is the analogy of selecting for a
given (say) differential equation a definite class of
boundary conditions (correctness class). We try to
make the assumptions as general as possible, but
it should be emphasized that any results obtained
refer only to the particular class of rings chosen:
such restrictions are an essential part of this method-
ology, particularly if one seeks a nonexistence theo-
rem or g uniqueness theorem.

For instance, we may know that the unknowns
commute, so we can choose a commutative ring.
There are usually general grounds for believing
that it is semisimple (B4, A7).

Now, a fairly complete structure theory exists
for commutative, semisimple locally m-convex alge-
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of Nonlinear Integral Equations (The Macmillan Company,
New York, 1964).

¢ J. G. Taylor, Proc. Roy. Soc. (London) (to be published).
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“On the Existence of Field Theory, I and II”, cf.
J. Math. Phys. 7, 1720 (1966).
8 J. Schauder, Studia Math. 2, (1930).

bras (see Ref. 9, where the term locally m-convex is
defined by Definition 2.1), which is sufficiently gen-
eral to allow the unbounded spectra often required in
physical problems. On the other hand, it would be
most unfortunate if the algebra were really (which
algebra? the whole point is that we do not know)
merely locally convex, and not locally m-convex. We
could not then do anything, even if we knew which
algebra to choose. In other words, the idea here is to
choose the most general structure which known pure
mathematics enables us to handle and to ignore the
possibility that this may be wrong on the grounds
that the resulting situation would anyway be impos-
sible to deal with.

In this spirit, consider the lowest-order complete
unitarity’® equations for the scattering of pseudo-
scalar ‘‘pions.” Ignoring some physically important
but mathematically merely confusing detail, these
equations may be written (A8)

M- M = —kMM’, (3)
M= -k > P(MM), @

i=1,2,3

where M represents the two-particle scattering am-
plitude, M’ is a reduced amplitude obtained by
removing contributions with certain singularities
in the 1-2 channel, the propagators have been ab-
sorbed, and % is a pure imaginary constant. In this
case, the multiplication is partly of Faltung type
and partly pointwise (because of the & function
conserving 4-momentum). The P, are all (topolog-
ically different, Ref. 10, Paper 3) permutations of
the legs, and we have P2 = I for each ¢. [We follow,
in general, the treatment of these equations given
in Ref. 1, where careful references are given, proper
sign conventions set up, etc. However, the present
treatment improves on that of Ref. 1 in several
respects. The question of the removal of singularities
from the equations is carefully discussed in Ref. 10
(Paper 5, Appendix 3).]

Now strictly speaking (Ref. 10, loc. cit.), Eq. (3)
is the definition of M’. Thus we can write meaning-
fully

M’ = M/ — kM),

since otherwise M’ would not be correctly defined
by the Green’s function analysis in Ref 10. Thus
M and M’ define a commutative ring. Suppose,
according to our preliminary discussion, that this
can be embedded into a complete, semi-simple locally
m~convex algebra (B5). Then by Ref. 9, Proposition

9 E. A. Michael, Am. Math. Soc. Memoirs. No. 11 (1952).
10 J. G. Taylor, Nuovo Cimento Suppl. Pt. 1, 857 (1963).
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8.1, we can get a functional representation (A6)
which is an isomorphism. In other words, we can
assume that the multiplication is pointwise and (3)
and (4) then represent all Eqgs. (2) for different x.

We still have to deal with the extra terms on the
right-hand side of (4). For this purpose, we must
discuss involutions (A9). The natural one is TCP.
Since we are working with the Fourier transforms
of = functions'' rather than with the r functions
themselves, and since certain amputations have been
performed,'® TCP is not directly applicable. Never-
theless, one can show that there exists an involution
related to TCP under which M is invariant.'* The
argument then proceeds exactly as in Ref. 1: on
each point of the structure space (Al0), ie., es-
sentially for each one of Egs. (2), the symmetry
property of M derived from TCP gives x(3) real.
Then the functions x{P.(MM’)} must be x(MM')
multiplied by certain real functions (see Ref. 1 for
details), and then Egs. (2) have, by inspection, no
solution other then the trivial one M = M’ = 0.

The conclusion of this analysis is the following:
Take the 2-cut approximation equations to the
p¢* pseudoscalar meson theory, developed by Taylor
in Ref. 10 (Papers 3 and 5). These approximate
equations are expected to give the scattering am-
plitude, at least up to the three-particle threshold.
The process of discussing their solutions naturally
gives rise to a certain commutative algebra with
involution, for which the scattering amplitude M is

a Hermitian element. If this algebra can be em-

1t H, Lehmann, K. Symanzik, and W. Zimmermann,
Nuovo Cimento 25, 425 (1955); K. Symanzik, CERN pre-
print (1961).

2 We sketch the argument involved, since it has not
aﬁpeared in print. We have to construct the involution and to
show that M is invariant under it. Since the algebra is gener-
ated by M, it is sufficient to do this for polynomials in M.
The ring anti-isomorphism is constructed simply by reversing
the legs in the s channel. We are, of course, working with
the complex field K, and the required anti-linearity in K will
be the natural one. We are still free to fix a factor == 1 in the
transformation M — M*, and we do this precisely so as to
have M = M*. This is possible since |M|, regarded as a
numerical function of four-momenta, in any case invariant
under the ring anti-isomorphism (say, by field-theoretic
crossing, see Ref. 10, p. 991) (even off-the-mass-shell, compare
the continuation equation, the r-function analog of Eq. 23)
(p. 881, Ref. 10). Thus we also maintain M** = M, as we
must. We regard this involution as fixed before we embed the
algebra of polynomials into a suitable complete locally
m-convex algebra, (i.e., by taking an appropriate uniform
structure on the polynomial algebra), since the completion of
the algebra of polynomials will depend a prior: on the in-
volution. The connection with TCP is now Ilogically
redundant, but can be seen easily enough by writing down
the expression for M as the Fourier transform of the vacuum
expectation value of the time-ordered product of fields. (We
are indebted to Dr. J. G. Taylor for pointing out the diffi-
culties which arise when one tries to establish a direct con-
nection between TCP and the involution.) Finally, we note
that this is not quite the same involution as that used in
Appendix 1 of Ref. 1.

bedded into a semisimple locally m-convex *-algebra
inducing the constructed involution, then the equa-~
tions are without nontrivial solution. These equa-
tions are the pseudoscalar meson equivalent of the
type of bootstrap equation proposed by Salam'® in
which all wave- and vertex-function renormaliza-
tion constants vanish. The result suggests, therefore,
that Salam-type bootstrap conditions are over re-
strictive.

The given analysis is considerably more general
than that in Ref. 1, since there we assumed (rather
than establishing) the existence of a suitable in-
volution. We also used in Ref. 1 Banach algebras
rather than the more general locally m-convex alge-
bras of Ref. 9; this change removes some severe
restrictions on the possible high-energy behavior of
the scattering amplitude.

We now discuss a further and related method,
applied in Ref. 2 to a number of bootstrap situations,
but not fully described in that paper. This method
is again at its best when the equations contain
nothing but constants, unknowns, and (as usual) a
multiplication operation.

In this method we consider the ring generated
algebraically by the quantities appearing in the
equation. Any solution must give rise to a representa-
tion of this ring. The ring structure is easiest to
handle where the equations are polynomials. Sup-
pose for the sake of example, we have two equations
in two unknowns

Pz(x; y) = 0; (5)

where the p’s are polynomials with complex coeffi-
cients, say. However, the unknowns are supposed
to be something perhaps quite complicated such
as quantized fields (B6). Equations (5) could then
be bootstraps for, say, a scalar meson interacting
with a fermion via a Yukawa-type interaction, as
discussed in Ref. 2, Sec. 7.

We may consider the polynomial domain C[6,, 6,]
in two indeterminates (All). Equations (5) can be
regarded as relations on the ring C[6,, 8,], that is,
they identify with the zero polynomial all poly-
nomials having a factor p, or p,. Thus, any solution
of (5) can be regarded as a representation of the
quotient ring (Al1l),

Cl81, 6:)/ (p, p2)-

In the physical example we mentioned, there is a
physical requirement to the effect that this quotient
ring be not semisimple; we have, in effect, a special

pl(xy y) =0,

13 A, Salam, Nuovo Cimento 25, 224 (1962).
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(L

Fia. 1. Scalar meson bootstrap.

situation contradicting the remarks made in con-
nection with the previous example. This speeial
situation arises because Eqs. (5) are to be bootstraps,
so in particular must determine enough degrees of
freedom to describe a (quantized-field) particle. In a
semisimple ring, they would only have a finite
number, which is certainly not enough. One can
show by standard arguments based on the ideal
theory of commutative rings* that, if neither of the
polynomials has a double factor, the ring will indeed
be semisimple. This is the case for all the situations
analyzed in Ref. 2.

It may easily happen, however, that the values of
the constants in the equations do permit solutions
in rings which are not semisimple. In this case, one
has not made very much progress, but at least one
has a clue at which type of operator to look at:
subdiagonal matrices or Volterra kernels, for in-
stance.

This method, then, is more general than the
previous one, but gives less information. Had we
applied to the previous one, we would have been
much firmer in our conclusion that there is no physi-
cally meaningful solution to the bootstraps (5)—
but this would have been at the price of assuming
semisimplicity, whereas we can now see whether
or not the assumption would have been reasonable.

The so-called axioms of field theory (e.g., Ref.
14, p. 52) are sufficiently general to allow non-
symmetric operators; though since a single sym-
metric operator generates’® (B7) a semisimple alge-
bra, this would necessitate the use of complex-
valued test functions all the time.

Consider in more detail what happens in the semi-
simple case. The equations themselves give informa-
tion only about each simple direct summand, since
other ring products vanish identically. Each direct
summand is in all the usual cases a domain of integ-
rity, that is, we can cancel factors. Then the only

u R, Jost, General Field Theory (American Mathematical
Society, Providence, Rhode Island, 1965).

18 M. M. Broido, Proc. Cambridge Phil. Soc. 62, 209 (1966);
M. M. Broido, ibid. (to be published).

solutions are the ones obtained by ‘‘high-school
algebra”. For instance, the field equation for a scalar
meson with n~tic interaction
(O* + mYe = g¢"
gives rise’ to the bootstrap
am'e = g¢";

and since the roots of 6(1 — p6") = 0 are always
distinct, the quotient ring is always semisimple.
Hence we can cancel factors and obtain ¢ = const.
This can give no particle creation or annihilation.

Natural approximations (which do not damage
the algebraic structure, cf. note A8) then give rise
to the Green’s function equation (we take n = 3
for simplicity) (Ref. 10, Paper 6) (see Fig. 1).

This is no longer an equation on a ring. Yet one
can go back to the algebraic structure of the opera-
tor equations. Hence we avoid the paradox men-
tioned in note A8. Every significant solution of this
equation corresponds to a significant solution of
the operator equation. The identity operator cannot
correspond to a Green’s function; hence we have
only the zero solution [as has been shown by other
methods—topological methods’® and direct alge-
braic methods of a special type'®]. This is an example
of the way a well-defined Green’s function equation
obtained from a poorly defined operator equation
can nevertheless be discussed by transferring the
structure of the operator equation.

We still have nothing to say about bootstraps
with derivative coupling. It seems clear that, if
an algebraic argument is possible, it must be of the
homological type hinted at in the notes. We hope
to return to this topic elsewhere.
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APPENDIX A

Al. A ring is a set of elements a, b, ¢, -+ for
which are defined an addition and a multiplication
satisfying the usual laws of high-school algebra:

a(b & ¢) = ab + ac, (ab)c = a(be).

A commutative ring is a ring whose elements in
addition satisfy ab = ba for each pair (a, b) of ele-
ments. An algebra is a ring equipped with a set of
scalars A\, u, - - - such that

16 M. M. Broido, Ph.D. thesis, Cambridge University
(1965).
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Na 4= b) = \a == \b

and commuting with all elements a, b, .-+ . We
assume without further comment that all algebras
are over the complex field, i.e., the scalars \, g, + -
can be any complex numbers,

A2, That is, each term is of the form pz™y" -+ -,
where p is given and z, ¥, --- , are unknowns. We
do not concern ourselves with the detailed relation-
ship between the number of equations and the
number of unknowns.

A3. That is, essentially, the methods by which a
set of polynomial equations in several unknowns
may be reduced to a series of equations each with
only one unknown.

A4, A homomorphism of a ring into another ring
is a mapping which preserves sums and products. A
character of a ring is, for our purposes, a homomor-
phism into the field of complex numbers.

A5. Suppose they are indexed by an index a.
There are ‘‘sufficiently many” characters x. if,
given that x.(a) = 0 for all &, we can conclude
that ¢ = 0.

Ab6. A functional representation of a ring is a homo-
morphism (see A4 above) into a ring of functions;
because the multiplication is pointwise, we are then
given many characters explicitly.

A7. Roughly speaking, a ring is simple if every
nontrivial homomorphism is an isomorphism. A ring
is semistmple if it is the direct sum, product, integral,
ete., of simple rings. Again, roughly speaking, any-
thing to do with fermions is unlikely to give rise a
semisimple ring because of the relations ¢ = @ = 0
arising from the spin-statistics theorem. [See Ref.
2, Sec. 7.2(d), for difficulties arising from this cir-
cumstance.] In fact, the algebra generated by poly-
nomials in ¢, say, is always a radical algebra (iso-
morphic as a vector space to the base field, with all
ring-products zero). Of course, if one embeds g and
g into a very large (say, irreducible) operator algebra,
this is always semisimple, but such a large algebra
is very difficult to handle.

A8. The essence of the method, in fact, is the
recognition that the equations can be written in this
“multiplicative’” form. Such a form is vital to our
arguments, and care must be taken not to destroy
it by approximations. For instance, a certain set of
two-body bootstrap equations'” can be expressed
in terms of Feynman graphs in the form

-/ TIssT ()

17 R. Brout and F. Englert, Bull. Am. Phys. Soc. 11, 21
(1966).

which reduces in the high-energy limit to

o) = [ 0 dn.

F4

(a2)

By the method presented in the text, one argues (we
omit the details) that (al) has no solutions. Never-
theless, (a2) clearly does have solutions. The point
is that the ring-multiplication in (al) has been
destroyed by passing to (a2), and our method no
longer applies. One can look at it another way: a
solution of (a2) cannot necessarily be continued out
of the high-energy region to give a solution to the
structurally different equation (al). (We are grate-
ful to Dr. L. Castillejo for drawing our attention
to this argument.)

A9. An involution is a mapping of an algebra
onto itself satisfying

(a4 ub)* = Na* + pb*,  (ab)* = b*a*

{examples: Hermitian conjugation for matrices; TCP
for quantum field operators).

Al10. The functions of the functional representa-
tion A6 are functions on this space.

All. See Ref. 4, Vol. 1. The indeterminate are
essentially ‘“‘meaningless” symbols which commute
with one another, and C[8,, 6,] is the set of all
polynomials with complex coefficients in the two
indeterminates 8y, 6,.

APPENDIX B

Bl. There is an important case, which we use
in the sequel, where this reconstruction can be
carried out explicitly. This is the case of a commuta~
tive, semisimple, complete locally m-convex algebra
[the latter term is defined in Ref. 9, Definition 2.1,
and the assertion is a direct consequence of Lemma
7.3(d) and Proposition 8.1 of Ref. 9].

The theory of categories provides a suitable gen-
eral language in which to discuss these matters.
For instance, the class of locally convex algebras
over the complex field K, with morphisms those
continuous ring-homomorphisms which are also
homomorphisms of K-algebras, form a category 4.
The question of whether such a category can be
adequately *‘represented” by, say, a subcategory
A, consisting of operators in some special type of
locally convex space, is simply the question of
whether 4 is equivalent to its full subcategory
A4;. This is the case, for instance, with semisimple
symmetric Banach *-algebras and uniformly closed
*_algebras of operators on Hilbert spaces. Most of the
arguments in the present paper can be formulated
in terms of those notions, though we have not yet
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found it worthwhile to do so. A version of such a
categorical discussion appears already in Ref. 1,
Appendix C, in a very disguised form.

B2. Such situations are doubtless execrable to
most mathematicians; but they arise in practice,
and must somehow be dealt with.

B3. It may be a more complicated algebraic
structure. In what sort of category should we look?
The usual mathematical methodology does not seem
to provide any guide.

B4. The reasons for this are usually of a physical
nature; see note A7.

B5. Since M’ is a function of M, this is essentially
an assumption to the effect that a certain single
operator generates a locally m-convex algebra, rather
than a more general locally convex algebra. One
may inquire under what conditions this holds. It
turns out'® that there is a very large class of spaces
on which every continuous linear operator gen-
erates in a natural way a locally m-convex alge-
bra, although cases where two commuting operators
do not do so can be constructed easily. This class

18 M. M. Broido (to be published).

of spaces appears to contain all projective limits of
Hilbert spaces (hence, in particular, all nuclear
spaces) and many spaces possessing natural embed-
dings into their duals.

B6. A quantized field is essentially a distribution
on one of the usual nuclear spaces of test-functions,
taking values in an appropriate operator algebra.
Such distributions do not, in general, allow a multi-
plication of the type postulated (i.e., associative,
commutative, and distributive); this is one of the
central problems of quantum field theory. We assume
tacitly that, for our fields, such a multiplication can
be defined. There are powerful physical arguments
behind this assumption, discussed in detail in Ref.
2, Sec. 7, and references quoted there.

B7. 1t is practically obvious that any reasonable
commutative algebra generated by a symmetric
operator A on a Hilbert space H has a natural
structure as a *-algebra with 4 Hermitian, since 4
has real spectrum in H. Then for ¢ € H, the func-
tional B — (¢, B¢) is a positive functional on
the algebra. In the particular case of the algebras
constructed in Ref. 15, the semisimplicity follows
directly from Ref. 9, Proposition 7.4.
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A two-meson solution of the charged scalar static model is constructed for the case in which the
coupling is sufficient to produce bound states. This is done by taking the solution given previously
for the case in which bound states are absent and increasing the coupling. As usual, bound states
appear as poles in scattering amplitudes, However, since one of the mesons in the three-body states
can bind to the source, bound-state meson scattering channels also appear. The new amplitudes re-
lating to bound-state meson scattering are obtained, and their unphysical singularities are examined.

The enlarged scattering matrix is unitary.

1. INTRODUCTION

SOLUTION of the charged scalar static model
was recently given in which the scattering
amplitude is crossing symmetric and satisfies two-
and three-particle unitarity.' (We refer to Ref. 1
as paper L) Like the usual one-meson solution, the
new two-meson solution has #* — pand 7= — n

1J. B. Bronzan, J. Math. Phys. 7, 1351 (1966).

bound states when the coupling is sufficiently strong.
However, in the two-meson solution, the bound
states do not manifest themselves solely as poles of
the transition amplitudes. Here, they also occur in
bound-state meson intermediate states. Such states
arise automatically due to the possibility that one
of the mesons in a three-body intermediate state
may bind to the source. In this paper, we re-examine
the two-meson solution given in I in the presence
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of bound states. We obtain all the transition ampli-
tudes in the problem, including the three new ones
which involve the bound-state meson channels. The
unphysical singularities of the new amplitudes and
the unitarity of the scattering matrix are examined.

All of the results we obtain are contained implicitly
in I. (We refer the reader to I for a review of the
elementary properties of the charged scalar static
model and for a discussion of results introduced in
the present paper without derivation.) Our method
is to take the two-meson amplitudes given in I and
increase the coupling until bound states occur. We
then find that the amplitudes have new poles and
cuts, and we thereby determine the parameters of
the bound states and the new amplitudes involving
bound-state meson scattering states. For example,
the two-meson scattering amplitude for #* + p —
7" 4 p develops a pole corresponding to the bound
state B**, and the crossed-scattering amplitude for
7 -+ p — 7 4 p develops a cut due to the inter-
mediate state #* 4+ B~. The discontinuity across
this cut must be proportional to the square of the
modulus of the amplitude for #~ + p —» «* + B".
This point can be checked in the following manner.
We note that, in the presence of bound states, the
production amplitude for =~ + p > 7" + 7~ 4+ n
develops a pole in the energy of the outgoing =~
corresponding to the sequence

m +p—>r + B
|— 7~ + n.
From the residue of this pole, we determine the
amplitude for #~ + p — 7" + B". In a similar
fashion, we can read off all the other amplitudes
involving bound-state meson channels without solv-
ing new dispersion equations. We carry out this
program in the following sections.

The foregoing outline suggests some of the results
we obtain. First, the bound-state meson channels
arise from the coalescence of a meson in a three-
particle state with the source. Accordingly, we ex-
pect the solutions to involve channels with one meson
and a bound state, but not two mesons and a bound
state. Second, the bound states appearing in the
bound-state meson scattering states have the mass
mp and coupling constant g determined by the
auxiliary one-meson solution M,. In paper I,
this solution was used as a final-state scattering
amplitude, and it therefore governs the properties
of a bound state occurring as a coalescence in a
three-particle state. On the other hand, the bound-
state pole of the two-meson scattering amplitude
T, occurs at a lower mass Mz and has a different

coupling constant Gz. The shift is a consequence
of the attractive forces which are absent in M, but
included in 7T.. This discrepancy is not to be re-
gretted altogether, since it provides a measure of
the influence of three-particle states on bound-state
parameters in this model. It follows from these
remarks that there must exist a limited range of
couplings for which 7', has developed a bound-state
pole, but no bound state cuts have as yet appeared.
Reference 2 provides a numerical study of the range
of couplings for which T',, but not M ,, has a bound
state.

The third result we anticipate is that our scat-
tering matrix continues to be unitary after the
new amplitudes involving bound states have de-
veloped. Roughly, this is because unitarity, which
was established to be satisfied in I, is not a function
of the coupling constant. It follows that the new
amplitudes have the discontinuities across phys-
ical cuts dictated by unitarity. On the other hand,
the unphysical singularities of these amplitudes are
not expected to be completely accurate. Two of the
three new amplitudes are obtained as the residues
of appropriate pole terms in production and six-
point amplitudes. It was pointed out in I that the
production and six-point amplitudes are not crossing
symmetric, even though the scattering amplitude
is. Since the crossed singularities of the production
and six-point amplitudes become the unphysical
singularities of the bound-state meson amplitudes,
we expect that the latter has unphysical singu-
larities which are partly incorrect.

II. ONE-MESON AMPLITUDES WITH
BOUND STATES

In paper I, we introduced the one-meson ampli-
tudes M, (w) and M_(w)[=M,(—w — 1¢)] referring

to 7" — p and = — p elastic scattering. We also
defined the Omnes functions A, (z) as
z [7dw Bi(wl)]
AR = e [— ——srl ], 1
(?) = exp 7). oo =2 M

Here, §.(w) are the real phase shifts obtained in the
one-meson approximation. When the meson-source
coupling constant ¢ is so small that no »* — p
bound state occurs, we can represent M.(w) as

M. () = (§°/w) Av(w + ) A(—w). 2)

We now increase g so that M,(w) develops a B**
bound-state pole. If we take Eq. (1) and continue
in g, we find that the continuation of A,, Af, de-

2 J. B. Bronzan and R. W. Brown, Ann. Phys. (N. Y.)
39, 335 (1966). :
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(r
H C
0' .
Fia. 1. Contours in
the complex «; plane
for the evaluation of A,-.
=
Wwe IIJ. c!
b.

velops the pole too. Accordingly, Eq. (2) remains
valid when there is a bound state if we replace
A, by Af{. We arrange our notation as follows.
We let A, denote the integral in Eq. (1) both when
a bound state is absent and when it is present. When
a bound state develops, 8,(u) changes discontinu-
ously from 0 to x. Corresponding to this, A, sud-
denly develops a pole at z = u. On the other hand,
A, passes smoothly info its continuation A, as the
bound state develops.

Let us now obtain A;. We note that, when no
bound state is present, we may write A, as

z dew In M, (w,)

20 - oo [RLE] o
where C is the contour shown in Fig. 1(a). Now, as
we let M, develop a bound-state pole at wz =
mz — m (m is the mass of the source), In M, (w)
develops a new cut which deforms the contour as
shown in Fig. 1(b). The discontinuity across the
anomalous cut is 2«7, so, writing the contour integral
as an integral of the discontinuity across the cut, we
find

- # dw,
AR = A() exp [z f 5@——5]
T\ Cll ) NN

 ule — wp)

Note that the factor (z — u) removes the pole which
has developed in A, (2) at threshold, while the factor
(z — wp) inserts the bound-state pole. When a
bound state is present, Eq. (2) becomes

M. () = %;A.f(w + ie) A(—w)
- ;Z"O'B(_L—“’;‘—)gl Ao + i) A(~w).  (5)

From this equation, we can obtain a formula for
gs, the bound-state-source-meson coupling constant
in the one-meson approximation. Examining the

pole residues at w = wy, we find
93/9° = 1 '(u — ws) Au(ws) A(—wz). G

IOI. THE TWO-MESON SCATTERING AMPLITUDES
WITH BOUND STATES

In paper I, we obtained the two-meson scattering
amplitude 7, (0) = T_(—w),
ng—l

a@ + [1 = oC@]I + oClw)] ™"

_ 2w’ f‘” dw; k()
a(w) = r J, dwon(wi — o)’

C) =1 [ 4o Ll

™ Jop W

Tilw) =

P—(‘-"x)

P+(‘*’1) :|
w FwF e’

— w — 1€

pilw) = 1(g7r3 JKW_;(‘%Q j;w—# dw, Fykooyu®(w)u’(w_,)
X |A_(@1 + i0) A(w-y + G)(ww ), ()
pe) = 2 i{—é‘;ﬁ f T o oo (0y)
X |Adw: + 36 A_(w_, + 16)(w-1) "%,

where w_; = @ — wy, k-, = (w_, — p’)?}, and u’(w)
is the cutoff function. As we increase g, T, develops
a bound-state pole. Because of the inclusion of
production through the integral C(w), this pole
develops for smaller values of g than does the pole
in M,. Correspondingly, it occurs at a slightly
different energy @, = M — m and with a different
coupling G. For couplings such that M, has not
yet developed a bound state, Eq. (7) is correct as
it stands. However, when ¢ is sufficiently large for
M. to have a bound-state pole, the dispersion rep-
resentation of C'(w) is modified, and this modification
represents the introduction of #* — B~ intermediate
states into the dispersion relation for 7,. We note
that p, is defined in terms of objects which do not
develop new singularities as M, develops a pole.
Consequently, p. is still given by the integral in
Eq. (7) when M, has a bound state. On the other
hand, p_ is no longer given by the integral in Eq. (7
after M, develops a bound state. Therefore, our
task is to continue p_ in g into the bound-state
region.?

We note that p- may be written in the following
form when no bound states are present:

3In the remainder of this paper, we take “bound-state
region” to mean the range of couplings for which both T,and
M , exhibit bound states and, therefore, for which T, hasa cut
due to bound-state meson intermediate states.
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2
p-@) = g T a(=w)
_Ai(—w) e dw, v
B 2rg'e J,  AZ(—w) AL(—

f T oy ik @) ) oM @) Moo [g” A(—wn)g® Au(—w)] "

®

o) (M (0 + Te) — Mi(w, — 19|[M (w0 + 1) — M_(w-y — 7€)].

In obtaining the second form, we have recognized that
M. (o + i) — Mo — ie) = [thu’()/27] M. ()]
and that the other quantities under the absolute value signs are real for « > 2u. Thus,
p-(w) = —[AZ(—w)/2ng’][I. — ],

L= T don [ Mo + 99 = Mooy = 8QIM-(woy 2 19
£ = AZ(—w) AY(—w-,)

dew, @i M ()M _(w_, =+ ie)

C, is the contour shown in Fig. 2(a); a similar con-
tour applies for C_. I, are now suitable for continua-
tion in g. As M, develops a pole, C, is deformed into
C! as shown in Fig. 2(b). We separate off the con-
tribution of the pole to obtain

_ 2migawsM (0 — wp == i€)
A(~wp) A% (wp — w)
dey WM (w0 )M _(0_, = 1)
Cu A_z(—'wl) Ac.:(—w_l)

IS

+ , - (10)

and therefore,

pi(e) = pl(w) + pZ(),

M ,(w)
A (w)

wlw — wg)® 2

87°(w — w)°

pl(w) =

X f dw1 klk.. 1u2(w1)u2(0)_ 1)

X |[(w1 — W/ — wp)w_1] Aslw) A-(w—l)lzx

o) = gau''S @) |M_@)"
p- 2rgs(e ~ 0@ + 1)’ AZ(—wp) AL(—a)

M+(w) 2
Avw) | (1

Here & = © — wg. p’ is obtained from p_ by re-
placing A, by A; everywhere it appears; conse-
quently, it represents the contribution to 7. of
three-particle states nr*z". p2 is a new term, with
threshold s + wp < 2u. It represents the #* B~ inter-
mediate state, and we expect that the integral over
o must be extended to the threshold of p2. There-
fore, subject to later verification, we find that, in
the bound-state region,

X

ce  Al(—w) Al(—w-y)

©
T.(@) = go_ =
o + 1= oC@IT F C@T 1
1 dw, p2(w)
Clw) = T Jpros 01(wy + @ + %€
1 ° f_d‘ﬂ p+(@1) Pf(&h) :I
+7r 2n Wy [wl--w—'ie w + w + e

IV. THE AMPLITUDE FOR B- + =* — p + =~

Equation (12) was obtained by a straightforward
continuation in ¢ of the formula derived in I. We
now want to verify that it is a solution of the dis-
persion relation for 7T.(w) in the two-meson ap-
proximation when bound states are present. To
this end, we define the amplitude for the transition
B +x"—>p-+ 7 as

H@) = [Qu*/u@)krip out |j'©) B7).  (13)

The dispersion relation for 7', (w) in the presence of
bound states is

M. W W W a2
- s (=
AsMy w0 T, M.
a.
2
M. W W, wws 85%.M_
w
2 L] L *#
MR Oug Mo
b.

Fia. 2. Contours in the complex w; plane for the evaluation
of I,. The endpoints of Cy may be taken to be any points
between w — u and «; the dependencies of I, and I_ on the
endpoints cancel in p.. The cuts are labeled by the factors
in the integrand of I, which give rise to them.
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Ty =L G 1 f doy ks (wl)[ To@) |, _ITo@)f |, _ [H + e’ ]
w w—-wB W —w—1  w +w+te w +wpt+w-+ e
’P-*(wlv w2),2

1 f f dwl dwg k1k2u2(w1)u2(w2)

167"

P_(w1, @) [? ] (14)

w1 + @, + w 4 e

Lwr + ws — w — %e

Asin I, T_ is given by the crossing relation T'_(w) = T.(—w — 7¢). In order to verify that Eq. (12) satisfies

Eq. (14), we need H and the production amplitudes P, and P_.

P, and P_ are obtained from I by continua-

tion in g. This does not affect P., so P, is still given by Eq. (441).* For P_, the continuation amounts to

replacing A, by A in Eq. (40I). We then obtain

gl + s)
(2)ww,

P+(w17 "-’2) =

[T+(w1 ‘I“ 0-’2) - M—(wx ‘I"‘ wz)]

A_(wy + 7€) A (w; + 1¢)
A—-(wl + w; -+ 7:6) !

M)(w1 + Wy — wB)

P-—("«’l, wz) = f—l [T-(wl + wz) M (wl + wz)] (wz

( "I’ Wy — ﬂ)(wz - wB)
X A(w + 7€) Alws + 6)[A

o + wo + 7]} (15)

for the production amplitudes in the bound-state region.
H(w) is obtained by noting that the dispersion relation for @_ [@- is related to P_ in I] becomes

Q-(eny wn) = S [TH(e) — M¥w)] —

[O7]

gBH*(‘*’l)

W — Wy '—7:6

@ -—t5+(u )
+:_l_[ dw/l: sin §.(w)Q-(wr, o’ +1e)
T I

’
w _wz'—'I/E

e " sin 6_(w)Q (wy, 0 — @ — Ze):]
w, - w; + [5)) + ie (16)

in the presence of a bound state. Equation (16) has the status of being the dynamical equation which
determines Q. and P_ in our calculation. We see that, when a = n bound state is present, a new pole
occurs at w, = wz. The residue of this pole is related to H(w),

H*(w,) = gl‘ m (w — ws)@Q-(w, w2).

B wz—wp

(17)

On the other hand, Eq. (40I) implies that, when bound states are present, {_ must be given by the

expression
- _ g % _ Arx (w2 — wws — wp)
Q- (w1, ws) 0 — wy — g€ (T*%(w1) M 1)]( — )(ws — wg)
X Av(wz + 7€) A(wr — wo — 1€)[A(wr — €))7, (18)
Thus verify that our scattering matrix is unitary. For
( ) that purpose, we need the two amplitudes J(w, w,)
H() = § 285 1) = M.()] and K(u),
% A (wp) A(w — wp + ".5)_ (19) (w1, wz) = [(2“’192“’29);/“(‘”1)“(‘”2)]

A (w + e

With the aid of Egs. (15) and (19), one can verify
that Eq. (12) satisfies Eq. (14). In addition, Eq.
(18) is readily verified to be a solution of Eq. (16).

V. THE OTHER AMPLITUDES FOR SCATTERING
FROM THE BOUND STATE

In order to complete our discussion, we want to

+ The symbol “I” indicates that an equation in Ref. 1 is
specified.

X {mmiom out [§'(0)] B,
K@) = [2o@}/u@KriB™ out |j'(0)| B7).

These amplitudes refertor* + B — 7" 4+ 7 + n
and #* + B™ — 7" + B7, and they are connected
by unitarity to H, P_, and T-. The amplitude J
is obtained by a limiting procedure on the six-
point amplitude E_, which was obtained in paper
I. In the presence of a bound-state, B.. satisfies the
dispersion relation,

(20)
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gP*(w;, w,) g8 *(ws, ws)

R_{w, wz, w3) = -
C) wo + w3 — w; — %€

wp — w, — 1€

+1 f " d’ [e"”*‘””sin 8B + de, wp,05) | €77 sin S (WIR (ws + @s — & = de, 0, wa)].
T Ju

I4 .
W — W — 1€

o — w, — ws + w + e

(21)
Therefore,
TH(ws, @) = ;]1— lim (o — ws)R-(wr, ws, w5). (22)
B wi—wp
On the other hand, in the presence of a bound state, we find from Eq. (55I) the relation
[THw, + @) — M, + )l — p)lws — »)
R_(c1, ws, = g [ 2 3 + w2 3 1 2
(wl . w3) ws(wz + w; — wl)(w2 + w; — #)2(0-’1 - wB)(w2 - wB)
2 A(ws — 1) A(wy + w5 — w0 — 10 Ay + 16 Au(w, — t6)
X (wz + ws wg) [ A, (w2 + ws — 'ie) ]2 (23)
We therefore find
2
o I T (o + ) — M.(or + 01w, — W)(ws — 1)
J(wh wZ) ngx(wl + w, — ﬂ)2(w2 - wB)
X (o + @3 — wg) Awg) A(w, + 7€) Ay + w; — wp + 7€) A (w, + le). 24)

Incidentally, R, as given in Eq. (23), satisfies Eq.
(21), so that the six-point amplitude obtained by
continuation in ¢ is verified to satisfy the dynamical
equation with the bound-state term added.

The last amplitude, K, is to be obtained from
unitarity, since K does not appear in any of the
dynamical equations used for T,, P_, or R_. Of
course, K appears in dispersion relations obtained
by contracting other variables than those contracted

[Au(w; + @ + 16

in obtaining Egs. (16) and (21). However, we must
be careful to see that K is consistent with the ap-
proximations we have made. In particular, we must
avoid a definition of K based on dispersion relations
which are not satisfied by our approximations to
P_ and R._. Since, in any event, we want a unitary
scattering matrix, we use unitarity to define K.
The requirement of unitarity for H is

Im Hw) = [k’(@)/4rT-(0H*@) + [F’@)/4x)H(w)K*@)

41

d(l)l klk_luz(wl)uz(w_l)P_(wl, w_l)J*(wl, w-l) N

167° J,

(25)

where @ = @ — wp, woy = w — &y, and © > 2u. Every term in Eq. (25) has been determined except K.

Thus we find the equation

glws — 1) A(w + 1) A.(w5)

K@ = 1.6 + |

We now have all the amplitudes required to verify
that the scattering matrix is unitary. In the »*p
channel, the states we retain are =*p and =*7"n.
Unitarity then relates the imaginary parts of T',, P,,
and R, to quadratic forms in these amplitudes, just
as it does when no bound states are present. We
do not present the calculations, but simply state
that the unitarity equations are satisfied. In the
7~ p channel, we retain the states =" p, #*B~, and

gelw + wp — 1) Alw + wp + 1€

J2[T_(w + wp) — M. (0 + wp)l. (26)

=" 7 n. Here, unitarity specifies the imaginary parts
of T_, P_, R_, H, J, and K. These equations are
also satisfied.

VI. SINGULARITIES OF THE AMPLITUDE
FOR =+ + B~ —> =t + B~

In conclusion, we examine the singularities of
one of the amplitudes for scattering from the bound
state. We choose the elastic scattering amplitude
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- Wy-Wp
} — . . —tt
-Z/U.-(Ua -,LL—UJB M -We LW L 21L-Wg
a.
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-2/_.L*(.1)5 - -Wp H-we L 2,u.-wa
b.
Fia.

3. Cuts and poles of K(w) in the complex w plane:
(a) as given by Eq. (26); (b) as given by Eq. (28).

K(w) for this purpose. Since K(w) is unitary, its
right-hand cut has the branch points corresponding
to the 77 p, #'B~, and » 7 n thresholds, and the
discontinuities across the cut that are specified
by unitarity. The unphysical singularities we find
from Eq. (26) are a pole at @ = —wp with residue
—g35,apoleat w = —wp — &5 with residue 7,

GB.(](# - wB) A+(w3) A—(_‘ws - CI’B)}2
= — = , 27
- 9ol + 52) Ar(~5p) @)
and branch cuts start at —u, —p — wg, and —2u —

wp and extending to — «. On the other hand, the
correct unphysical singularities can be found from
the dispersion relation for K (w)

B. BRONZAN

K@ = % [<B | j(0) 18XS] §'0) B

Es — mp —w — 1e

i ~|4'0) 18X%8] 50) [B7) ] (28)

Es_m3+w+lé

Consistent with our approximations, we retain states
n, ™ p, w B, and "7 "n in the first term, and obtain
the right-hand cut dictated by unitarity plus the
pole at w = —wp with residue —g3. We retain states
7 B~ and v 7 n in the second term, and obtain
left-hand cuts beginning at —u and —2u + ws.
Thus, one of the poles and two of the left-hand cuts
of our approximation to K(w) are spurious, and the
crossed three-particle cut is missing. The cuts and
poles of K(w) as given by our approximation, Eq.
(26), and by the dispersion relation, Eq. (28), are
compared in Fig. 3. On the positive side, the direct
n pole, which is the unphysical singularity nearest
the physical region, is correctly given by our ap-
proximation to K (w).
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A discussion is presented of the formal analogy which exists between the Bardeen—Cooper—Schrieffer
(BCS) model for superconductivity and the several variations of the model suggested by Kac for the
exact study of phase transitions. Some of the algebraic techniques, pioneered by Haag for his formu-
lation of axiomatic field theory and his application of this theory to the BCS model, are shown to
extend to all these cases. Some arguments are given in the beginning of the paper to point out the
necessity of a new interpretation of the existence of various phases in the same physical system. The
results obtained so far for equilibrium situations confirm the consistency of the proposed tentative

description of the phenomena considered.

L INTRODUCTION

E want to reconsider in this paper what might

be the origin of the existence of sharply defined,
different phases for a same, unique, and given system.
As is well known, these phases have very different
physical properties from one another. In particular,
since the Hamiltonian of the system under considera-
tion is supposedly known, explicitly given, and
simple enough to allow exact calculations, one could
even ask the question of how it is possible that the
energy spectrum (i.e., not only the population of
the different energy levels, but also the levels them-
selves) is so different in one phase from what it is
in another, The case of superconductivity is a good
prototype to help in crystallizing this question, and,
with proper references, we shall come back to it
later in this section. It seems indeed possible to
associate the various phases with some characteristic
excitations which diagonalize the Hamiltonian in
ways which differ completely from one phase to
the other. The diagonalization of a Hermitian opera-
tor is, however, a procedure which is known to
give a unique solution, so that it becomes somewhat
difficult to understand this aspect of the problem
within ordinary (quantum) statistical mechanics,
unless one is willing to think of these different diago-
nalizations as approximations. It is true that there
are many physical systems (particularly in solid
state physics) where, since the Hamiltonian is a
complicated sum of various terms, it is both dif-
ficult and useless to try for an exact solution of the
diagonalization problem. The reason for a less strict
approach in these latter cases is because, in a certain
—TEhTs_research was carried out at the Institute for Fluid
Dynamics and Applied Mathematics of the University of
Maryland under support from the Office of Naval Research—
Contract NONR 595(22).
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range of temperature, say, certain excitations are
preponderant, whereas, in a different range other
excitations are preponderant. Using this reasoning,
one gets different domains of validity for different
approximations. However, these various domains
are not sharply defined, rather, they are linked by
some intermediary smooth transition region where
neither approximation is good. This is not so for
the case of superconductivity where approximation
(besides the thermodynamical limit which is anyway
the same for both regions involved) need not be
made as soon as one agrees on an appropriate form
for the interaction between Cooper pairs, and where
the normal and the superconductive phases, although
adjacent to each other, are sharply distinct.

To account for the sharp character of phase tran-
sition as reflected in the sharp transition from one
(exact) “diagonalization” of the Hamiltonian to
another, we have been led to argue in favor of
the tentative interpretation that discontinuities in
the equation of state are attributed to the passage
from one family of Hilbert space representations
of the theory to another. In conformity with the
general ideas developed by Haag in his. formulation
of (relativistic) axiomatic field theory, there are
two ingredients in any physical problem. The first
is provided by the observables of the theory (or
the underlying fields). To these observables one
associates an algebraic structure (such as a B*-
algebra) a prior: independent of any particular
Hilbert space realization. The second ingredient is
provided by the states on the system, or more
precisely by an adequatedly chosen family of states.
This latter choice is essentially dictated by the
preparation of the system, as specified by some
external parameters such as, for a spin system, the
external magnetic field and the temperature. Mathe-
matically, one associates to each state a linear func-
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tional on the algebra generated by the observables.
For an illuminatingly simple description of this
approach, see for instance Haag’s own lecture notes.
With these two ingredients—a B*-algebra and
some set of linear functionals on it—one can con-
struct a Hilbert space representation of these two
objects, respectively, as a C*-algebra of operators
and its associated density matrices (or possibly
a generalization of this concept to more general
functionals®). The representations so obtained are
not necessarily equivalent, a fact which is well known
in the case of the canonical commutation (or anti-
commutation) rules.® The operators corresponding
to the same element of the original algebra might
have quite different properties when belonging to
inequivalent representations. In particular, their
spectrum in general is representation-dependant.

The point now is to examine whether this approach
might be of some relevance to the description of
phase transitions. The core of the argument is that,
for some systems known to exhibit phase transitions,
different phases are associated with different sets
of classes of inequivalent representations. This fact
manifests itself physically by the existence of dif-
ferent types of excitations which exactly diagonalize
the Hamiltonian, in the appropriate representation,
the thermodynamical limit being taken first.

To test this interpretation, we intend to discuss
in this paper some of the models, which are known
to exhibit phase transitions, yet can be solved
exactly, and, which, moreover, are known to have
at least something in common, even if at this point
this analogy appears somewhat superficial. We for-
mulate precisely some conditions on these models
in order to be able to move the analogy to a level
where we can support the previously stated point
of view. It appears in the course of the develop-
ments that our results present a definite formal
analogy with those obtained by a brute use of the
recipe known as the molecular field method (see
for instance Ref. 4). However, it should be realized
that the latter is, in general, to be considered only
as an approximation, even if it turns out to be a
very gross one. The presently proposed method
differs in two aspects from the molecular field

t R. Haag, in Lectures in Theoretical Physics, W. E. Brittin
and A. Barut, Eds., (University of Colorado Press, Boulder,
Colorado, 1965), Vol. VIIa, p. 107.

2 G. Emch, J. Math. Phys. 7, 1413 (1966); D. Ruelle,
Cargése Lecture notes, 1965; G. F. dell’Antomo, 8. Doplicher,
and D. Ruelle, J. Maith. Phys (to be published).

3 H. Araki and E. J. Woods, J. Math. Phys. 4, 637 (1963);
H. Araki and W. Wyss, Helv. Phys. Acta 37 136 (1964).

¢ R. H. Brout, Phase Transitions (W. Al Benjamin Com-
pany, Inc., New York, 1965).
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method. First, some of the necessary conditions for
the validity of the present method are carefully
spelled out; this is due to a difference in the mathe-
matical techniques involved. Second, the physical
interpretation of the results reflect quite a different
underlying “philosophy,” as we have tried to make
clear in this preliminary discussion.

A good portion of this paper develops an anal-
ogy. To present this analogy naturally, we first
want to recall an aspect of the Bardeen—Cooper-
Schrieffer (BCS) model,® discovered by Haag,® and
rediscussed later on by other authors.”"® Because we
now know that every step of Haag’s argument can be
made rigorous, even in the severe standards of
axiomatic field theory, we are therefore free to use
a more heuristic language in the present paper,
which intends to reach a wider audieace than the
inner circle to whom Refs. 7 and 8 were directed.

The BCS model is described by the Hamiltonian

H = Ho + F[1 (1)

with
Hy, = ;Za e@)ai(P)a.(D), 2)
FII = Zq: b*(p)ﬁ(p) Q)b(Q): (3)

where a*(p) and a,(p) are, respectively, the creation
and the annihilation operators of the unperturbed
fermion excitations (electrons), with « and p de-
noting respectively the spin and the momentum.
b*(p) is the creation operator of the Cooper pair
a*(p), a-(—p). The “hats” recall the volume de-
pendance of the interaction coupling constant
#(p, ¢). The interaction H, can be rewritten as

= :4: b*(p) A(p) @
with

Ap) = ;ﬁ(p, 2)b(q). (5)

The volume-dependant operator (5) plays a central
role in the theory. Haag’s discovery was, in this
connection, to see that, ¢f the limit A(p) of A(p)
exists as the volume V extends to infinity, then this
limiting operator commutes with all the field opera-

tors provided the condition
lim [#(p, ¢)| = 0
Voo

is satisfied; this is the case in the BCS model.

(6)

8J. R. Schrieffer, Theory of Superconductivity (W. A.
Benjamin Company, Inc., New York, 1964).

8 R. Haag, Nuovo Cimento 25 287 (1962).

7H. Ezawa, J. Math. Phys. 5, 1078 (1964).

8 G. Emch and M. Guenin, J. Math. Phys. 7, 915 (1966).
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Now, the fact that A(p) belongs to the center
of the algebra generated by the field operators is
sufficient to ensure (in the infinife-volume limit)
the diagonalizability of the Hamiltonian in term of
quasi-particle excitations

H. = pZaE(p)’Yt(p)'Ya(p) @
with
E@)* = «p)’ + A*(p) A®). ®)

This diagonalization is obtained via a generalized®
Bogoliubov—Valatin transformation, and the quasi-
particle creation and annihilation operators are
“linear” combinations of the particle creation and
annihilation operators. The coefficients of these linear
combinations depend on the energy gap. This allows
the derivation of a temperature-dependent equation
for the energy gap.’ The solution of this equation
presents a discontinuity for a certain temperature
T. above which the energy gap identically vanishes.

The system is hence characterized, for 7 < T,
by an effective Hamiltonian, diagonalized in term
of temperature-dependent quasi-particles excitations.®
These are such that the effective Hamiltonian ex-
hibits a nonanalytic dependance of the temperature
at T.. All of that, naturally enough, leads to a
phase transition.

There is now a rather obvious question to ask,
namely, whether these features (as summarized in
the very last paragraph above) are strictly char-
acteristic of superconductive metals, or whether
there exists in nature (or at least in the more re-
stricted realm of theoretical physics) some systems
for which the phase transition can be described in
a similar way.

The aim of the present paper is to point out that
a similar treatment can be given for another model,
also exactly solvable in a certain limit in which it
exhibits a phase transition. This model was pro-
posed by Kac’ and was analyzed in detail in a
whole series of subsequent papers.'® For simplicity,
we consider here its Ising model version,'' one of
its variations,'” and a generalization of it.

This model is characterized by the following
Hamiltonian:

* M. Kac, Phys. Fluids 2, 8 (1959).

10 M. Kae, G. E. Uhlenbeck, and P. C. Hemmer, J. Math,
Phys. 4, 216 (1963); G. E. Uhlenbeck, P. C. Hemmer, and
M. Kag, tbid. 229 (1963); P. C. Hemmer, M. Kae, and G. E.
Uhlenbeck, bid. 5, 60 (1964); P. C. Hemmer, ¢bid. 5, 75

1964).
( u 12/1 Kac and E. Helfand, J. Math. Phys. 4, 1078 (1963);
E. Helfand, ibid. 5, 127 (1964).
12 N, D. Mermin, Phys. Rev. A134, 112 (1964).

H=H,+H, '©))

with
Hy=-B Yo, 10)
A = Z &;,0707,. 1n

This Hamiltonian describes an assembly of 1-spins
(s; = %¢;) placed at fixed lattice sites (originally
a one~-dimensional chain) and submitted to an homo-
geneous magnetic field B. The spin-spin interaction
coupling ¢;;. depends on a parameter v, and on the
distance ||j — j’|| between the sites j and §, in the
following way

4, = —(1 — §;)ay exp (—v |lj — 7]D). (12)

A phase transition is known to arise when the
lattice is infinite and the limit of ¥ going to zero is
taken (for the ‘‘thermodynamical” and ‘van der
Waals” limits, respectively).

The analogy between Egs. (1)-(3) and (9)-(11)
is appealing if one notices, moreover, that in both
models the effect of the limiting procedure is to
make the coupling constant go to zero.

This feeling is still strengthened if one remembers
that Mermin’s model also exhibits the same features.
The Hamiltonian of this last model is"

H=H,+ H, (13)
with
N 2N
Hy=—-B Y oi+B 3 o, (14)
i=1 i=N+1
By =~ > 6
1= Targy 2 iGi,. (15)

In this model again a phase transition occurs in
the limit of infinite N. Our analogy is hence deeper
than just the superficial analogy which exists be-
tween the field operators appearing in the interaction
Hamiltonian."* It really has to do with the spacial
dependance (either in momentum or in configuration
space) of the interaction coupling constant.

I1. SOLUTION OF THE 3-SPIN MODELS.

Consider an assembly of %-spins placed at the
fixed sites {j} of an arbitrary lattice and submitted
to an inhomogeneous magnetic field, the direction
of which, however, is kept fixed for simplicity. The
Hamiltonian of this system is then

H=H,+ A, (16)

13 P, W. Anderson, Phys. Rev. 112, 1900 (1958).
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with
H, = —2 B, (17
1
A, = - Z {&.0707, + 4;;.(507, + ojoi)},  (18)
1
and
&, 85, = 0 = 4;;, 0;,, (19)
Gi, = &, = &5, By, = A = A5

We only suppose for the moment that the coupling
constants ¢;;» and 4;;» depend on a parameter vy
in a way such that

hm é:’ir(’)’) = 0;
-0 (20)
lim #;;,(y) = 0.
¥-0

Clearly enough, all the spin models discussed in
the introduction are contained as particular cases
in the present model. Further conditions, besides
(16) and (17) can also be introduced later to ensure
the existence of the various limits yet to be
considered.

To carry out the analysis at a minimum cost,
it is convenient (but not necessary) to introduce
the creation and annihilation fermion operators a*(5)
and a.(j) with a running over the two spin orienta-
tions 4 and —, satisfying the canonical anticom-
mutation rules

la.(5), a*é(j,)]+ =
[G'A(j)) aﬂ(j,)]+

Let us now introduce in (17) and (18) the substitu-
tion

Oag 0ii .y
0.

@D

o — (afa, — a*a ), 22)
" — a*a_.

With this substitution in mind, let us now determine
the proper quasiparticle excitations, following the
method used for the BCS model.

We have [remembering conditions (19)]

[H, a3()] = ~Bjat(j) — Aja2(j),

(23)
[H, a*()] = +B;a*(j) — Aa%(j),
with
B; = (B; + 4) (24)
and
A =2 X &0l (@=2+;-), (25)

where
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o = {+e,-,-, (@ = 2),
+20;, (@ =+or—).
Now, because of (20), we have n the limif wherey — 0
[45, a5® ()] = 0. (27)

[Compare to the Haag’s remark stated after Eq.
(5) in the Introduction.] We now suppose that

Af = lim A}

70

(26)

(28)

exists (notice that in Mermin’s model, for instance,
this quantity is proportional to the average of the
corresponding o® taken over the latticel). Then
in the limit where ¥ — 0, instead of (23),

H, ax()] = —B; + 4ADat() — A%a*(j),

(29)
[H, aX()] = +B; + ADaX(j) — A5a%(),
and similarly,
[, 0.() = +B; + 4Da.) + 4i0-(), g

H, a-()] = —B; + ADa-(9) + A%a. (),

where all the coefficients of the field operators in
(29) and (30) belong to the center of the algebra
generated by the field operators

{at(), a.(), Ve, Vi}.

We can now use the procedure known as the gen-
eralized Bogoliubov transformation® to find the quasi-
particle excitations as solutions of the equations

(H, vi()] = FBA:(®,

@31)
(H, v.()] = £Biv.(j),
with
i@ = w(@ai(@) + v(iax(), 32)
1) = w(aX() — v(a(),
and

u(j), v(j) Hermitian (see Ref. 14 below).
We moreover impose v{*’ to satisfy the canonical
anticommutation rules

{['Ya(j)} YEG )]+ = bap 6;4,,
[’Yu(j)’ 'Yﬁ(j,)]*' 0.

 The connection with the apparent “symmetry breaking”
in phase-transition phenomena, [which appears also in our
treatment, as the arbitrary choice of u and v Hermitian in
our Egs. (82)] is discussed from an intuitive physical point
of view in Ref. 4. Some interesting comments are also to be
found in P, W. Anderson, in Lectures on the Many-Bod
Problem, BE. R. Caianello, Ed. (Academic Press Inc., N Yy
1964), Vol. 2, p. 113; and in P. W. Anderson, Rev. Mod.
Phys. 38, 298 (1966). It was mainly to this aspect of the
problem in superconductivity that our Ref. 8 was devoted.

i

33)

L
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We find
(B)* = (B; + A} + AJA7, (34)
' (35)
=11 - B 5 41)

so that the Hamiltonian can be reduced to the form
Hep = — ); Bilvi(v. () — v20v-(D],  (36)

i.e., with the substitution
7; — [E@v-() — vEOv-0)), @37
H=— }__‘, B3, (38)

the physical interpretation of which is obvious:
The diagonalization procedure, as described above,
leads to an ‘“effective Hamiltonian” describing an
assembly of independent ‘‘}-spins” [see Eqgs. (42)
and (43) below] placed at the lattice sites and now
submitted to a ‘local magnetic field” B..'®> We still
have to calculate these B]. We again proceed as for
the BCS case.® Let p(8) be the “density matrix”
describing the system at equilibrium with a thermal
bath at temperature T = (k8)™*. We have

(4% = 2 Z €507 s

We then express ¢ and p(8) in term of quasi-particle

excitations and take the limit for y — 0 to get
A5 (8) = (4%

~tim2 X g, b A o (sm19),

39

0 i B:(ﬁ)
(40)
A7 (B) = {Al)s = (A%
= lim 2 > 4;;, —‘S@tanh {BBiB)}.  (41)

Bi(B)
Equations (40) and (41) show an expected formal
similarity with the BCS gap equation. Their inter-

vQ i

5 Here again there exists a definite semantic analogy
with the molecular field method. One should however realize
that the A¥ are nof scalars, but are more general operators
belonging to the cenfer of the algebra generated by the field
operators. In this connection, we also have to recall that the
use of inequivalent (irreducible) representations of the same
algebra, as suggested by Refs. 6-8, is dictated by the different
canonical equilibrium linear functionals < >s. It reflects
then in the spectrum of the Hamiltonian. This is in conformity
with the general idea that, whereas the algebra of the field
operators is a fixed object for the theory, the choice among its
various representations depends ultimately on the use one
wants to make of them (in particular, this choice might be
suggested, as is done here, by the preparation of the system, as
expressed by B and g8).

pretation, however, differs from case to case. They
were obtained through a rather straightforward
calculation. In this connection, we only want to
mention that we used the following substitutions,
suggested by (22), (37), and (32):

g7 © (uf - 'U?)T:‘ — 2up;(r] + ™,

o o up;ri + uir] — viry, (42)
o; > up;T; +uir; — vir],
and
7 -G, 43)

i < 7. ().

The very existence of the transformations (42)
(where the quasi-spin operators are expressed as
“linear” combinations'® of the original spin opera-
tors) suggests that the whole analysis, as carried
out in the section, could be done without introducing
the fermion field operators at all. This is indeed the
case. However, we kept the presently given deriva-
tion to emphasize the complete (but formal) analogy
between the BCS model and the models considered
here. One main difference, especially from the phys-
ical point of view, is that the present interaction
suggests working in the configuration space, whereas
the BCS interaction is appropriately treated in
the momentum space. The methods are hence only
formally identical, whereas the physical content of
the two theories is somewhat different, as is to be
expected! This enhances the interest of the present
unifying analogy.

1II. THE WEISS MODEL

The most elementary application of the analysis
carried out above is the so-called Weiss model, where

B; = B, iy (44)
&i, = g/2N, Viio (45)
55, = 0, Vi (46)
(N is the number of spin sites). We have in this case
(4% =0, 47)
B'(By = B + (A", 48)
7; > o, (49)

and consequently
Hp) = - Z} B + (A"))o} (50)

and

(o5)s = tanh {B(B + (4")9)}, (51)
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where {(4") 5 is determined by (40) which in this
case reduces to:

(A")s = gtanh {B(B + (4"))}. (52)

Equations (51) and (52) correspond indeed to the
result obtained directly by the Weiss molecular
field method. Hence, reduced to this case, our analy-
sis simply consists in proving that the molecular
field method is justified in the infinite ‘‘volume”
limit, a result which was already admitted for a
long time on the ground of more or less heuristic
arguments.

The characteristic features of the Weiss model
are well known, and the discussion is indeed straight-
forward as soon as one gets Egs. (51) and (52). Let
us therefore only recall that the phase transition
obtained in the Weiss model is the magnetic analog
of the phase transition described by the van der
Waals equation. It is therefore not too surprising
that the models of Kac and co-workers also lead
to such an equation, since they also satisfy the
assumptions under which our derivation is valid.
There is obviously more than just that in Refs.
9 to 11. A detailed discussion of some of the other
aspects of the Kac models is presented in another
publication.’®

IV. CONCLUSIONS

Our treatment is manifestly much more general
than the Weiss model considered in Sec. I1I above.
Besides the various models satisfying directly the
assumptions under which the derivation given in
Sec. II apply without any change, there indeed exist
several other models also amenable to a similar
form by an appropriate ‘‘canonical” transformation.
However, for the sake of keeping this paper within
reasonable length, we postpone the treatment of
more sophisticated models to the following paper.'®
For the time being, we want to point out an analogy
which, although formal, might turn out to be a

18 G, Emch, J. Math. Phys. 8, 19 (1967), where the
equilibrium properties, and, in particular, the equation of

state, are discussed as particular cases of the theory given in
the present paper.
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useful one. It indicates that a description of at
least a wide class of phase-transition models might
be given in the following terms.

First of all, as in all other treatments, a limiting
procedure (in which the volume of the system, as
well as related quantities, go to infinity) has to be
taken. This is nothing other than the usual ‘‘thermo-
dynamiecal limit”’, completed by appropriate con-
ditions on the spacial dependence of the interaction
coupling constant.

Then, in this limit, the Hamiltonian can be diago-
nalized into an “‘effective Hamiltonian’ expressed
In term of femperature-dependent ‘‘quasi-particle ex-
citations” (defined in different Hilbert spaces!).

The temperature dependence of both equilibrium
and nonequilibrium properties can then be traced
directly to this effective Hamiltonian, respectively
through the partition function and the time-evolu-
tion operator.'’

The views presented in this paper might then
turn out to open the way to a unified interpretation
of the occurence of singularities in both equilibrium
and nonequilibrium properties. These, however, have
to be discussed from case to case for a more detailed
information.'® Hopefully, it becomes easier to obtain
when the present scheme is used.

Finally, we want to stress that the effort to
comprehend the existence of phase transitions in
several systems as the occurence of quasi-particle
excitations is not new.*'* We only claim to have
outlined a consistent approach with a mathemat-
ically meaningful description of the actual procedure
involved.
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Starting from a temperature-independent Hamiltonian, we discuss for some models the coexistence
of the van der Waals wiggles and the Maxwell-van der Waals isotherms. The main tool of this paper
is provided by the temperature-dependent excitations techniques developed in an earlier paper. Some
ferromagnetic models and lattice-gas models are treated along similar lines. The van der Waals
wiggles and the Maxwell-van der Waals isotherms appear below the critical temperature as two
solutions of a system of self-consistent equations. The choice between the two solutions is then dictated
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by energy considerations.

I. INTRODUCTION

HE “correct” equations of state for a liquid-
vapor system at thermal equilibrium below the
critical temperature are usually obtained from the
van der Waals theory by a trick, known as the
Maxwell equal-area construction. This construction
predicts the position of the plateau in the pressure-
density diagram. However, it suffers from two de-
fects. First, the ‘“‘physical arguments” on which it
is based have more to do with the thermodynamics of
the macroscopic description than with the mech-
anism of the microscopic description. In that sense,
this construction, as such, is not fully satisfying from
the point of view of statistical mechanics. Second,
as soon as one is willing to accept the Maxwell
construction, one has troubles trying to invalidate
it in order to allow the understanding of the ex-
istence of the supercooling and superheating phe-
nomena as “‘excited meta-stable situations.” Similar
problems occur in the study of magnetic systems.
There is hope that some simple models, in spite
of their admitted crudeness, might give some insight
into this old puzzle. The models proposed by Kac
and co-workers' are certainly among the most in-
teresting and the most successful attempts for a
justification of the Maxwell-van der Waals iso-
therms. It is, however, difficult to convince oneself
that the techniques used by these authors really
belong to the problem at hand. It is also not quite

* This research was carried out at the Institute for Fluid
Dynamics and Applied Mathematics of the University of
Maryland under support from the Office of Naval Research,
Contract NONR 595(22). ]

1 Present address: Department of Physics and Astronomy,
TUniversity of Rochester, Rochester, New York.

1 M. Kac, Phys. Fluids 2, 8 (1959). M. Kac, G. E. Uhlen-
beck, and P. C. Hemmer, J. Math. Phys. 4, 216 (1963);
G. E. Uhlenbeck, P. C. Hemmer, and M. Kac, vbid. 4, 229
(1963); P. C. Hemmer, M. Kac, and G.E. Uhlenbeck, ¢bid. 5,
60 (1964); P. C. Hemmer, tbid. 5, 75 (1964); M. Kae and
E. Helfand, ibid. 4, 1078 (1963); E. Helfand, ibid. 5, 127
+(1964).
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clear, whether the supercooling and the superheating
phenomena can find a place in that type of discus-
sion.,

In this paper, we keep the main idea underlying
the investigations of Ref. 1, namely, that the liquid—
vapor system is properly described through a two-
body potential with an infinitely repulsive hard core
followed by an “infinitely weak,” “infinitely long-
range,” attractive part. For the sake of simplicity,
we, however, first consider an even more schematic
potential than that proposed by Kac and co-workers.
This choice was deliberately made on the grounds
of the resulting conciseness; we know® that more
general potentials, including that of Kaec, can be
treated by techniques similar to those to be used
hereafter. (Some conditions imposed in the first
sections are, in particular, released in Sec. V, as to
include, among many other cases, the Kac potential.)
We would like to suggest that the present techniques
are more genuinely proper to the physies of systems
exhibiting phase transitions, even if one might object
to the oversimplifications attached to the workable
models.

II. MAGNETIC CASE

We first want to discuss the case of a lattice of
N sites, placed in a magnetic field B, with a spin-}
particle sitting on each site of it. We assume that the
Hamiltonian of this system is of the form

H=H,+7V M
with
H, = -B X o}, @
o at ’
V= —gy Tolvi - 5y Z (di07, + 0joi). ()

This is a particular case of the general case treated
in Sec. IT of Ref. 2, and the Heisenberg generaliza-

2 G. Emch, J. Math. Phys. 8, 13 (1967).
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tion of the particular example given in Sec. IIT of
this same paper. (Here again, the dimensionality of
the lattice is not relevant for our considerations.)
We know from this earlier publication that the
Hamiltonian (1) can be ‘‘diagonalized,” for N — o«
(and any reciprocal temperature ) as

H..(8) = —B'(8) Z 75(8) )
with
B'(B)* = [B 4+ A'B)F + A*(8Y, 6
A'p) = o'{[B + A'(B)]/B’(8)} tanh [BB'(B)],  (6)
A*(®) = o'[4"(8)/B'(8)] tanh [8B'(8)]; (M)
71(8) = [w(®)® — v(8)°]e; — 2u(B(B)(e; + 7), (8)
w()® = 3{1 + [B + A'®))/B'(B)}, ©)
v(8)” = {1 — [B + A'B®I/B'(B)}.

Equations (5)-(7) form a set of coupled equations,
the solutions of which we want to analyze in term
of the macroscopic (M, B) diagram. The magnetiza-
tion M per spin is defined as usual by

_ 19 -
= NaBlnTre ,

which reduces here to
M(8) = (6B’/dB) tanh BB’ =

A first solution is

(10)

(0*) = A'(B)/a". (11)

4*B) =0, (12)
B'(8) = B + A'(®B), (13)
M(B) = tanh {B[B + «'M(8)]}. (14)

We recognize in (14) the equation of state found
in Ref. 2 for the Ising equivalent of our present
generalized Heisenberg model. It is the normal van
der Waals solution of the Weiss model. It exists for
all temperatures and exhibits its famous wiggles for

T < T =d/k. (15)

In our present model, however, a second solution
might manifest itself for

T < T: = o'/k, (16)
which we refer to as the Mazwell solution. It is
AY(B) # 0, an
B'(8) = o tanh [8B'(8)], (18)
M = B/(a* — a". 19)

Two short remarks are in order here. First, one
should notice that (16) is a necessary, but not suf-
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ficient, condition for the existence of the Maxwell
solution; further conditions are imposed by Eqgs.
(5) and (18) so that the Maxwell solution indeed
disappears for too large values of B, even if (16)
is satisfied. There is, however, no point in elaborat-
ing more on this fact here. Second, and more impor-
tant, for the Maxwell solution (whenever it exists), M
depends only on B, and not on 8. Hence, the Max-
well jsotherms, in the magnetic case, overlap each
other.

In summary, we see that, in the neighborhood of
B = 0, two solutions of the equations of state
actually coexzst: the van der Waals solution (14) and
the Maxwell solution (19). Among the several dif-
ferences in character between these two solutions,
only the most essential for our discussion is em-
phasized here, namely the following. Along any van
der Waals isotherm, the energy per spin

E@B) = (1/N)

X Tr {H(B) exp [-BH(B)]}/Tr {exp [—BH(B)]}
(20)

varies with the value of the magnetization M. On
the contrary, the energy of a state from the Maxwell
solution is constant along each Maxwell isotherm
and hence depends on the temperature only. This
difference allows us to determine quite easily which
is the fundamental state at a given temperature, and
at a given magnetic field. In particular, when the
anisotropy goes to zero, the isotherms for the funda-
mental states are the desired Maxwell-van der Waals
isotherms. Below the critical temperature, they are
continuous but only piecewise-analytic. For every
temperature above the critical temperature, we have
only one solution to choose from: the van der Waals
isotherm which is perfectly well behaved in this
region (in particular, dp/dp is everywhere positive).

In this derivation, the Maxwell-van der Waals
isotherms appear as direct consequences of the long-
range Heisenberg-like interaction (3) we started
from. This might be considered as quite a gratifying
fact, since an Heisenberg-like model is a prior:
physically more suitable than its truncated Ising-
like version for which, as we know (Ref. 2, Sec. I1I),
the van der Waals wiggles appear without any
Maxwell counterpart. (This statement is to be quali-
fied in Sec. V.)

This derivation, moreover, seems to give some
definite support to the view that the analytical
prolongations of the van der Waals isotherms inside
the plateau region have a physical meaning and
correspond to true equilibrium states of the system,
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lying, however, higher in energy than the corre-
sponding states of the Maxwell solution. We also
want to notice for completeness that no such pro-
longation of the Maxwell isotherms mathematically
exists outside the plateau region; this agrees with
the physical expectation. Finally, as in all similar
cases, a weak perturbation, not included in (3),
might turn into meta-stable states, the states which
appear here on the equilibrium, but not fundamental,
van der Waals wiggles. This aspect of the problem
is, however, beyond our scope here.

II1. SPINLESS FERMI LATTICE-GAS

The next question is to find the lattice-gas analog
of the magnetic case discussed in the previous sec-
tion. The Ising model, from which the lattice-gas
was originally modeled is, in fact, known to be a
problem pertaining to classical, rather than to quan-
tum, statistical mechanics: spin-} particles are in-
troduced at the beginning, but nothing from their
quantum structure is subsequently used in the stand-
ard treatments of the Ising model (see for instance
Chaps. 16 and 17 of Ref. 3). This is a fortiors true
for the usual formulation of the lattice-gas. In the
discussion presented in Sec. II, the generalization
of the (classical) Ising-like model to a (quantum)
Heisenberg-like model was quite obvious from both
the physical and the mathematical points of view.
This is not so for the lattice-gas.

Our problem is now first to find the appropriate
lattice-gas equivalent of the long-range model treated
in Ref. 2, Sec. III. This could obviously be done
through a slight generalization of the well-known
translation table (see Ref. 3) between the Ising model
and the ordinary lattice-gas. We proceed, however,
along a path which makes easier the formulation
of the lattice-gas equivalent of our Heisenberg-like
model.

We do not lose too much of the usual picture of
the classical lattice-gas if we describe it as a lattice
with N sites, each of which can be occupied by at
most one particle. Nearest-neighbor particles, when
present, interact to give rise to a constant, negative
contribution to the total energy of the system. One
calculates from the (grand) canonical partition func-
tion, in the limit where N goes to infinity, the relative
number of occupied sites, and related quantities
to which one associates a physical meaning as ther-
modynamical functions. The results so obtained turn
out to be in relatively good agreement with the actual
features of vapor-liquid systems.

3 K. Huang, Statistical Mechanics (John Wiley & Sons,
Inc., New York, 1963).
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A seemingly natural way to treat this model is to
describe the particles at the lattice sites as inter-
acting spinless fermions. Let us hence introduce
the number operators

n; = a%a;, i=4L,2 --- N 2y

and the creation and annihilation fermion operators
{[ai; a;'kn]+ = 8;;,, (22)
[a;, @;.]. = 0.

We also want to formulate the model in a way
such that the interaction is no longer restricted to
nearest-neighbor particles. We hence assume the
‘“‘Hamiltonian” to be of the form

H = —Zﬂi’ni - Zvii!ninir'
1 11

Compare with the similar starting point taken in
Chap. 3, Sec. 2 of Ref. 4.
The Hermiticity of the Hamiltonian is ensured by

for all j, §/ (24)

We moreover suppose that the coupling constants
v;;. depend on a parameter ¥ and that we are in-
terested in the thermodynamical limit, where v
goes to zero and

(23)

— *. —_— . —_ ¥
By = Wi Vis, = Vi,q; Yii, = Vii,

lim v,-,-, = 0-
-0

(25)

We finally assume that the v;;. satisfy, as v goes
to zero, all the conditions required for the existence
of all the limits we are to consider below (See Refs.
2 and 5).

The same arguments as those developed in Ref. 2
lead now to the introduction of the following tem-
perature-dependent effective Hamiltonian:

Hol) = — 3 W), ~(26)
with ’
i) = u; + A,8), (27)
where
AB) = 13132 iz,vii/(7)<ni:>ﬁ' (28)

These three equations combine into a self-con-
sistency condition. In the particular case where

{Uﬁ, = a/(4N);
Y= I/N:

¢ R. H. Brout, Phase Transitions (W. A. Benjamin Com-
pany, Inc., New York, 1965).

5 (. Emch and M. Guenin, J. Math, Phys. 7, 915 (1966).
There is no point to open here again the mathematical
discussions conducted in this reference. These are in fact
immediately transferable to the present paper. We indeed
want to concentrate now on the physical aspect of a similar
problem.

Bi = 4, for all jr j’;

(29)
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Eqgs. (26), (27), and (28) lead directly to

p(8) = 3(1 + tanh {(8/2)[x + ap(8)/2]}),  (30)
where the density p is defined as
p(8) = lim (3 m,)s/N. (31)

Equation (30) is well known' as the lattice-gas
analog of the Weiss model. It appears here as the
exact analog of our Eq. (14).

To collect our thoughts, let us recall that the
equation so obtained leads® to the equation of state

p+ap’=—kT'In(l — p). (32)

This equation is close enough to the original van
der Waals equation

p+ ap’ = +kTp/(1 — p) (33)
to be worth studying. In particular, it presents the
van der Waals wiggles, very much like (14) itself.
As to be expected, we do not have, with this lattice-
gas model, any abnormal solution of the Maxwell
type in the sense of Sec. II. (See, however, Sec. V.)
One of the possible reasons is that we did not in-
troduce in our lattice-gas Hamiltonian (23) any term
which could play the role of the second term present
in the magnetic interaction (3). This last term could
most conveniently be expressed as a sum of terms
of the form ¢}¢,.. It links two operators: o7 which
rises the unperturbed energy at site j, and o;. which
lowers it at site j°. To pursue the analogy sketched
in the beginning of this section, one might be tempted
to argue that the proper generalization of (23) is
to add to it a term of the form

V=- Z w;;,0%a;, . (34)
However, contrary to the second term in (3), (34)
is quadratic in the field operators, and can there-
fore, together with the unperturbed part of (23),
be exactly diagonalized, even in the case of finite
N, to lead to temperature-independent excitations.
Consequently, even if (34) heuristically seems to be
the appropriate translation of the second term of (3),
it completely looses the mathematical parallelism
between the two models. In particular, no Maxwell
solution could appear as a result of our discussion
of the equations of state. This is just another reason
which prompts us to look for a more appropriate
model of the lattice-gas. This is our attempt in the
next section.

IV. REFINED VERSION OF THE FERMI
LATTICE-GAS

Instead of allowing each site (or cell) of the lattice
to be occupied by one particle at most, we now want
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to take cells twice the size of those considered in
Sec. III. To achieve this in a convenient way, we
introduce at this point two kinds of spinless fermions,
visiting each of the N sites of a lattice, with the
Hamiltonian

Ho= Y H.+ 7, (35)
where
Ha = - Z ﬂa(j)na(j) - Z va(j} jl)na(j)na(j,); (36)
Vo = — E v(f, I, (37)
with
n.(j) = a¥(Daa(i), a=1,2; j=1,2,--- N,
(38)
and
{[au(j)) a%(j,)]*- = 5«# 6iin (39)
[aa(7), as(3)]+ = 0.

Moreover, we assume that the v,(j, /) with a =
1, 2, O satisfy the same conditions as the »,;, of
Sec. III. We can hence ‘‘diagonalize’” (35) in the
same way as (23). In particular, if

/"a(j)__—/"; a=1,2; j=]_,2,...’N,
‘lva(j, ],)=a/(8N); a=1)2; j: jl=1; 2’ e yNs
(i, i) = a/(4N), ii=1,2,---,N,
(40)

we get, in the limit N — o, exactly the same equa-
tions of state as before, namely (30) or (32); now,
instead of (31):

p(B) = % 22 p.(8),
« (41)
pa(B) = lim (37 na(j))s/N,

as was to be expected, since what we did up to now
was equivalent to a relabeling of the 2N sites of a
lattice, as suggested by the introduction of this
section. However, we are now in the position to
translate for this lattice-gas model the results ob-
tained in Sec. IT for our Heisenberg-like magnetic
model. Let us consider the Hamiltonian

H=H,+YV, (42)
where H, is the Hamiltonian (35) and
V= =2 wiat(DaiDa)a).  (43)

We should notice at this point that this choice
for the interaction makes it closer (so far as its



MAXWELL-VAN DER WAALS ISOTHERMS 23

mathematical form is concerned) to the pair—pair in-
teraction occurring in the Bardeen—Cooper—Schrieffer
(BCS) model, than to the spin-spin interaction
present in the magnetic model. However, the phys-
ical content of this model is shown to be quite similar
to that of our magnetic model.

To demonstrate in a more transparent way the
-essence of the method, we again consider a partic-
ularly simple case, namely that prescribed by con-
ditions (40) completed now by

w,-,-,=b/(2N), j=1;2)"'7N- (44)

From our standard diagonalization procedure,’
we get

Hou(B) = —w'(8) ;vﬁ(ﬁva(ﬁ (45)
‘with the temperature—depende;lt excitations
{v*{(ﬁ) = u@atl) + 1@, 4
5B = u(B)at(f) — vB)a(®,
‘where
{u(ﬂf =L+ G+ @D/ EL 4
v = 31 — (u + ap(8)/2)/u'B)],

which are ultimately determined from the self-con-
sistency conditions

w(B) = v + ap(8)/2)" +»(8)’, (48)

p(B) = 31 + {[u+ ap(8)/2]/w'(B)} tanh [Bn’(ﬁ)/2])),
(49

»(B) = (b/4)[»(8)/w'(8)] tanh [84'(8)/2]. (50)

A comparison of Egs. (4)-(9), respectively, with
Eqgs. (45), (48), (49), (50), (46), and (47) from one
side, and a comparison of Eqgs. (48)-(50) with the
equation of state (30), should convince the reader
that we obtained here the exact lattice-gas analog
of the magnetic model discussed in Sec. II. In
particular, all of our discussion on the coexistence
below the critical temperature of the van der Waals
and the Maxwell solutions remains the same, giving
rise to the famous Maxwell plateau in the pressure-
density diagram.

V. COMPARISON WITH OTHER RESULTS

In Sec. II we considered, as extreme cases of a
unified treatment, both the Ising and the Heisenberg
magnetic couplings with a Weiss space-independent
interaction. We emphasized that an exact solution
of the former model can only lead to van der Waals-
like isotherms, whereas the van der Waals—Maxwell
isotherms appear as natural solutions of the later

model, where, however, the analytic prolongations
of the van der Waals isotherms into the ‘‘plateau
region’’ still exist as excited meta-stable states. The
lattice-gas analogs of these models were studied in
Sees. III and IV, respectively, and shown to exhibit
essentially the same features as their respective
magnetic analogs, as was to be expected.

On the other hand, Kac and co-workers' obtained
directly the van der Waals—Maxwell isotherms from
a model apparently quite similar to that of Sec. III,
rather than that of Sec. IV.

We therefore have two widely different methods,
both claiming to be exact in the same limit, and
apparently leading, however, to opposite conclusions.
To be able to claim that our method is of some gen-
eral interest, we should at least understand the
difference between the results of Kac and co-workers'
and ours.

This is indeed possible, and the aim of the present
section is precisely to show how. An answer can,
in fact, be found through a comparison with the
arguments developed by van Kampen® in his version
of the Xac model. Although this is hardly necessary,
we make the comparison easier by taking exactly
van Kampen’s model which contains in some sense
the Weiss-like models as particular cases. We thus
apply our techniques to this model itself.

We again consider the thermodynamical and the
van der Waals limits of a spinless Fermi lattice-gas
with two-body interactions, as in Sec. III. We more-
over introduce first van Kampen’s trick and divide
the lattice into M cells each containing A sites. The
position of a site is then denoted by two indices
(e, {) running, respectively, from 1 to M and from
1 to A. The Hamiltonian corresponding to (23) can
then be rewritten as

H=—u ;na(ﬁ—% >
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Waa,(§, I)a(7a ()
(61)
with

() = a%(fa.(s) (52)

6 N. G. van Kampen, Phys. Rev. A135, 362 (1964).
Several papers by 8. Katsura should also be mentioned in
this connection, although the methods used by this author
are quite different from ours. See in particular: S. Katsura,
Progr. Theoret. Phys. (Kyoto) 13, 571 (1955), where he dis-
cusses also the Weiss model which, incidentally, he calls
adequately enough the Husimi-Temperley model. There is
a definite agreement between several, but not all, of Katsura’s
results and ours. We, however, feel that our arguments are
much closer, both in their premises and their conclusions, to
those of van Kampen than to those of Katsura. The latest of
Katsura’s papers, in which plenty of references can be found
to previous works, is 8. Katsura and 8. Inawashiro, J. Math.
Phys. 6, 1916 (1965). In this later connection, we would like
to mention that the exact model recently considered by these
authors can also be treated by our method.
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and
= Baa, aiit?
0.

{[aa(]'), a%, (7))« (53)

[aa(7), aa. ()]s

We again assume that the potential is long-range,
and to keep close to van Kampen’s model, we more-
over assume that the interaction between two
fermions depends only on the cells in which they are

(54)

I

waa:(j7 ],) = Wqa,-

We suppose, as in the rest of this paper, that the
w’s depend on a parameter v such that the van der
Waals limit can be considered in a meaningful way
(see preceding sections). At this stage, we notice that
we would recover exactly the situation of Sec. ITI
if we would also assume that [see condition (29)]

Waa. = a/(2 AM). (55)

The point is, however, not to restrict w,.. by (55),
as it is discussed below.
Our Hamiltonian (51) can now be rewritten as

H=~”ZN¢_%Zwaa:N¢1Nq, (56)
with

N. = S n. (57)
[Compare (56) above with the equation following
(2) in van Kampen’s paper. Although the notation
is similar, we should point out that we are using a
spinless Fermi lattice-gas description, whereas van
Kampen gets his equation from a classical description
of a gas of molecules where he neglects the kinetic
energy of the individual molecules.]

We can now use our standard techniques to
diagonalize the Hamiltonian (56) in terms of tem-
perature-dependent excitations. There is no point
to reproduce here the details of the derivation which
again is quite similar to those carried on earlier in
this paper. We get the following coupled equations
for the densities in the cells (the reason why the
density is uniform within each cell is clarified by
the forthcoming discussion)

pa(8) = exp [Bus(8)]/{1 + exp [Bul(8)]},
pa(®) = u 4+ lim 30 Waa, A)pa.(6).

(58)
(59)

This set of coupled equations plays the role of
Egs. (5) in van Kampen’s paper. As in van Kem-
pen’s treatment, the uniform density throughout
the total volume (or lattice) is always a solution of
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these equations, and corresponds to the van der
Waals isotherms which exist below, as well as above,
the critical temperature. This situation corresponds
exactly to that of Sec. III, with

a=3%1lm ) (Wa. A). (60)
This also is in agreement with van Kampen’s result.

If, moreover, it is assumed that

Wae, = W(la — '), (61)

then the uniform density, and consequently the van
der Waals isotherms, are the only possible solutions
above the critical point. However, below the critical
temperature, a nonuniform solution might also be
possible, as pointed out by van Kampen; it is a
solution which corresponds to the coexistence of fwo
phases with different densities, but the same fugacity.
This corresponds to the result of Kac and co-workers
who obtained, as already stressed, the corresponding
Maxwell plateau. For all this part of the argument,
the reader is referred to van Kampen’s discussion of
his Eqgs. (5). It is only before these equations that our
approach differs significanily from his. [Moreover,
it should also be pointed out that, for a lattice-gas,
the introduction of cells is just a superfluous trick,
if we want to take the van der Waals limit anyway.
Compare, for instance, van Kampen’s Egs. (5) with
either (58) and (59), or (26)-(28) of this paper.
We indeed introduce this partition into cells just
to make more patent the analogy with van Kampen’s
model. Conversely, van Kampen’s model suggests
a better insight into the physical meaning of a
lattice-gas model.]

There is, however, one case where such a non-
uniform density can never exist, and this case is
precisely given by the Weiss-like models, where not
only (61), but also (55) is assumed. This is easily
seen by feeding (55) into (59) and then the resulting
u into (58). We hence understand why we found
only the van der Waals solutions (see Sec. III).
This was due to a defect in the potential, and not
in the method. Incidentally, the above discussion
also shows why (54) leads to a uniform density
within each cell without further assumption.

We have then a complete explanation of the ap-
parent discrepancy between Kac’s results and ours.
Both methods seem to be correct, and ours appears
indeed as more general. The difference in the con-
clusions came from a profound difference between
a Weiss-like model, with a space-independent two-
body potential, and a Kac-type model, where the
two-body interaction is actually space-dependent
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(even if this dependence is extremely weak in the
van der Waals limit of Kac’s potential).

V1. CONCLUSIONS

The models treated in this paper are admittedly
rather unrealistic in their extreme schematization
of the ‘“intermolecular potential’”’. It should, how-
ever, be realized that these simplifications were by
no means essential to the applicability of the method;
they were indeed chosen just because of the fact
that they allow an especially concise presentation of a
certain point of view, which, in opposition to the
usual treatment of phase transitions, could be sum-
marized as follows.

In the traditional approach (such as Huang’s
presentation® of the Yang and Lee’ theory), one
works within a fized Hilbert space (or phase-space)
representation of the system under consideration;
one then looks for the analytic properties of the
partition function (or rather of its logarithmic deriv-
atives) in the complex fugacity plane. Each domain
of analyticity of these objects (determined, in fact,
by closed curves of Yang and Lee zeros) which con-
tains at least a segment of the positive real axis, is
ultimately associated, in a tentative way, with a
separate phase of the system.

Here, on the contrary, one considers, as the princi-
pal object of the theory, the algebra generated by,
say, the particles field operators. One then considers,
for each temperature, the irreducible representations
built on the canonical equilibrium state. It turns
out that, for certain temperatures (and certain values
of the thermodynamical variables), this procedure
does not lead to a unique solution. When several
solutions coexist, one chooses, as the normal physical
solution, that which minimizes the corresponding
free energy. By sewing together these minima} solu-
tions, one gets the hypersurface of the macroscopic
phase space which corresponds to the normal canon-
ical equilibrium states. Outside of this hypersurface,
other canonical equilibrium states might be realized
which would correspond to the previously disre-
garded solutions. That these states are really ob-
served depends in last analysis on the very prepara-
tion of the system. They, however, always exist as
virtual meta-stable states. Hopefully, this point of
view could be the germ of a rational introduction,
in the frame work of the phase transition problem,
of such phenomenas, as supercooling and superheating,

The method sketched above, and applied to some
particular cases in the main body of this paper, was
originally suggested by the BCS model for super-

7 C. N. Yang and T. D. Lee, Phys. Rev. 87, 404 (1952).
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conductivity. For this model, it describes, in a
perhaps not quite familiar language, what is com-
monly accepted as the correct approach to that
specific physical problem. The method was extended
here to several systems known to exhibit phase
transitions and nonanalytic equations of states,
namely a generalized Heisenberg ferromagnet and a
generalized lattice-gas. This was done with some
detail in order to suggest that the method might
be of a more general interest than the BCS model.

It should also be mentioned that the method
developed here seems to be just a formalization and,
to some extent, an improvement of the ideas pre-
sented, from a somewhat more heuristic point of
view, by Brout in his monograph.*

In closing, we want to make two remarks. First,
the limiting procedures considered in the beginning
were introduced in an ad hoc manner, but their ap-
pearance, which is also found in the BCS model,
is a natural consequence of the thermodynamical
limit itself, when one works in the momentum space
rather than in the configuration space. This is one
more reason why it is felt that the point of view
presented here might be fairly general, even though,
for the moment, we only applied it to especially
simple models, for obvious didactic reasons.

Seeond, the reader should realize that the method
proposed in this series of papers, in spite of its
generality, is to be considered as an exact one to
the extend only where the basic assumptions under-
lying it are valid. For instance, a careful treatment
in momentum space of the ordinary Ising model
with, say, nearest-neighbor interactions provides an
excellent illustration of how careful one should be
with these assumptions, and, in particular, with those
concerned with the irreducibility of the representa-
tions or related concepts. In this case, an assumed
irreducibility of the relevant representations would
in fact only lead to results known® as the Weiss
approximation of the Ising model. Another example
(namely the BCS theory), in which an abusive
irreducibility assumption may generate some diffi-
culties, was already pointed out in a previous paper.’
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The analysis of a previous paper is applied to determine the leading behavior and coefficients of
specific lower-order terms of planar graphs in the nucleon-meson scattering process. The results of
Cheng and Wu in verifying the Reggeization hypothesis in sixth order are rederived and a method of

extending the analysis to nth order is indicated.

INTRODUCTION

N an earlier paper' (hereafter referred to as I) we
outlined a general method for determining the
leading behavior at large values of the momentum
transfer ¢ of any Feynman integral ¥ corresponding
to a planar graph G in any two-body process in a
conserved vector theory describing the interaction
of a spin - nucleon with a spin-1 meson. The method
hinged on the concept of straddling. Straddling is
defined with respect to specific subgraphs of @, or,
in the terminology of I, certain scaling sets of @. For
analysis of leading behavior, we are concerned only
with those scaling sets S, that

(i) contain at least one ¢ path''?;

(ii) are such that no two external lines of the set
are one and the same line;

(iii) are such that if I; is any loop of the graph
not belonging to the scaling set then there is a
partition' from loop I; to that part of the boundary
of the graph joining the vertices of either the in-
coming or outgoing particles that does not cut any
line of the scaling set; and

(iv) do not contain any line that when cut sep-
arates the scaling set into two parts and at the same
time does not belong to any { path lying entirely
within the scaling set.

Sets not satisfying (i), (ii), (iii), and (iv) are always
unimportant in determining the leading behavior. A
scalar product X ;- X;, where' X; = (1/2C)(8D/3b.)
and C and D are the well-known Chisholm deter-
minants®** straddles such a scaling set S, only if
all partitions from loop I; to loop I; cut at least one

* This work is supported in part through funds provided
by the Atomic Energy Commission Contract AT(30-1)-2098.
1J. V. Greenman, J. Math. Phys. 7, 1782 (1966).
2 G. Tiktopoulos, Phys. Rev. 131, 480, (1963).
(1935 g) S. R. Chisholm, Proc. Cambridge Phil. Soc. 48, 300
4 R. J. Eden, Phys. Rev. 119, 1763, (1960).

line of S; when ¢ 5= §. If ¢ = j then the scalar product
X.-X, straddles the set if the loop I; belongs to the
set. If r(I) is the number of lines (loops) in the set
S, and 8 is the maximum number of straddling scalar
products that can be formed, then we say that the
set S, generates a {* behavior, wherea = 20 4+ 8 — r.
If @, is the maximum value of a over the set of
scaling sets satisfying the four conditions stated
above, then the leading behavior of the graph G
is t** In °t, where b is a positive integer, a function
of G. For the meson—meson scattering process' the
sets generating the ¢** behavior are easily char-
acterized. All sets satisfying the four conditions
stated above together with the condition that all
external lines of the set are meson lines generate
the leading behavior of *. b is just the number of
such sets consistent with certain constraints ex-
plicitly stated in 1. The existence of divergent sub-
graphs in the graph G renders the prescription for
the leading behavior more complicated.

In this paper we wish to characterize these maxi-
mal sets for the other two-body processes. In Sec. 1
we analyze the general planar graph for the nucleon-
meson scattering process and determine o, as zero.
In Secs. 2 and 3 we consider the ladder graphs for
this process and explicitly locate those parts of the
Feynman integral that contribute to the leading
behavior and certain lower-order terms. In See. 4
we consider the general planar graph for the other
two-body processes.

As in I the external particles are labeled by the
index 7, ¢ = 1, 2 corresponding to the incoming
particles and ¢ = 3, 4 corresponding to the outgoing
particles. The 7th external particle has momentum
p;. Further, we denote the boundary joining ex-
ternal-particle vertices ¢ and j by b,;; it is along
by»(bss) that we run momentum p,(p;) and along
by; that we run momentum p = p, + p,. In the
specific case of the meson-nucleon ladder graph we
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break our rule and run momentum p along a dif-
ferent path.

A nucleon path of the graph is called an open
(closed) nucleon path if that path contains (does
not contain) external nucleon lines of the graph.

Further, for ease of discussion, we often fail to
distinguish befween a set of Feynman parameters
and the corresponding set of lines in the graph.

We denote the mass of the nucleon (meson) by
m;(m,) and throughout we use the metric g,
—f11 = —@ = —fa = L

1. GENERAL PLANAR GRAPH IN THE
NUCLEON-MESON SCATTERING PROCESS

For the first part of the analysis we do not restrict
ourselves to the nucleon—meson scattering process.
We copsider some two-body planar graph G and
the corresponding Feynman integral Fgq in the form
first derived by Chisholm,® where F, is expressed
as an integral over the Feynman parameters of a
sum of terms, the sum being denoted by I} and
expressed as

13ra)

r—21=-2-1% ~{r—21—1)
2. AL D ,

=0

(1.1

where [3r,] denotes the highest integer not greater
than ir,, and A, are coefficients that are functions
of the external momenta and masses of the system
and the derivatives

14D o _ 1 &D_
2C ab;’ 7 8C ab, 9b;

extensively studied in I. The problem of determining
the leading behavior of Fy is equivalent to that of
determining the maximum number of scalar products
that can be formed that straddle any scaling set
that belongs to the set of scaling sets satisfying the
four conditions stated in the Introduction.

Suppose such a set S contains r lines, ! loops, n
vertices, ¢, external meson lines and e, external
nucleon lines, %, internal meson lines and %, internal
nucleon lines, then the following relations are true,

=301 -1 + (en + &),
n=2(1—1) + (e + €.},
tn=2(1 — 1) + ea + 36,
e = (I — 1) + e,

Suppose further that the set 8 divides the graph
@ into three distinct, disjoint, connected regions—
the subgraph 8 itself and region R,(R,) having part
of its boundary in common with b;,(bs.).

To ealeulate the number of straddling scalar

X,‘=

1.2
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products, we need to know now many p.(p.) mo-
menta from region E,(R,) can be paired with p.(p,)
momenta from S or R,(S or R;). These momentum
scalar products are generated

(i) in trace and helicity inner product calculations;
(ii) by means of meson line g,, factors;
(ili) by means of X,,g,, factors.

We first outline four methods of simplifying pro-
ducts of y-matrices.

Method I. Any product of y-matrices can be
written as a linear sum over the 16 linearly inde-
pendent matrices of the Dirac algebra.’ For instance,
an odd product can be written as a sum over the
eight matrices v,, vsv,.

Explicitly,
Vit Veanes = Giepaanss T Diecinnns¥s¥sy (1.3)
where the coefficients are given by
Ceeopanrs = TETE (Ve Yiwnn?Ds (14)
biweewants = 1T (i *** Yuwna¥sY). (1.5)

Method II. If there occurs in a product of -
matrices the pair 4% v, with an odd number of
y-matrices between, we can exploit the formula®

’Y“‘Y}u ’Ylh * (1 '6)

Method II1. Whenever momentum p; or p, is
associated' with adjacent y-matrices in a product
then we can no longer use these momenta to form
scalar products (p.-p.), since we know the relations

(v-p)y-p) = i, an

(y-p)lyps) = i, (1.8)

are true. If p, and p, are alternately associated with
y-matrices in a product of y-matrices then we can
use the relation

Grp)Gypdly Py
— m“l’(’Y ps) + 201 p) (v p)). 1.9

Method IV. Finally, we outline the method intro-
duced by Gell-Mann et al.” and extensively used
by Polkinghorne® of simplifying helicity inner prod-
ucts. Suppose us(u,) is the helicity spinor of p.(p,);
then to calculate

[aaly-4) -~ (- AJGy-p)ly-Ainy) -+ (v Ad)ud]
(1.10)

& 8. 8. Schweber, Introduction to Relalivistic Quantum Field
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7 M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx,
and F. Zachariasen, Phys. Rev. 133, 145 (1962).

8 J. C. Polkinghorne, J. Math. Phys. 5, 1491 (1964).

* 0t Ypane Ve = ""2'Yum+1 tee



28 J. V. GREENMAN

o, o,
8 1 a 2 s
A
X, Y.
(a)
o o
8, I A 2 5
¥ Y,
(b)
——— o g
&, £ A
T R O N N e s

(c)
Fre. 1. Application of the leading behavior formula.

we move (y-p,) to the right using the anticommuta-
tion relations of the y-matrices and annihilate®(y - p,)
against the helicity spinor using the relation
(v-p1)uws = myu,. Similarly, we would move (v-p,)
to the left. The method is not limited just to the
spinors u,, u, since we can effectively annihilate
pi(p.) against u,(us) using the following relations:

(1.11)
(1.12)

(rpdu: = (v DUz — MUy,
(r-pus = (v pus — mus.

The first term on the right-hand side obviously
cannot be used to generate straddling scalar
products.

For each section of those nucleon paths having
nonzero intersection with S—the sections being de-
fined by the intersection of the path with S—we
reduce the corresponding product of y-matrices in
15 by method I. Simplification of the resulting traces
is effected by methods IT and III. It is now straight-
forward to evaluate the maximum number of X,
functions that can form straddling scalar products.
Suppose for a specific term of the Chisholm expan-
sion, ¢,(24!’) is the number of nucleon lines of the
set S that together with nucleon lines in either
region R, or R, (region 8) generate X;; functions.
Suppose further that w is the total number of sections
of all those nucleon loops of G with nonzero inter-
section with S that do not lie in 8. Suppose finally
that for the ¢th of the k¥ open nucleon paths of G
with nonzero intersection with S there are s, sections
that do not lie in S but whose end vertices both
belong to S and that for &’ of these & open nucleon

lines both external nucleons of the open nucleon
path are either incoming or outgoing. The number
of X, functions that can form straddling scalar
products consists of the (¢, — 7, — 24;) X, functions
from the nucleon lines of 8, together with the (e, 4
17X, functions paired by the external meson lines
of § and the X,;,g,, functions, together with the
(w + Zs; + k)X, functions from those sections
of the nucleon loops and open nucleon paths not
Iying in S. In addition we have ¢/’X;; functions
where I; and I; both lie in S. These functions are
effective straddling scalar products as explained at
length in I. Any scalar product paired by an X;;g.,
factor, where I,(l;) lies in R,(R,), does not straddle
S even if the p;(p,) momentum is contributed by a
nucleon line in R,(R.) since, on scaling, this X;;
function behaves as p, where p is the scaling param-
eter for set S.

The maximum number of X; functions that can
form straddling scalar products is therefore (z, --
en + w + Zs; + k). Since 1e, = k + Zs; + w,
the set S generates a leading behavior of 2 — %e, —
[3(k — k)], where the square bracket indicates
the smallest integer not smaller than 3(k — &’).
As an example let us consider the graph of Fig. 1(a).
Meson line 8, generates a t° behavior with one strad-
dling scalar product whereas nucleon line §, gen-
erates a ¢' behavior with two straddling scalar prod-
ucts. Loop 1 also generates a ¢' behavior. In the
example of Figure 1(b) the sets 8,, 8,, 8, all generate
a ¢! behavior with no straddling scalar product.
In the example of Fig. 1(c), the sets B8;, B2, Bs all
generate a {° behavior with one straddling scalar
product.

For any planar graph G for the nucleon-meson
scattering process the leading behavior is at most
¢° In *¢, where b is some positive integer, a function
of G. The sets that generate this behavior satisfy
the four conditions specified in the Introduction
together with the constraint e, = 2. But these con-
ditions are not sufficient to characterize these sets.
To specify the additional constraints, we need to
introduce additional notation.

(i) Let us label the only section of the open nu-
cleon path lying in S as section A and the corre-
sponding product of y-matrices in 7 as X.

(ii) Let us label the first (last) vertex of section A
traveling along the nucleon path as a,{as,.1)-

(iii) Let us define a p,(p.) vertex as a vertex
common to section A and an external meson line
of S lying in the region R,(R,).

(iv) Let us define an m-line of S as a nucleon line
of section A that when cut separates S into two parts.
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(v) Let us denote the matrix X, after the elimina-
tion of the v,, ¥* pairs by Method II, by X".

We note first that if X' is a product of 2q
or (2¢ + 1) y-matrices we can only generate the
leading behavior of t° for the set S if ¢ of these
y-matrices are associated' with p, and ¢ with p,.
Hence one nucleon line of section A could provide
a p momentum or an m, factor. Alternatively one
vertex could fail to provide a p, or p, momentum.

Secondly, we note that all m-lines, except possibly
one m-line which would provide an m, factor or
momentum p for example, must provide a p, or p,
momentum. They cannot generate X;; factors since
there would be no partition from loop I, to loop I;
lying entirely in the set S. Further, consecutive
m-lines of section A, if they provide p,, p, momenta,
must both provide either p, or p, momenta, provided
that no nucleon line in that section of section A lying
between the consecutive m-lines contributes an m,
factor or momentum p since otherwise corresponding
to this section in the matrix X' there is an odd prod-
uct of y-matrices alternately associated with p, and
p.. Hence in traveling along that section of the open
nucleon path lying in S there can be only one oc-
casion on which a p,(p,) vertex of an m-line follows
a pa(p:) vertex of an m-line. For example, in Fig. 2
the rungs AB, EF generate a ¢° behavior whereas
CD generates a ¢ behavior.

Thus for a scaling set to generate a ¢° behavior it
must satisfy the four conditions specified in the
introduction together with the following two con-
ditions that

(v) the set contains only two external nucleon
lines;

(vi) in traveling along that section of the open
nucleon path lying in S there can be only one oc-
casion on which a p,(p,) vertex of an m-line follows
a p.(p1) vertex of an m-line.

In I we determined the leading behavior of diver-
gent terms in the Chisholm expansion by explicit
renormalization. For the planar meson—meson scat-
tering graphs the leading behavior of the complete
Feynman integral is often greater than that deter-
mined by simple power counting methods if there
exist divergent subgraphs. Similarly for divergent
planar nucleon—meson graphs the leading behavior
is often greater than that determined by power
counting. For the graph of Fig. 3(c), for example, the
leading behavior is one power of In ¢ greater than
that determined by power counting. For the graph
of Fig. 3(a), however, power counting gives us the
correct leading behavior.

INTEGRALS 29

~———

B D F
Fie. 2. Scaling sets for a meson-nucleon scattering graph.

We now determine the leading behavior of the
graph of Fig. 3(a) as an example of the general
analysis of this section. Following Gell-Mann et al.”
we use gauge freedom to replace the y-matrix for
the external meson vertex (2) by the matrix I'}
Yo — Psu(¥+D2)(p2-ps)” and for the external meson
vertex (3) by I's = v, — pa,.(-ps) (p2- ps) ' Whatever
the polarization vectors, all the anticommutators
{T}, v}, {TL, v p.} are at most constant at large
values of . We thus say that the external vector
meson vertices are inactive in that they cannot
couple polarization vectors in any way to form scalar
products proportional to .

Using the general results of this section it is
evident that there are three possible ¢° scaling sets,
(8s), (B, B3), (Bs, loop 1). If it were not for renor-
malization, the t° In * behavior would derive solely
from the basic term of the Chisholm expansion for
the simple reason that if (8;, 8;) is to be a scaling
set there must be two distinct scalar products strad-
dling that set. In Fig. 3(a) we indicate which nucleon
lines provide the p, and which the p, momentum to
generate maximum behavior in the basic term; an
arrow to the left (right) adjacent to a nucleon line
indicates that that line contributes a p,(p,) mo-
mentum.

The divergent part of the second term of the
Chisholm expansion when renormalized has a lead-
ing behavior of ¢* In *#. Combining the two con-
tributions we find that the Feynman integral for
the graph of Fig. 3(a) has a leading behavior of

(=D In® )H, (1.13)
where we define H as
fo f da dB 8 + 8 — 1)
X T — a)(y-p) + m]Toh ™Y, (1.14)

where 4’ is the D function for the two-line bubble.
Similarly we can determine the behavior of the
Feynman integral for the graph of Fig. 3(b). We find
it equal to (1.13).

The argument is not identical for the graph of
Fig. 3(c). The basic term of the Chisholm expansion
does not have a leading behavior of ¢° In *. This can
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Fic. 3. Examples of divergent graphs.

be seen most easily by moving the p, momentum
of B; to vertex z. Both nucleon lines 8, and v, must
then provide p, momenta since otherwise we would
lose a straddling scalar product. Eliminating the
v, ¥* pair of vertices ¥ and z by method II we find
that necessarily v-p, multiplies the spinor for the
incoming nucleon, and since the T' vertex is inactive
there can only be at most one scalar product strad-
dling the set (8., 8,). (8., Bs), therefore, is no longer
a t° scaling set.

The t° In * behavior derives solely from the re-
normalized part of the second term of the Chisholm
expansion. Simple integration yields the leading
behavior of the Feynman integral of Fig. 3(c) as

(+1)(° In® ) H. (1.15)

Similarly the leading behavior of the Feynman in-
tegral of Fig. 3(d) is

(+1)(* In* )H. (1.16)

The t° In ¢ behavior therefore cancels in the sum
of the four graphs Fig. 3(a)-(d).

Let us now determine the leading behavior of
the graph of Fig. 3(c). A procedure was outlined in
I and we follow that procedure in this calculation.
We use the Ward method and introduce a zero
momentum meson vertex in the nucleon self-energy
part together with an integration over a new ‘‘Feyn-
man parameter’” A. The leading behavior derives
solely from the divergent part of the second term
of the Chisholm expansion. The important part of
this divergent term is

(—4) fo " fo 1 fI1 daC D™ X a(pr-X0)
X 8<i o

i=1

- 1)@, 1.17)

where
Q = Il — a)(y-p) + m,]T5.
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Renormalized, the leading term can be written

o) [an | ' 4B, [ ' 4B, [ .

X 8B+ B+ B — 1)

x [ as. [ ag, [ ao [ des [ i [ ap

X8(54+ﬁ5+.36+a1 + v +P—1)

X fl d Cl(_g))\z(ﬁ_l + Bz)ﬁ—aﬁiQ .
o “XIDB, + Bo)B:Bepx + (Bs + B)Bslt + A
(1.18)

The leading behavior is then obtained using the
formula of Tiktopoulos® as

(—4)(@ In* HH fol dx fol df, fol dB, fol dB,

><5(51+1§z+53—l)ﬁld&foldﬂsf:dx

)\2@ + Ez)ga 5(54 + Bs+x — 1)_
INB; + Ba)Bsx + (Buit 8:)1°

The integrations are trivial. The leading term is
simply

X (1.19)

(=1 In® H)H. (1.20)

The sum of the Feynman integrals for the six graphs
3(a)-3(d) has a leading behavior of

(—2)(° In® H)H. (1.21)

2. LEADING TERMS FOR THE LADDER GRAPHS
IN THE NUCLEON-MESON SCATTERING PROCESS
A. Three-Rung Ladder
This graph has already been considered by Cheng
and Wu.® We rederive their results using our

methods. We again replace the y-matrices for the
external meson vertices by the I' matrices, defined
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in the previous section. The general analysis of the
previous section indicates that there are five ¢°
scaling sets, the over-all delta function only per-
mitting us to scale four. The possible sets of scaling
sets are (84, Bs, Ba, 1) and (84, B:, Bs, ;) in the notation
of Fig. 4(a). For 8, and B, to be possible scaling sets
we must ensure that there exists a scalar product
straddling each of these sets. The only way we can
achieve this is for nucleon line 3,(8;) to contribute
an explicit® p,(p,) momentum. These momenta must
be transported by the meson lines ai, a; to vertices
A, B. If I, is to be a scaling set then there must be
two scalar products straddling l,. Neither v, nor
B: can contribute either a p, vector or p, vector, for
that would imply two adjacent y-matrices associated
with the same momentum vector. Hence the p,
vector from B, must be paired with the p, vector
from 8; and the nucleon lines 8;, v, must generate an
X, factor. (For the second set of scaling sets nucleon
lines v, and @, would generate an X, factor.)

For the first set the leading behavior of ¢° In %
derives from those terms of the original integrand
I; that contain the momentum scalar products

@1 -Pa) (k2 k2), (p1-F) (2 ps) - 2.1

For the second set the corresponding scalar prod-
ucts are

P1ps) ey k), (P k) (ky+ps). 2.2)

The second terms in (2.1) and (2.2) do not in fact
contribute® to the t° In ’t behavior. We prove this
in Appendix A.

B. The n-Rung Ladder

In the case of the three-rung ladder we can char-
acterize the sets of scaling sets by which one of
the two nucleon lines that are not rungs of the ladder
are inactive in the sense that their momenta are not
used to generate straddling scalar products. In the

<, A ¥, n R-p L P
e e ~——— >
@ B ) A 2 A ey (N ered () park, -
. |
A B &y Pa Tk k- p e
F1a. 4. The ladder graphs.
o %, Y., 16 adder grap
—— e b g N
O X 8, -—- 4. [
Xt L oy
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same way we can characterize the sets of scaling
sets for the n-rung ladder by which of the nucleon
lines v;( = 1, --- , » — 1)—in the notation of
Fig. 4(b)—are inactive. With nucleon line v, inactive
one possible set of scaling sets is 81, Bz, -+ , B
loy lay - -+ l,. The p, momentum of 8, must be paired
with the p, momentum of 8, and the lines of 8,, v:
generate X,; factors ( = 2, -+, n). The fact that
the explicit p, and p, momenta must be paired is
immediate, for if instead we formed the product
(P X)X, X)) or (p,.X.)(X.p,) then the X; factors
must be contributed by the rungs 8; and 8,,,. Thus
the nucleon line v, is either rendered Inactive or
v; generates an X,; factor with another line. 7 can-
not be equal to one and hence in the first case with
two inactive lines the leading behavior is necessarily
lowered. In the second case, since 7 £ § either 8, or
B:+1 is no longer a ¢’ scaling set.

Again, when v,(p # 1, p ¥ n — 1) is inactive the
explicit momenta p,, p, of 8;, 8, must be paired.
With v,(1 < p < n — 1) inactive the leading be-
havior derives from those terms of the integrand
I5 whose numerator is constructed out of the mo-
menta p,, p, and the pairs k,, k,(1 <7< n — 1,
1 # ).

Theorem: 1t is only that part of I ; with the product

n—1
(P10 H K
i
as numerator that contributes to the leading be-
havior of t° In**~% with v, inactive.

The proof is given in Appendix A. There are
therefore (n — 1) terms of the original integrand
that contribute to the leading behavior of ¢* In*""%,
corresponding to each of those nucleon lines that
are not rungs being inactive. If we represent each
scalar product (k;-k;) by the partition between
I; and [;, where we define k,(k,) as p.(p.) and [,(,)
as the area defined by the external particle lines
1 and 2 (3 and 4), and if we denote each inactive
nucleon line by a circle on that line, then we can
represent these (n — 1) terms by the diagrams

3. LOWER-ORDER TERMS FOR THE LADDER
GRAPHS IN THE NUCLEON-MESON
SCATTERING PROCESS

The second-order term of the Feynman integral
for the three-rung ladder is a sum of the leading
order parts of those terms of the Chisholm expansion
that have a leading behavior of t° In *t together with
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the second-order parts of those terms of the Chis-
holm expansion that have a leading behavior of
t° In *. These latter contributions are difficult to
calculate explicitly. However, in the Reggeization
problem the calculations do not have to be performed
because there is cancelation of the complete terms
of I having leading behavior—not just the leading-
order parts of these terms—by terms derived from
certain nonplanar graphs. This is the reason why it
is advantageous to revert to the study of the inte-
grand I} once we have determined by our analysis
the leading behavior and which terms in the Chis-
holm expansion contribute to the leading behavior
and lower-order behavior. When we are concerned
with cancellation we revert to study of I; when we
wish to determine the coefficient of the leading order
of a sum of terms of the Chisholm expansion (73) all
with the same leading behavior we always calculate
in the Chisholm form where the p,, p, momenta are
still associated with y-matrices and are not yet paired
to form scalar products. Method III then consider-
ably simplifies the analysis.

Let us illustrate these points by now explicitly
calculating the second-order terms for the three-rung
ladder.

A. Lower-Order Contributions from Terms with
Leading Behavior of # In 3¢

There are two sets of these terms:

O

loy) (8) *

(o)) -8)

P

AN ——

o]

—

(bme) T

(b)) i)

o
A

We prove in Appendix A that although there are
t° In ¢ terms in the Chisholm expansion of (b,)(b,)
there is complete cancellation of the t° In * behavior
between these terms. However, we consider (b;)(b,)
under this heading since the ¢° In *t terms of (b,)(b,)
are part of the second-order part of that term of the
second term of the complete Chisholm expansion
(I3) that has a leading behavior of #° In %.

We find in the third paper of this series (and
as already shown by Polkinghorne® and Cheng and
Wu®) that the complete terms (a,){(a.) are canceled
by contributions from certain nonplanar graphs.

Both (b,) and (b,) have a leading behavior of
¢* In * and we can exhibit this fact by using the
relation

%(IM + k2)2 = %mi + %k; + Puky). (3.1)
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We then rewrite (b,) as

o

- + (-g) .

e

o~

(+8)

——

The first term has a leading behavior of ¢°; the
second term a leading behavior of ¢° In *. We show
in the third paper that the terms

© ")
{s,) (-8) ‘ — *

are exactly canceled by contributions from certain
nonplanar graphs.

B. Terms with Leading Behavior of # In? ¢

~—e

8) (-8)

—_— A

We denote terms of the Chisholm expansion (I3)
by superimposing the following symbols on the
graph G:

(i) An arrow to the left (right) adjacent to a
nucleon line indicates that that nucleon line con-
tributes a p;(p,) momentum. If the arrow lies in
loop k; the momentum is contributed by X,.

(ii) A circle on a nucleon line indicates that that
line contributes a p momentum or m; factor.

(iii) A cross on a nucleon line indicates that that
line generates an X,; factor with another nucleon
line. The pairing is indicated by a dotted line joining
the two crosses.

We consider the ¢° In * terms under three headings:

(a) Terms with scaling sets $18:8,
The only possible term is

c -— " D —‘—b

Fay
Yo S~~~ .

(b) Terms with scalings sets B:8:l, and B:8sl;
These terms have the structure

X

—-—
. - F %
—lANN b -

Terms E and F are canceled by terms from certain
nonplanar graphs.

(¢) Terms with scaling sets 8,8:l, and B18;l;
These terms have the structure

G -~ %

—

N N \\\
- J - R
— - =

~

Sae
L

4
o

H
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Terms H and J are canceled by terms from certain
nonplanar graphs.

(d) Terms with scaling sets 88sl. and 8,8:l
There can be no such terms since we can only form
at most two scalar products in the numerator of
I;. The sum of the leading behavior of terms D and
G is
(+2)(®° In® H)H.

The leading behavior of the sum of graphs Fig.
3(a)—-(f) and Fig. 4(a) together with the two non-
planar graphs studied in the work of Refs. 6 and
8 is simply the leading behavior of C, the term re-
quired for verification of the Reggeization hypothesis
in the sixth order.

Similarly for the n-rung ladder contributions to
the ¢t° In >*~*t behavior from those terms with leading
behavior ¢° In *~* are most simply calculated in the
Chisholm form. For instance, the term with ¢° In **~%
behavior that has v, inactive and does not have
loop I, as a scaling set must have either the structure

T LTL T E

or the structure

For either of these terms the coefficient of
{° In ™% is immediately obtainable from the inte-
gration formula of Tiktopoulos.®

Similarly we can determine those terms that have
a leading behavior of t° In **~* with v, inactive and
B. not a t° scaling set. There can be only one con-
figuration:

r"
- —— -
\‘\ \\ .

We study the planar n-rung ladder in detail in the
third paper of this series.

4. HIGH-ENERGY BEHAVIOR OF OTHER
TWO-BODY SCATTERING PROCESSES

A, Nucleon-Nucleon Scattering in the s Channel

The analysis of Sec. 1 has shown that any planar
graph in the nucleon—nucleon scattering process
can have at most a leading behavior of ¢™* In ’t.

The ¢ scaling sets are easily characterized. They
must satisfy the conditions (i)—(vi) together with
the amended fifth condition that

(v') the ¢! scaling set contains only four external
nucleon lines. As we have seen, for the graph of
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Fig. 1(b) there are five {™* scaling sets —8i, Ba, Bs»
loop 1, and loop 2. Delta-function constraints permit
us to scale only four of these sets at any one time.

B. Nucleon-Antinucleon Scattering in the s Channel

This is essentially the meson—meson scattering
process. The leading behavior for any planar graph
for nucleon-antinucleon scattering is at most #* In .
This maximum is achieved for graph G if there exists
a subgraph of G satisfying the four conditions stated
in the Introduction together with the condition
that there are no external nucleon lines to the sub-
graph and provided there is a term of the Chisholm
expansion for which all external meson lines of the
scaling set can generate distinct straddling scalar
products. That this last proviso can always be satis-
fied is obvious for all sets except those sets whose
p:1(p.) meson lines' connect to a complete open
nucleon path connecting the two incoming (out-
going) particles, as, for example, in the case of the
graph depicted in Fig. 5(a). This graph has a
leading behavior of #* with loop 3 the £ scaling set if
all three meson lines ayo.ca(vryzvs) convey p,(ps)
momenta from the open nucleon paths to loop 3.
That there exists a term in the Chisholm expansion
for which this is true follows immediately from Eq.
(B13) of Appendix B.

If there exists no subgraph S, with no external
nucleon lines then the behavior is necessarily at
most ' In *. For instance, for the graph of Fig.
5(b) there are two t' scaling sets—8,, 8,—each with
two straddling scalar products, as again can be
seen from Eq. (B13).

5. SUMMARY

In our analysis we have ignored the residual
helicity inner products (Z4"u;). From Egs. (B11)

and (B12) of Appendix B we see that these quantities
become proportional to (£)* at large values of .
We now summarize our results for nondivergent
graphs,

A. Nucleon-Meson Scattering

All planar nondivergent graphs have a leading
behavior of ¢! In *~'¢, where b is the maximum number
of scaling sets compatible with delta function con-
straints and with compatible arrow configurations'
that satisfy the following six conditions:

(i) They contain at least one ¢ path."?

(ii) 'They have the property that no two external
lines of the set are one and the same line.

(iii) They have the property that if I, is any loop
of the graph not belonging to the set then there is
a partition' from loop I; to either by, or by, not cutting
any line of the scaling set.

(iv) They do not contain any line that when cut
separates the set into two parts and at the same
time does not belong to any f-path' lying entirely
within the scaling set.

(v) The set contains only two external nucleon
lines.

(vi) The set has the property that in traveling
along that section of the open nucleon path lying
in the set there can be only one oceasion on which
a pi(psy) vertex of an m-line follows a p.(p,) vertex
of an m-line.

B. Nucleon-Nucleon Scattering

All planar nondivergent graphs have a leading
behavior of t° In °t, where b is the maximum number
of scaling sets compatible with delta function con-
gtraints and with compatible arrow configurations,
that satisfy the conditions (i)—(iv) and (vi) above
and an amended fifth condition that

(v') the set contains only four external nucleon
lines.

C. Nucleon-Antinucleon Scattering

Planar nondivergent graphs have a leading be-
havior of ¢* In °~'t, where b is the maximum number
of scaling sets compatible with delta function con-
straints and with compatible arrow configurations
that satisfy the first four conditions stated above
together with the condition that

(v”") the set contains no external nucleon lines.
If there does not exist such a set then the behavior
ist' In *~'t. The procedure for determining the leading
behavior for divergent graphs is a simple generaliza~
tion of the procedure stated in I.
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APPENDIX A

Theorem: That part of the Feynman integral F,
for the n-rung ladder that has as numerator in 7} the
product (p;-k.)(ks-ks) --- (ki+kivr) =+ (Ka-1-Da)
does not contribute to the leading behavior of
¢’ In >3,

Proof: We first prove the result for the three-
rung ladder. We expand the integral

-

where @, is the momentum and m,; the mass of the
ith line of the three-rung ladder, in a Chisholm
series. In fact,

I; « f ﬁda,- 5(2 a; — 1NC!

i=1

fId%i (?1'792)(702'24) ,
R § R

t=1

(AL)

X [(=2) D™%(p,-D,)(ps+ Ds) + D™* Doa(p,-ps)], (A2)
where
_ oD __1eD

ab; 4 9bf ab,,

Using the result of Tiktopoulos® we find the asymp-
totic behavior of I; is proportional to

D} and

L1

et [ TR [(=)(Dh-4+ (52, (43)
where D = gt 4 h. The coeflicient is zero and hence
there is cancelation of leading behavior in the Chis-
holm series.

For the n-rung ladder, the coefficient of {° In **~%¢
is proportional to

n—1

2 A = DI(=D*,

i=1
where A, is the number of terms in the (n — 7)th
term of the Chisholm series that gives the leading
behavior. To prove that this sum is zero is a difficult
combinatorial problem. We prove the result by the
following method: (ps-k.-,) can be written as
3(ps + kn-r)® — Im® — 3k%_,, where p? = m®. With
the first term we can cancel the propagator for line
B., and the leading behavior for this part of the
integral is ¢°. The third term gives a leading behavior
of ¢ In "~ since the scaling set 8, no longer gen-
erates a t° behavior.
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Corollary 1: The result is true for the product
@1k (yko) - - (Bimakimi) (imaKiss)
X (Borikirs) - (Fnmr-Ds)-
We define an operator S., such that
Sai(@rkar) ka;g2) = (q1° G)Ke;-
Corollary 2: The term with numerator
Sae v+ Sau@b) sk - -+
(Bimg Fim))(oior Fint) (Binr-Kisz) + -+ (Fny-Da)

does not contribute to the leading behavior unless
m=mn— 2.

Proof: If there exists an o, = § then we can cancel
the propagator (k* — m?!)™' of the nucleon line of
loop I; that is not a rung of the ladder. Thus we
consider a ladder with m loops, each containing a
contracted line. The analysis of the theorem is
now directly applicable. Since the power of D in
the basic term of the Chisholm seriesisl + 1 — m;
the contraction of m lines, as far as D is concerned,
is equivalent to reducing the number of loops by
m. Further the coefficients are the same as for the
graph where the m loops are omitted. The Corollary
then follows.

There is, then, for order n, only (n — 1) terms in
the original integrand that contribute to the leading
behavior, corresponding to each of those nucleon
lines, that are not rungs, being inactive.

APPENDIX B
I. The Calculation of (¥.v:us)

The calculation of the helicity inner products
(@v:us), where the suffixes @, 8 indicate both mo-
mentum and helicity variables is simply performed
in the representation where v,, v., vs are skew-
Hermitian and v, is Hermitian. If u.(p.) is the
helicity (three momentum) of the particle & and
if we define the three vector e, = (2u.)Pa [Pal™
then we can write

e, + € — 'ie.,xep
1+ €,°€3

(@ayug) = |: ](ﬂaﬂvsup) (B1)

@evits) = g B + By + m?

2/-‘(1 1Pa‘ N 2”5 |p£L:| Dzaw(a-lﬂ)) (Bz)

X[1+Ea+m1Eﬁ+ml

where 8 = —v, and D¥(a'g) is the representation
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in two-dimensional spinor space of the rotation
matrix,
e ivalds

i0ads ei’(lﬁa—‘#a)la —1i0pJa e+i\I'pJ,’

e e (B3)

where 6, ¥, are the polar angles of p, and J,(¢ =
1, 2, 3) are the three infinitesimal generators of the
rotation group. Further,

1 3
(@aBysus) = '2_m—1 B+ ml)i(Eﬂ + m,)

2p, !pal 2ug ‘pﬂL] 3 -1
X [Ea + m, + EB + m, Dﬂaﬂﬂ(a ﬂ)

These are the results of Wichmann.®

(B4)

1L The Calculation of (u.v:us°)

To calculate the helicity inner products (@ay;uz),
where the superscript ¢ indicates the helicity spinor
of the antinucleon, we follow the method of Wich-
mann.’

We use the relation

Pc_lufm = (_i)zp'ﬁu—uﬂ:

where T, is the matrix that transforms the y-matrices
into their complex conjugates—TI'.y,T;' = y*—to
reduce the problem of calculating the inner products
(@ayug) to the problem already solved in the pre-
vious section of calculating the inner products
(Favu_s)-

In fact,

@avu) = (+1)2us
x [ea —estie, xeg

1 - e,,-eﬂ
<[

1
] om, (B. + m)(Es + m,)}

- 2pq lpal 2ps |pﬂl :I 3 -1
Ea + ml Eﬁ + ml Dun—#ﬂ(a B) (B5)

and
@rud) = (+0)2u0 50— (B + m) @y + m)}
m,
260 [Pal 2w (P4 ] 3 -1
X [Ea +m  Eg+m Diconle™8). (B

III. High-Energy Limit of Inner Products

(a) Let us consider nucleon—nucleon scattering
in the ¢ channel with p,, p.(ps, p.) the incoming

@syus) = (—1) [

and (ﬁ4’Y4u:«cx =

9 E. H. Wichmann (private communication).

(is cos 6 + i, sin 6),

(E,/my)(i, cos 6 + ¢i, — sin 60i;),

o)
0, 0/

(outgoing) momenta. Let us evaluate (dsy"uw,) for
the nucleon path (p;, p.) in the limit of large ¢
and fixed s. In the center-of-mass system this limit
demands that p, ~ p, since cos § ~ 1. Expressions
(B1), (B2) give in this limit

(aeru) ~ 2 (0 9), ®0)
(@er'u,) ~ % ((1) ?) (B8)

Thus we derive the results of Federbush and

Grisaru,

(Tgy “uy) ~ (poi/ml) Ouner (B9)

(b) Let us consider nucleon-nucleon scattering
in the s channel with p,(p,) an incoming (outgoing)
nucleon momentum, then the limit of (dy-y*u;) at
large values of ¢ = (p, — p.)° is directly derivable
from (B1)(B2). We find in the center-of-mass frame

(@)
_ Ipi| |(cos36is+sin6i), 0
" 0, — (cos 30i;+sind6i.) ,
(B10)

where i; is the unit vector in the z; direction and

i. = (i, & 4i,). Assin 26 = (/2 |p,|)¢t* and cos 36 ~

(1/2 Ipll)t*
becomes large,
(@arputr) ~ 2~1"T [(ia + i), 0 }t* (B11)
! 0, —(i3 + #i,)
and,
(@) ~ 2 |1p l [El/mh (=) }t*. (B12)
YD, BE/m

(¢) Let us consider the limit at fixed s and large
¢ for nucleon—antinucleon seattering in the s channel.
In the center-of-mass frame the 3-momentum vectors
Ps, P: of the final nucleon—antinucleon pair are anti-
parallel. Suppose p, has coordinates (sin 4, 0, cos §).
From (B5) and (B6) we find

(E/m)(i, cos § — ii, — sin i)

—(i; cos  + i, sin §)

(B13)

(B14)
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A set of harmonic oscillators is coupled for a certain time, after which the coupling is removed. The
initial and final states of the set are expressed as superpositions of the coherent states of the uncoupled
oscillators, as in Glauber’s formalism. It is shown that the expansion kernel for the final state can be
obtained approximately by substituting into the kernel for the initial state the classical equations of
motion of the amplitudes of the oscillators. The evolution of a density operator for the system can be
similarly calculated. The approximation is the more exact, the longer the time of interaction compared

with the periods of the uncoupled oscillators.

1. INTRODUCTION

HE electromagnetic fields in two adjacent cavi-

ties are initially in known quantum mechanical
states, or in mixtures of states specified by given
density operators. The fields are allowed to interact
by opening an aperture between the cavities for an
interval of time, after which the aperture is closed.
The acts of opening and closing the aperture are
assumed to induce no transitions in the fields. What
are the final states of the fields in the cavities, and
in particular, to what extent can they be calculated
from the classical laws governing the electromagnetic
field during the interaction?

These questions arise, for example, in studying
the detection of signals received in the presence
of thermal background radiation. One of the cavities
represents an ideal receiver; the other is the outside
world enclosed, for mathematical convenience, in a
huge box. The receiver, initially empty, is exposed
to the external field by opening an aperture for a
certain time. After the aperture is closed, an ob-
server is to decide by measuring the field in the
receiver cavity whether a signal reached it during
the exposure. It is necessary to find the density
operators for the ultimate field in the receiver both
in the presence and in the absence of a signal.

By means of an expansion in normal modes, the
fields in the two cavities can be represented as an
array of harmonic oscillators. While the aperture
is open, these oscillators are coupled in a known way,
and it is their temporal behavior under the coupling
that is to be analyzed.

Alternatively, certain of the oscillators might rep-
resent, modes of the electromagnetic field in a single
cavity, the rest corresponding to modes of elastic
vibration in the walls and providing a mechanism for
dissipating energy from the electromagnetic field.

* Present address: Department of Applied Electrophysics,
University of California, San Diego, La Jolla, California.
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How the interaction between the electromagnetic
and the elastic oscillators causes a signal in the
cavity to decay has been extensively studied.'”®

Feynman and Vernon have developed a method
for treating such interacting systems by means of
influence functionals.* They showed that the in-
fluence functional for a set of coupled harmonic
oscillators is the exponential of a quadratic form
depending on the mutual impedances among the
oscillators as specified by classical electromagnetism.
They suggested expanding the exponential function
in a power series to obtain a perturbation analysis
of the quantum mechanical behavior of the system.
We wish to avoid such an expansion.

The Hamiltonian of a system of » coupled har-
monic oscillators is

> 2 (TeliPn + Vi),

k=1 m=1

1
H = 2 (1.1
where p, and ¢, are the momentum and coordinate
operators of the kth oscillator, and T, and Via
are certain known coefficients related to the kinetic
and potential energies of the system. (With ¢
dq,/dt, the kinetic energy is

2 2 Rinlilim,s

k=1 m=1

1
2
where the matrix ||R..|| is the inverse of the matrix

[|Txn||-) By a simple normalization the Hamiltonian
can be written as

H=%;(pi+wiqi)

+ % Z (Tkmpkpm + Vkakqm).

k#m

1 1. R. Senitzky, Phys. Rev. 111, 3 (1958); 115, 227 (1959).

2 J, Schwinger, J. Math. Phys. 2, 407 (1961).

3'W. H. Louisell, Radiation and Noise in Quantum Elec-
tronics (McGraw-Hill Book Company, Inc., New York, 1964),
pPp- 255-259.

+ R. P. Feyman and F. L. Vernon, Jr., Ann. Phys. (N. Y.)
24, 118 (1963).

1.2
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It is helpful to think of the coupling among the
oscillators as weak enough that for k % m,

[Tim] K 1, | Vim| < min o,
although the main result of this paper requires only
that the eigenfrequencies of the coupled system
be of the same order of magnitude as those of the
uncoupled system.

In the standard treatment of a set of coupled
oscillators the Hamiltonian is reduced to a sum of
squares,

H =132 (P + %Q), (1.3)
by introducing normal coordinates.’’® In the prob-
lems we are concerned with, however, the initial
state of the system is expressed in terms of the states
of the uncoupled set of oscillators, whose Hamilton-
ian is
o=} T @+ olad, 14

and there is no simple relation between those states
and the states of the normal modes. An analysis
in terms of normal modes does not, apparently,
lead to a connection between the initial and final
states that can easily be related to the classical
behavior of the system when those states refer to
+he uncoupled oscillators.

We introduce the creation and annihilation opera-
tors a} and a, through the equations

& = (b/20) a0 + @), (1.5)
P = i(har/2Xar — a)).
They satisfy the commutation rules
Glm — Any = [t, Qn] = Opm, (1.6)
[ai, @] = [a}, a2] =0,
and enable us to write the Hamiltonian as
H=H,+ H, + H, %))

with H, the Hamiltonian of the uncoupled oscilla-
tors,

H, = (3h) kZ_; wk(a:ak + aka:)y (1.8)

S H. Goldstein, Classical Mechanics (Addison-Wesley
Publishing Company, Inc., Reading, Massachusetts, 1950),
pp. 329-333.

8 R. P, Feynman and A. R. Hibbs, Quantum Mechanics
and Path Integrals (McGraw-Hill Book Company, Ine.,
New York, 1965).

and

H, = 30) 2 Din(won + alan),

(1.9)
Dk"' = (wkwm)kam + (wkw,,,)_* Vkm = Dmk,
H, = k) 3 Epa(alal + aa.),
- (1.10)

Ekm = (wkwm)_;vkm - (wkwm)*T,,m = Emk-

We are especially concerned with the situation
that the oscillators are initially uncoupled and in a
known state or in a mixture of states described by
a given density operator. The coupling is to be
turned on, allowed to act for a time 7, and then
turned off; and the imposition and removal of the
coupling are not to change the state of the system.
We want to calculate the state of the system or its
density operator after the coupling has been re-
moved.

As explained by Louisell? when the time de-
pendence of the operator H, of Eq. (1.10) is ex-
amined, its terms are found to be proportional to
exp [+i(w: + ©,)f]; and when the coupling acts for a
time T containing many cycles of the oscillations
of the system, these terms average out to nearly
zero and have only a negligible effect on the system.
The terms in H,, on the other hand, have time
dependences of the form exp [+¢(w: — wa)t]; and
with w, and w,, close together, they can be expected
to have a long-term influence.

In this paper it is shown that the behavior of the
system under the partial Hamiltonian H' = H, + H,
can be treated to all orders of the coupling in terms
of the classical laws of motion of the partial system.
The remaining term H, can be included as a per-
turbation on this ‘“quasi-classical’”’ evolution, al-
though this aspect of the problem is not extensively
analyzed here.

The motion of the system under H' = H, + H, is
worked out by means of Glauber’s representations
of the wavefunctions and density operators of the
system in terms of coherent states of the simple
harmonic oscillator.” The partial Hamiltonian can
be written as -

H' = (%h) E E chma;amy

k=1 m=1

(1.11)

where [|Wy..]| is a Hermitian matrix, and this matrix
is diagonalized by a unitary transformation of the
operators a;. The transformed operators and their
associated coherent states have a simple time de-

7 R. J. Glauber, Phys. Rev. 131, 2766 (1963).
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pendence, and the connection with the classical
motion is easily established.

2. TRANSFORMATIONS OF COHERENT STATES

The state |¥) of the system can, at any fixed time
t, be expressed in terms of the coherent states de-
scribed by Glauber’:

® = [ lore I (£2),

where « is a column vector of the complex numbers
an,k=1,2 ---,v o istherow vector (a%, « - - , &%),
and d’a; = day, day, is an element of area in the
complex a, plane. The coherent state |a) is the
simultaneous right-eigenstate of the annihilation op-
erators a,, and it is generated from the vacuum
state |0) by the displacement operators D (e;),

|(¥) = IkI D(ak) ‘0>7

2.1)

(2.2)

the displacement operator D(«) being defined by

D(e) = exp (aa”™ — o*a). 2.3
The function f(e*) is related to |¥) by
f@") = (| ¥). 2.4

[We have modified Glauber’s notation by absorbing a
factor exp (—Za’e) into f(a') to shorten our ex-
pressions.] The representation in Eq. (2.1) is a
consequence of the resolution of the identity

= [ el 1 (22)

and does not depend on our system’s being composed
of oscillators.

The representation of |¥) in Eq. (2.1) has a
certain invariance under unitary transformations
of the variables of the system. We define a new set
¢ of annihilation operators ¢, through the linear
equations

2.5)

Cm =

zk: U i

Ua,

C:, = Z Uzka-l:)
; 2.6)
Cc =

where a denotes a column vector of the annihilation
operators a; and U = ||U,l| is a unitary matrix,

UU* = U'U = I = ||6]]- 2.1

The new operators ¢,, ¢} obey the same commutation
rules, Eq. (1.6), as the original ones a, a}. In ad-
dition, if we define the complex amplitudes v. by

Ym = ; Umkak’ h i U!!, (2.8)
and observe that by Eq. (2.7), in the matrix notation
to be used henceforth,

¢’y —x'¢c = a*'U'Ue — «'U'Va @.9)

=a‘e — a'a,
we find by virtue of Eqgs. (2.2) and (2.3) that
lv) = I"I D(v.) 0y = H D(ay) 10y = |o), (2.10)

and the states [¢) and [y) are identical when the
v»'s and the «,’s determining them are related
as in Eq. (2.8).

Returning now to Eq. (2.1) and bringing in the
invariance of the volume element

II &vm = ] de
m k

under the unitary transformation of Eq. (2.8), we
find that the state [¥) can as well be represented
in the form

(2.11)

= [ re) T(2)  eo
with
&) = fle*@M], G =+TU. (213)
The representation of an operator Q as®
@ = [ e, gel IT (T 28),
f k ( w ) (21 4)

e, 6) = (] Q |B)

possesses a similar invariance when the «;’s and
the 8,’s are transformed as in Eq. (2.8) into a new
set of variables {v,} and {é,},

8 = U3,
QK" 8) = ale’(¥"), 8(3)] = a(¥’U, U*y).
3. TEMPORAL EVOLUTION OF THE SYSTEM

1 = Ue, (2.15)

In particular, the unitary transformation matrix
U can be taken as the one that diagonalizes the
matrix W = ||W,,|| in the partial Hamiltonian
H =H,+ H,,

W’ = ||wl 8iml] = UWU". (3.1)

Then if the state |¥(0)) of the system at timet = 0
is expressed in terms of a set of complex amplitudes
o, through a function f(a}) as in Eq. (2.1), the state

8 Reference 7, p. 2774.
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at a later time ¢ is, in the Schrodinger representation,
approximately®

M(t) = & [ (0))

= e [ Jafiaty TT (£22)

= [ e arery T (Z2ee)

(3.2)

= [ lep (W) IT (£22),

P = 16ri0).

Here exp (—iW't)y, is a column vector whose ele-
ments are vo, exp (—iw/t), the matrix exp (—7W't)
being diagonal with diagonal elements exp (—iwit).
In Eq. (3.2) the vo,'s and the ay,’s are related by
the unitary transformation vy, = Ua,, as in Eq. (2.8).
The approximation has been to neglect the term
H, in the Hamiltonian.

Now, we use the inverse transformation U™ to de-
fine the complex amplitudes a,, by

o, = U" exp (—tW't)y,
= U" exp (—iW U, = V(H)ay,
V(i) = U* exp (W)U = exp (—iW),

where the exponential function of a matrix is defined
through its power-series expansion. The new trans-
formation matrix V(f) is also unitary. By the same
procedure as in Sec. 2, we equate the states
lexp (—tW't)y,) with the states |e,), and by using
Eq. (2.13) we can write the state of the system at
time ¢ as

)= [ e II (£22),

in which the elements of «} are now linear functions
of the elements o¥, of a% through the inverse of the
unitary transformation in Eq. (3.3),

o=V, o=cde)=0eV(F. @35

The matrix V(¢) = exp (—iWt) describes the
classical behavior of a system of coupled oscillators
whose Hamiltonian is H = H, + H,. If the com-
plex amplitude of the mth oscillator at time ¢ is
taken as a,,, it is related to the set {ag} of initial
amplitudes by the same equations as in Eq. (3.3),

Xy = ‘Z mG(t)aok‘

(3.3)

3.4)

This classical motion must be determined after

9 Reference 7, p. 2771.

eliminating the part of the interaction associated
with the Hamiltonian H, of Eq. (1.10).

What we have shown is that if the state of the
system is represented at time { = 0 by a superposi-
tion of coherent states |ep) as in Eq. (2.1), the state
at a later time ¢ is given by a similar representation

w0) & [ feppied T (£22),
fia?) = flas(e] = AV,

and the new representation function f,(e%) is found
by substituting into the original function f(ey) the
relation in Eq. (3.5) between the initial set of
amplitudes {eg} and the final set {a¥}.

If the system is not initially in a pure state, it
must be described at time ¢ = 0 by a density opera-
tor p(0). This operator can be expressed in terms
of the function'

R(a;, Bo) = (‘l’ol p(0) |§0> 3.7)

by an equation like Eq. (2.14). By the same reasoning
as before, the density operator p(f) at a later time
¢ is given approximately by

p(t) o e—s’H’t/irp(O)ez‘H’t/'Ir

= / f DR (e, 88| 11 (dza—':ji&k)’

in which the new expansion function is obtained
from the original one of Eq. (3.7) by substituting
for the elements of e the expression in Eq. (3.5),
and for the elements of 3, a similar one,

Rt(at) @:) = R[az(at)) @O(Qt)]
= R[«}V(®), V*(0)8.].

The function R,(e%, B.) exp 3(eta, + B%8,) is the
generating function of the matrix elements of the
density operator p(t) in the number representation.™

If, in particular, the system can be described at
time { = 0 by a density function P(a),"

(3.6)

3.8

(3.9)

PO = [ Pla) leo)eol TT (@), (3.10)

it is deseribed at a later time ¢ by the density func-
tion P,(e,) obtained, with the same neglect of H,,
by substituting from Eq. (3.5) into P(ey):

Pt(at) = P[V+(t)a,],

and the density operator at the later time ¢ is ap-
proximately

(3.11)

10 Reference 7, p. 2775.
11 Reference 7, p. 2776.
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o) = [ Pute) o] [ o). (312)
k

In all these expressions the quantities a,, B:, and

5o on, are merely variables of integration, and the

subscripts ¢ can be dropped once all the substitutions

have been made.

4. EFFECT OF THE REMAINDER H;

The effect of neglecting the term H, of the Hamil-
tonian can now be assessed more precisely. We
transform it by substituting for the a,’s in Eq.
(1.10) the c,’s defined by Eq. (2.6), with the unitary
matrix U taken as the one that reduces the partial
Hamiltonian H’ to diagonal form

H = (3h) 2 wlleer + cics). 4.1
k
Then H, becomes
H, = (h) 2 (Blicion + BElntitn),
k#*m

tn= 2 2 EnULUS.

I

4.2)

Il

If we transform to the interaction representation
in which the states are the Schrédinger states of
the Hamiltonian H' = H, + H,, the effect of the
term H, is embodied in the unitary operator'”

t
T,()) = exp [—i f Ha() dt'/h] 4.3)
0
which operates on those states. Here
Hg(t —= e+iH’t/'the—iH’t/'k

= (3h) 2. {Elkcicn exp [i(wh + wh)i]
k#m

(4.4)

+ El.cicn, exp [—1(w} + wh)t]},

where «!/2r are the eigenfrequencies of the partial
Hamiltonian H’. We suppose that the coupling is
weak enough that the eigenfrequencies w[/27 are
of the same order of magnitude as the frequencies
w,/2m of the uncoupled system.

A perturbation expansion of the operator T,(f)

leads to
t '3 '
P [0
0

1 — % > (Bixcion: + oh)™

k=m
X {exp [e{w) + wl)t] — 1}
+ El.cicnleh + @)™

X {1 — exp [—i(wi + wn)t]}) + -
12 Reference 3, p. 61.

To(t) =
(4.5)

and the factors (w] + «,)" in these and succeeding
terms make T,(f) — 1, t > T, negligible when-
ever the time T of interaction is much greater than
the longest period of any of the oscillations.

5. APPLICATIONS

Suppose that the oscillators represent the modes
of the electromagnetic field of a cavity. If the cavity
contains at time ¢ = 0 a coherent field superposed
on the thermal radiation, the initial density operator
p(0) can be expressed as in Eq. (3.10) in terms of a
density function of the form

Play) = 777 ldet@OI.—I

X exp [—(67 — oo (@ — w)], (6.1)

where » is the number of significant modes and
Wo is a column vector of the mode amplitudes wuzo
of the coherent part of the field at ¢ = 0. (If the
thermal radiation were absent, the field would be
in the coherent state |u,).) The elements of the mode
correlation matrix ¢, are

(@o)im = Tr [P(O)a:nak] — Udnbor- (6.2)

When the matrix ¢, is diagonal, its diagonal ele-
ments are the mean numbers of photons in the modes
of the field due to the thermal radiation, and those
mean numbers are given by the Planck’s law.

The density operator p(f) at a later time ¢ is
given in our approximation by Eq. (3.12), with
the density function

P(e,) =7 [det@ol_l
X exp [—(@.V — wo)o' Ve, — wo)], (5.3)
V = V@),

according to Eq. (3.11). Defining the mode correla-~
tion matrix at time ¢ by

0 = V() V' (1), (5.4

and the vector of coherent field amplitudes at time
t by

v = V(w, (5.5)

we see that the density function at time ¢ is also of
the Gaussian form,

Pla) =77 |det(9,|_1
X exp [—(er —uieo:'(er —u)].  (5.6)

Hence in this approximation a Gaussian density
function remains Gaussian with the passage of time.

18 Reference 7, p. 2786.
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It may be that at time { we are able to make
measurements on only a subset of the oscillators.
In the case of two cavities coupled through an
aperture, mentioned in the Introduction, it may be
only the field in the one cavity, corresponding to
the receiver, that can be observed. Similarly, for
the cavity whose field is coupled to a set of elastic
modes providing a loss mechanism, only the oscil-
lators representing the electromagnetic field are ac-
cessible. We then need only a density operator
p’(t) for the observable subset of oscillators, and
this can be obtained by taking the trace of p(f)
over the states of the unobserved oscillators.

This trace is carried out in Glauber’s representa-
tion, Eq. (3.12), by integrating the density function
P,(a;) over the a.;’s corresponding to the unobserved
part of the system. When this density function is
Gaussian, as in Eq. (5.6), the integrations result
in a new density function that is also Gaussian and
of the same form as before. The new correlation
matrix ¢} is obtained from the original one ¢, by
striking out the rows and columns referring to the
unobserved oscillators. Since the matrix V = V(?)
can be obtained from the classical laws of motion
of the set of oscillators, the new density function
can be written down in this quasi-classical ap-
proximation once the problem of the classical be-
havior of the system has been solved.

When there are only two oscillators, 1 and 2,
involving before the interaction the annihilation
operators ag;, G and afterward the annihilation
operators a., @, the unitary transformation con-
necting these as in Eq. (3.3) has the simple form

@, = Mo, + Nag,
@iz = Nao, + N*aos,
M =[1— P

Takahasi'* has shown how to obtain the final density
operator p(t) for such a system from an initial one
p(0) by taking the coordinate operators g, gos,
@1, G:2 2150 to be related as in Eq. (5.7) and expand-
ing an initial Schrédinger wavefunction in the co-
ordinate representation as a series of Schrédinger
wavefunctions in ¢,;,q,.. These wavefunctions are
products of Hermite functions. He presented detailed
results for a system in which one of the oscillators
is initially in a mixture of states characteristic of
Gaussian thermal noise, and he averaged over the
states of this oscillator to obtain the final density
operator for the other oscillator alone. Takahasi’s
results can be obtained quite directly by means
of Eq. (3.9).

6.7

14 H, Takahasi, in Advances in Communication Systems, A.
Balakrishnan, Ed. (Academic Press Inc., New York, 1965),
Vol. 1, p. 227.
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By direct examination of the path (Wiener)-integral representation of the diffusion Green’s function
in the presence of an opaque sphere, we are able to obtain upper and lower bounds for that Green’s
function. These bounds are asymptotically correct for short-time, even in the shadow region. Essen-
tially, we have succeeded in showing that diffusion probabilities for short-time intervals are concen-
trated mainly on the optical path. By integrating the Green’s function, we obtain upper- and lower-
bound estimates for the exchange part of the second virial coefficient of a hard-sphere gas. We can
show that, for high temperature, it is asymptotically very small compared to the corresponding quan-
tity for an ideal gas, viz.,

Bexeh/Boexch = exp {—%Ws(a/A)z + O[(a/A)”’]},

where A is the thermal wavelength and a is the hard-sphere radius. While it was known before that
Bezon/BPxen is exponentially small for high temperatures, this is the first time that a precise asymptotic
formula is both proposed and proved to be correct.

JANUARY 1967

I. INTRODUCTION

OR a gas of particles that interact via a two-

body potential, the calculation of the second
virial coefficient’ involves an analysis of only a two-
body problem. This simplification holds for quantum
as well as for classical mechanics, but there the
similarity between the two kinds of mechanics ends.
Classically, the second virial coefficient depends
neither on particle mass, m, nor on statistics and,
for a one-component gas, is given by the simple
configuration integral:

BuT) = IV [ drfl — e [-m00)),  (1D)
where v(r) is the pair potential, N is Avogadro’s
pumber, and 8 = (kT)~".

Quantum-mechanically, no such simple formula
as (1.1) exists, for the calculation of B(T) requires
either a detailed knowledge of the solutions of the
two-particle Schrodinger equation at all energies,
or, alternatively, a solution of the corresponding
diffusion problem. Thus, while the problem of cal-
culating the second virial coefficient may not be
as profound as the original many-body problem
from which it arose, it does require the answer to
interesting questions about the classical analysis

* This paper was supported by the U. 8. Air Force Office
of Scientific Research under Grant No. 508-66 at Yeshiva
University, New York.

1 The nth-virial coefficient is the temperature-dependent
coefficient of y~»*! in the series

Pv = RT[1 + B(Tw* + C(Twt + -]

Here, P is the pressure, T is the temperature, E is the gas
constant, and v is the volume per mole of gas. In terms of
N (Avogadro’s number), » = Np! and R = Nk, where p is
the particle number density and % is Boltzmann’s constant.
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of the three-dimensional diffusion equation. To be-
come familiar with the problem is to realize how
difficult it is to calculate quantum corrections to
(1.1).2

The true physicist will doubtless inquire whether
quantum corrections to (1.1) are in fact significant,
and the answer is that for helium they are quite
important. Even for temperatures as high as 60°K,
the quantum corrections in helium are about a
third of the total.? For a hard-sphere gas, the
quantum corrections do not drop to a tenth of the
total until a temperature of about 1200°K is reached.*
Since experimental values of the second virial coeffi-
cient are used in attempting to determine the effec-
tive inter-atomic helium potential, these quantum
corrections are certainly worthy of consideration.

There is also® a pronounced difference between
the second virial coefficient of He® and He*, es-
pecially below 60°K. Assuming (as is always done)
that the interaction potential is the same for the
two isotopes, the difference could conceivably come
from three sources: (a) the atomic mass difference;
(b) the difference in nuclear spin which affects the
statistical weights; and (c) the difference between
Fermi-Dirac and Bose-Einstein statistics. For an
ideal (noninteracting) quantum gas (b) and (c) are
everything [see Eq. (1.11) below], and one might
be tempted to conclude ;that, for helium too, the
isotopic mass difference was relatively unimportant.
Numerical calculations have, however, indicated the

2 Hugh E. DeWitt, J. Math. Phys. 3, 1003 (1962).

3 J, Kilpatrick, W. Keller, E. Hammel, and N. Metropolis,
Phys. Rev. 94, 1103 (1954); J. Kilpatrick, W. Keller, and

E. Hammel, ¢bid. 97, 9 (1955).
4 F. Mohling, Phys. Fluids 6, 1097 (1963).
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reverse. Above about 4°K, almost all of the difference
in the two second virial coefficients is a mass effect.’
This difference is about 109, at 60°K and drops
only to the order of 59, at room temperature. In
other words, on the one hand the mass effect is
unusually large for helium, while on the other hand
the effects due to statistics and spin decrease very
rapidly with increasing temperature. For an ideal
gas, these latter effects decrease as 7%, but for
helium the decrease is far more rapid. Under the
assumption that the repulsive part of the helium
interaction potential can be effectively replaced by
a hard core, it has been proved’ that the statistical
and spin effects decrease at least exponentially fast
with increasing temperature (for high temperatures).
The suppression of exchange effects is so rapid that
20°K may be considered to be a high temperature
for which asymptotic formulas are reasonably valid.

It is the purpose of this paper to prove that the
exponential law for the hard-sphere gas mentioned
above is more than just an upper bound, that it is
in fact correct. The true coefficient appearing in
the law [cf., (1.13) below] is, however, different
from that of the bound given in Ref. 5, although
the correct value was stated there, without proof,
in a footnote.

To the casual reader, the problem must seem
almost trivial. In the first place, we have eschewed
calculating the true equation of state, and have,
instead, contented ourselves with examining only
the second virial coefficient—a simple matter of a
two-body problem. Secondly, we are examining
only the effects of spin and statistics. Thirdly, we
are confining ourselves to high temperatures. That
there is no simple perturbation theory for this
problem must appear strange. But it is a fact that,
in many respects, the problem is similar to the
classical problem of diffraction of waves (of short
wavelength) around a sphere into the dark zone,
a problem which has exercised mathematicians for
years.

The mathematical statement of the problem is as
follows: The quantum-mechanical second virial coef-
ficient may be written as the sum of a direct and

5 8. Larsen, J. Kilpatrick, E. Lieb, and H. Jordan, Phys.
Rev. 140, A129 (1965). While it was realized in Ref. 4 that
exchange effects are small at high temperatures, no proof of
this assertion nor statement of its exponential character were
offered. For further results on the hard sphere problem, see
the following papers: M. Boyd, S. Larsen, and J. Kilpatrick,
J. Chem. Phys. 45, 499 (1966); S. Larsen, K. Witte, and J. Kil-
patrick, J. Chem. Phys. (to be published). Recently, J. B.
Keller and R. A. Handelsman, Phys. Rev. 148, 94 (1966), have
calculated the first few terms in a high-temperature power
series for the direct second virial coefficient of a hard-sphere
gas.
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an exchange part,

B = Bdirect + Bexch! (1 -2)

where

By = 3V [ dr [1 - 246G, 501, (13)

B = FV2AN@RS + 1)1 f drG(x, —1;8), (1.4

and

A? = 27i%8/m. (1.5)

In (1.4) the — sign is for bosons and the -+ sign
is for fermions. S is the total spin of the atom (the
nuclear spin alone in the case of helium), it is to
be noted that the spin enters only into B,,,,. Thus,
(b) and (¢) mentioned above go together.

The function G(r, r’; ) is the diffusion Green’s
function (also known as the Bloch function), and
it satisfies

[-DV:E 4+ v(®) + 8/9t]G@x, 1, t) = 0,

(for t > 0) (1.6)

with the initial condition

lim G, r’; 8) = 6@ — ). 1.7

t—0
In addition, @ satisfies appropriate boundary condi-
tions in r, such as vanishing on the walls of a box.
In our case, we are interested in the limit of an
infinite volume which means that G satisfies (1.6)
for all r but vanishes when r — . It is to be noted
that boundary conditions need only be defined with
respect to r. Despite this fact, and despite the fact
that (1.6) refers really only to r, G automatically
turns out to be a symmetric function of r and r’ for
all t.

Equation (1.6) describes diffusion in a potential
v(r), with r’ the source point, ¢ the elapsed time,
and D the diffusion constant. For quantum-mech-
anical purposes, ¢ is interpreted as 8, v is the inter-
particle potential, and D is related to the mass
of a single atom by

D =1p/m=la. (1.8

Thus,
A = 27 Dt = lyat. (1.9
In the case of no interaction (v = 0), G is given by
Gor, 1, 1) = (wat) ™ exp [~ — 1')*/ai], (1.10

and when this is inserted into (1.3) and (1.4), we
obtain the result:

0
direct — Oy

Bow = FNA’27228 4 1),

(1.11a)
(1.11b)
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For a hard-sphere potential,
o) = », for r < a,

=0,

(1.12)
for r > a,

Eq. (1.11b) is a very misleading approximation
t0 By, for high temperatures. We are to prove that,
for small ¢ or A,

b} 54 + o)
“‘{ ‘:,wh}_ 2 \a) TAL /)
The proof consists in obtaining upper and lower
bounds for G(r, t'; ) by means of Wiener, or path
integrals. These bounds are valid for all tempera-
tures, and we could, in fact, give a more detailed
estimate than is indicated in (1.13). The bounds
are, however, complicated functions of ¢, and it
seems neither necessary nor desirable to go beyond
the asymptotic formula in (1.13).

Before giving the proof, it is worthwhile mention-
ing an alternative formulation of the problem which,
at first sight, seems to offer an immediate solution.
For a particle in a box, we can write

(1.13)

G, t';t) = D exp (—le)¥a@yr@), (L.14)
n=1

where e, is the nth energy level and ¢, is the cor-
responding normalized eigenfunction. When (1.14)
is inserted into (1.3) and (1.4), it is seen that
knowledge of the energy levels alone is required.
When the box is very large compared to the range
of the potential, the virial coefficient can be ex-
pressed in terms of the bound-state energy levels
(if any) and the scattering phase shifts of the

potential, viz.

Biireer = —V2ZNA® X (21 + 1)B,, (1.15a)
alll
exch ngoh q: (2S + 1)_ \/— NA
{2 — Z 2l + DB,  (1.15b)
where
= 2 exp [—fe.(D]
+ (A*/x%) f i e n(k dk. (1.16)

In (1.16) the sum is over negative energy levels (if
any), while the integral contains the phase shift
n—all for the appropriate angular momentum, I
For the case of no bound state, the above formula
for the second virial coefficient in terms of the phase
shifts was apparently first stated by Gropper and
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by Beth and Uhlenbeck,® and a derivation of it
can be found in Ref. 3.

For the hard-sphere potential, there are no bound
states, and it would appear that (1.16) and (1.15)
should give the answer simply, especially as the
phase shifts are given by the elementary formula

m(k) = D ke Tk}, (1.17)

—tan

For small A, however, we see that large values of
k are important in (1.16). For very large k, the sum
on ! in (1.15b) may be performed with the aid of
Watson’s transformation, and it is similar to the
problem of diffraction around a sphere at short
wavelength.” Apart from certain technical conver-
gence difficulties connected with the fact that we
are really interested in the diffracted field on a
diameter (that is to say a caustic), there is another
more important problem.® This problem is that
there may also be contributions to (1.16) from small
k, a region where Watson’s transformation is not
of great use. Finite k contributions would, from
(1.16), be expected to give a power series in A for
small A. But it is a fact that there is a remarkable
cancellation between even and odd ! in (1.15b) so
that every term in this power series vanishes. The
final result, as shown in (1.13), is a function that
vanishes faster than any power as A — 0. If the
potential were finite, instead of a hard core, this
power series would not vanish. Thus, in summary,
(1.16) and (1.15b) is a difficult starting point for
hard spheres, despite the simplicity of the phase
shifts and the existence of Watson’s transformation.

Our approach is to go back to (1.4) and, as
we mentioned before, to estimate G(r, —r; 1)
directly through its expression in terms of a Wiener
integral. Such integrals play an important theoretical
role in analysis but, unless the integrand is Gaussian,
it is difficult to obtain numerical answers from them.
There have, of course, been rare exceptions such as
Feynman’s treatment of the Polaron problem.’
Nevertheless, the analysis presented here is one of
the very few cases, if not the only one, in which
both an upper and a lower bound to a function is
obtained with path integrals. The path integral
approach also has the great virtue of transparency
because it brings out the close connection between
the diffusion equation, (1.6), and a random walk

s L. Gropper, Phys. Rev. 51, 1108 (1937); E. Beth and
G. Uhlenbeck, Physica 4, 915 (1937) ; see also G. "Uhlenbeck
and E. Beth, 7bid. 3, 729 (1936).

7 B. Levy and J. Keller, Commun. Pure Appl. Math. 12,
159 (1959), where the relevent asymptotic formulas are given
on p. 201. See also J. Keller, J. Opt. Soc. Am. 52, 116 (1962).

8 T am indebted to Dr. 8. Larsen for pointing this out to me.
¢ R. Feynman, Phys. Rev. 97, 660 (1955).
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problem. For these reasons, we believe the sequel
might also possess an intrinsic mathematical value.

II. LOWER BOUND BY PATH INTEGRALS

The solution to (1.6) and (1.7) is easily shown to
be unique and to satisfy the relation
G, r'; ) = f dz G, z; t)G(z, 1'; 1) 2.1)

for any positive ¢, and ¢, such that ¢, 4+ ¢, = &
If the time interval { is divided into n 4 1 intervals
of duration A, so that { = (n + 1)A, then, from (2.1),

G, 1'; )

lim f dZ G, z,; 8)G(z, 225 A) - -+

n—o

X G(zn—ly zn; A)G(zm r,y A)

I

lim f dZ Go(r, z,; A)e 2"

X (s, 225 )6 -
% e_Av(Zn—‘)GO(Z,,—U Z,; A)
X e-Av(ln)Go(zm r’; A)’

where dZ = dz, dz, - -+ dz,.
The heuristic justification for (2.2) is that, if
a = 4D were zero, then

G(r,r'; A) = 8(r — r') exp [— Av(r)],

2.2)

whereas if v = 0 then G = G,, which is very nearly
5(r — r') for small A. The combination

Go(r, 1'; A) exp [— Av(r)]

is, hopefully, a good approximation to G [at least
as far as the integral in (2.2) is concerned] for very
small A. Formally, this combination satisfies (1.6)
to leading order in A for those values of r and r’
such that G(r, t'; A) significantly contributes to (2.2).

The fact that (2.2) is correct for a large class of
bounded potentials has been known for some time.
We are interested, however, in the hard-core po-
tential [see Eq. (2.3) below] for which a special
proof is apparently required. We remark that Ginibre
has previously used (2.2) for the hard-core case,
but without giving an explicit proof.*

I am indebted to Professor D. Babbitt for the
proof in the hard-core case, which is outlined as the
following, Take D = } for convenience, and let
Q be the set of functions (paths) from [0, «) into
&°, where @& is the one-point compactification of
®°, the three-dimensional Euclidean space. Let
{Prei; I, T € @°, ¢ > 0} denote the family of

10 J, Ginibre, J. Math. Phys. 6, 1432 (1965). See especially
Egs. (A1.6)—-(Al1.10).

conditional Wiener measures on @ as defined by
Ginibre.* The crucial point to note is that P .-,
is concentrated on the paths that are bounded and
continuous on [0, {]. Denote integration of P, ..,
integrable functionals, F, on Q, by [ F(w)P;, ., (dw),
where w denotes a generic path in Q. Let

%) = {1 if

0 otherwise.

jo(r)] > a forall 0 <7<,

Then Q, is P, ..., integrable and

G(l', 1"; t) = f Q,(w)P,_,:;g(dw)-

This result is essentially given, with different nota-
tion, by Ray.* Since P, .., is concentrated on the
bounded, continuous paths on [0, #], it follows that

im {11 o o25) ]} - 00

P, .., —almost everywhere on Q. The function ¢
is defined in Eq. (2.3) below. Hence, applying the
dominated convergence theorem we have

lim f {,,H 0[“’<n ZC: 1)]}P"""(d‘°)
- f QP o ().

By definition of P, ..., the left side of this equation
is identical to the right side of (2.2) for the hard-
core case [cf. Eq. (2.3) below].

Having established (2.2), we use it a8 the rigorous
starting point for our analysis. The limit n — o
in (2.2) defines a conditional Wiener integral or
path integral (conditional because both ends,
r and r/, are fixed). The n-fold integral in (2.2)
bears to the path integral essentially the same
relationship as a finite sum bears to the ordinary
Riemann integral. Brush*® has remarked that “it is
usually impossible to do this” (evaluate the path
integral) “by the direct method of finding an ex-
plicit formula for the finite dimensional integral
and then passing to the limit of a continuous
integral”. Contrary to this dictum, we find, in fact,
upper and lower bounds to the finite integral in
(2.2) and then pass to the limit n ~— . In this
way, we obtain upper and lower bounds to G(r, r'; t).

We are interested in the case that v is a hard core,
(1.12), and hence the factor exp [(—A)v(z)] in (2.2)
is equal to the simpler expression

l(liJ Ginibre, J. Math. Phys. 6, 238 (1965); see the Ap-
pendix.

2 D, Ray, Trans. Am, Math. Soc. 77, 299 (1954).

13 §, Brush, Rev. Mod. Phys. 33, 79 (1961).
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Fre. 1. Im{)ortant quanti-
ties for calculating the path
integral [cf. Eq. (2.9) et
seq.]. The opaque sphere
having radius e is shown
centered at the origin, O.
A slightly larger, concentric
sghere of radius b is also
shown. The vectors r and r’
are the observation and source
points, respectively, and the
curve from r to r’ via r; and
I» is the shortest path from
r to r’ lying entirely outside
the larger sphere. The straight
line r; — r is divided into
(I + 1) equal parts by the
vectors p; ,..., pi; the arc ¢
from r; to r, is divided into
(m — 1) equal arcs by the
vectors rs,... I'm-i; and the
straight line t’ — r,, is divided
to (n + 1) equal parts by the

’

vectors p1’,..., Pn'-

6(z) =1,
=0,
for all A. Hence, the integrand in (2.2) is over a
simple product of G, functions, but the integration
range for each z, is restricted to z > a. Such an
integral is impossible to calculate. Since the integrand
is positive, however, it is easy to obtain a lower
bound to (2.2) by restricting the integration range
still further, in such a manner that the restricted
integral can be calculated exactly. To do this, we
must define certain geometric quantities as shown
in Fig. 1.

The plane of Fig. 1 is the r, r' plane, and 0 is
the center of the sphere of radius a. A larger, con-
centric sphere of radius b > a is shown, and it is
assumed that

b < minimum (r, 7).

for 2> a

2.3)
for z2<a

(2.4)

The two straight lines, (r, r;) and (r,, '), together
with the circular arc (r,, r,,) delineate the path which
would be followed by a piece of string drawn taut
between r and r’. Thus, r,(r — r,) = 0 and
r.(@ — r,) = 0. The angles ¢, 6, and ¢’ are the
angles between r and r,, r; and r,, and r,, and r/,
respectively, whence

v=¢+ 0+ ¢ 2.5)
is the angle between r and r’. Note that the angle
6 may be zero and that the shortest path from r
to r’ may consist of only one straight line that
does not touch the sphere of radius b. In that case
r, and r, are not defined, but the subsequent analysis
remains valid with trivial modifications. In any
event,

S, =rsine 4 r’'sin ¢’ + b8 (2.6)

is the distance from r to r’ along the shortest path
lying outside of a sphere of radius b.

An intuitive discussion of (2.2) is useful at this
point in order to motivate the subsequent analysis.
This and the following paragraph are entirely heu-
ristic and are not part of our proof. It will be recalled
that we are interested in G(r, r’; t) for small ¢
In this regime, the G, factors in (2.2) give a large
weight to that “path” (or sequences of points
Zy, -, Z,) from r to r’ which is of shortest length.
That path is, moreover, traversed with constant
speed (ie., |Z;ss — zi/A = const) and is, in fact,
the path of classical geometrical optics. Alterna-
tively, we may say that a Brownian particle, which
is observed to go from r to r’ in a short time, most
likely went by way of the Newtonian, non-Brownian,
trajectory. As the time increases, the optimum path
ceases to have such a preponderant weight and other
paths contribute more and more to (2.2). For the
case of no interaction, however, we see from (1.10)
that @ is always proportional to the maximum of
the integrand, namely exp [—S®/af], where S is
the distance from r to r’. When » 5 0, this simple
relationship will not hold for all time, but for
short time it is clear that the “optical” path is
strongly preferred if v is finite. Thus, for finite v,
the factors exp [—Av] in (2.2) contribute approxi-
mately the average potential along the optical
path and

G, r'; 1) ~ (wat) ™ exp [— 8% /at]

X exp [—tfol o + u — 1) dﬂ]' @)
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For the hard-core case, (2.7) is patently nonsense.
Instead, the fictitious Brownian particle traverses
the shortest allowed path from r to r’ with constant
speed and we are thus led to the conjecture

G, ;1) ~ (rat)"? exp [—S2/at] (2.8)

for small ¢ and for » and 7 > a. The reason for
previously introducing the slightly larger fictitious
sphere of radius b is that a single path, even the
optimum one, cannot by itself contribute to the
integral in (2.2). The path must also be associated
with a nonvanishing measure. In other words, the
path must be at the center of a tube which in turn
lies wholly in the allowed region. The path which
just skims the surface of the sphere of radius «
does not have this property, but a path of slightly
greater length, lying along the larger sphere, does.

We return now to our proof. To find a lower
bound we now, divide the line (r, r,) into I + 1
equal parts, designated by the vectors p;, --- , p..
Likewise, divide (r,, r’) into n + 1 equal parts,
designated by p{, --- , p.. The arc (r,, r,,) is to be

divided into m — 1 equal ares, of angle & =
8/(m — 1), and designated by r,, --- , r,_,. We
define

Sy = rsing + v’ sin ¢’ 4 b(m — 1) sin §, (2.9

so that
S, = lim S;.

Associated with these three divisions, we define
the time intervals

A, = trsin /(1 + 1S3,
A, = tr'sin¢'/(n + 1)S5,
A, = tbsin §/87,

whence (I + 1)A; + (m — DA, + (n 4+ 1A, = &
Furthermore, in (2.2) let there be I + m + n
variables of integration and we take the limit
I, m, n » . We make the following changes from
the z; variables to x., y., and x/:

(2.10)

Zo=ptx  G=1,,0,

Ziy =1; + Y, =1+ ,m), (2.11)
Zivtam =PI+ X2 (@=1,--,n).

We also use the symbol G:,, to designate the

integral in (2.2) before taking the limit on I, m,
and n.

Grun = C:C2 [ dRAY I’ F(X, Y, X)FLY),  (2.12)

where

Cl = (‘n_a A[)«%(l+1)(1ra Am)—-i-(m—l)("ra Aﬂ)-%}(n{-l)’

C, = exp {—& |:r sin ¢ + 7/ sin ¢’

al
1 — cosé
+ 2b(m — 1) —S_IITE—]} , (2.13)

[
Fu(X, Y, X) = exp {—(aA,)-‘LZ X, — X,
+ %]+ ly — lez:|

- (aAm)” 2;2, IYi - Yi—llz

n

- (aAn)“[ 2 X = xif’

i=2

+ [xnl + ly. — XIIZJ} ' (2.19)
2 m
Fy(Y) = exp {—— 2 y,~u,~} o (219)
cVAm i=1
with
u,' =2r,' —I‘,-_I _r,'+1, for ]= 2, rree, M — ].,
U =1, — 1, + (r; — r)bsin §/rsin ¢, (2.16)

Up =T, — Ty + (r, — r)bsin §/7" sin o',

We come now to the important point for which
Eqgs. (2.9)-(2.16) were preparations. From (2.11),
it is clear that, by restricting the integration vari-

ables x;, y:, and x! to the regions
and [x{| < ¢, (2.17)

x| <e, y <e,

where ¢ = b — a, we can, on the one hand, satisfy
the hard-sphere condition (2.3) and, on the other
hand, obtain a lower bound for @,..,. We also note
that

[u;] = 2b(1 — cos &), for =2, ,m—1

= bl —cosd), for t=1 or m. (2.18)

Thus, in the region, (2.17), we can replace the factor
F,(Y) by the bound

v

o)

i=

F.(Y) > exp {—2(ozA,,,)"l

= exp {—4c(m — 1)(1 — cos §)8%/at sin §}

— exp {—28,c6/at} = C,. (2.19)

m—o
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We also note that

lim C, = exp {—~S5/at}.

m—o

(2.20)

We must now calculate the quantity (which is in-

dependent of r and r’)
C,=C¢C, f dX dY dX’' F,(X, Y, X,

and we note that, in the limit I, m, n — o, this is
the Wiener integral for a well-known Green’s func-
tion. Namely, consider the solution to (1.6) and
(1.7) with zero potential but with r and r’ in the
interior of a sphere of radius ¢ and with G = 0
boundary conditions on the surface of the sphere.
If we denote this Green’s function by G.(r, r’; t)
then, in the limit [, m, n — o,

C, = G.(0,0;¢). (2.21)

To compute G, it is convenient to use the ex-
pansion (1.14). Each ¢,(r) is a spherical harmonic
times a spherical Bessel function but, since we are
interested only in the point r = ' = 0, only §-
wave (spherically symmetric) solutions will be rel-
evant. For S waves, the normalized radial func-
tions are simply (2rc)~? sin kr/r, the energies are
e(k) = 1ok’ and k = nr/c withn =1,2,3, --- .
Thus,

) 3 \2
= T 2 _{ET) 4,2
C, = o°F En exp{ (20) tn} (2.22)
o

-7
> oY exp §— o re-
Our lower bound for G(r, r’; {) is the product of

C., Cs, and C,, each of which depends on r and 1’
and/or the radius b (or¢c = b — a):

(20 b
The inequality (2.24) is generally valid, even if
the geodesic from r to r’ around the sphere of radius
b is a straight line. In that case the term 28,c0/at
is to be omitted.

The next step is to determine ¢ so that the right-
hand side of (2.24) is maximized. This is a tedious
problem since the dependence of S, on ¢ is com-
plicated. Furthermore, b must always be less than
r and 7. To calculate B, however, we are in-
terested in having r = —r’ and, from (1.4), it is

(2.23)

G, 1'; )
Si + 28c0

af

T
> o5 &XP {— (2.24)
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clear that r ~ a is the important region to consider
in the integral. For our purpose—the proof of
(1.13)—it is sufficient, as well as legitimate, to take
¢ = r — a. The distance S, is then simply =r, while
6 is simply = for all r > a.

Thus,

Bexch _
=0 =

8 fG(r, —1; 2A% /ra) dr

exch
Targ. T

>8fa 4xr dr2(r—a)3

s+ 2r(r—a)
2A°

7 A®
x o { 26 - a)z}

> dn”QleTdr N fm 2
o P

X exp {—% [3 % + Q(Zp + Z%)]} ,

where

(2.25)

Q = (dn)¥(a/A). (2.26)

The second inequality in (2.25) is obtained by
noting that »* > @°, and by changing variables to
p = (2,"_2)1/3A—4/3al/3(r _ a).

The inequality (2.25) is plainly of the form stated
in (1.13). To make it more definite, however, we
can obtain a lower bound to the integral in (2.25)
in the following way: Replace the integration region
by (0, 1) instead of (0, «); in this region, the terms
p* and p in the exponent may be replaced by unity.
We are thus left with an integral of the form [} dpp™-
exp (=3’ %) = («"Q)7" exp (—317°Q). Collecting
the various factors, we obtain

Bexch __7L3 (2)2 &i ( a>§
-—gxch>exp{ o\a) ~ 2 2\/;X
a 3" a\?
+ 2In <4\/;K> -—2—(2ﬂx> } (2.27)

as our final lower bound for B,,,,.

III. UPPER BOUND BY PATH INTEGRALS

We are interested in computing the path integral,
(2.2), when the factors exp [—Av(z)] are omitted,
but when the integration ranges are restricted to
|2/ > a for all 7. The lower bound to (2.2) was
obtained in Sec. II by restricting the integration
range still further, namely, to a tube lying just
outside the sphere. At first sight it would seem that
the opposite procedure—integrating over too great
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a region—should yield a suitable upper bound.
Indeed, when r and t’ are in each other’s line of
stght (i.e., when the straight line between the two
points does not interest the sphere), then the simple
expedient of integrating over all space yields an
upper bound which is at once useful and accurate
for small time (high temperature), viz:

G, t'; ) < Golx,t'; 1), 3.1)

While (3.1) is true for all r and r/, it is quite mis-
leading when the two points are in each other’s
shadow. A more sensitive extension of the integra-
tion range is required; but, unfortunately, allowing
the paths to penetrate the sphere only slightly does
not render the integral any more tractable than
the original, In order to make the integration fea-
sible, it appears to be necessary to extend the integra-
tions to all space; but then the upper bound so
obtained, (3.1), is virtually useless.

Our resolution of the dilemma is to integrate
over all space, but at the same time to include an
additional weight factor in the integrand of (2.2)
so that paths which penetrate the sphere are ef-
fectively suppressed.

As in Sec. II, we consider the “taut string”
shown in Fig. 1, except that this time we take
¢ = 0 (i.e., radius b = radius a). Otherwise, every-
thing is the same as given in Eqgs. (2.10)-(2.16).
The first step in obtaining an upper bound is to
integrate over the variables X and X’ (alternatively,
z; for ¢=1, --. , l and ¢=l4m+1, -+ |, I4+m+n)
over all space. We then pass to the limit ! and
n — o and obtain

G, r'; 1) < lim G.(r,1'; 8),

m—ro

(3.2)
where

Gu(t,t'; §) = DC, fR aY F,(DF,Y), (3.3

with

D, = (mat) }maty) Hrad,)y 30, 3.4)

Fy(Y) = exp {—("”51)—1 ly:l* — ()™ [yal®
- (aArn)—l ’2 IY1 - Yi—llz} ’ (35)

and
Lh=U+1) A = trsin¢/Ss,
L=Mm<+1) A, = t'sine’/S,.

3.6)

The quantities C; and F, are as given in (2.13) and
(2.15), respectively (with b = a, of course).
The integration range in (3.3) is

R:ly;+r|>a, for ¢=1,---,m. (37

Since the r; are different, one from another, the
integration range for each 4 is different. To over-
come this complication, we integrate (3.3) over all
space after first replacing the function F,(Y) by
another positive function, F,(Y), which has the
property that F,(Y) > F,(Y) for Y in the allowed
region, R, while F,(Y) is generally less than F,(Y)
for paths which penetrate the sphere. First note
that the vectors u;, given in (2.16), are parallel
tor;:

u;, =21 —cos ®r;, for 1=2,-- ,m—1

for =1 or m. (3.8)

i

(1 — cos §r;,
In the allowed region, B, we havea’ < |y, + r.|* =
il 4+ 2y:-r; + o®. Thus, in R,
yiouo > —=ly:” (1 — cos d),

for =2, ,m—1
2 =% ly.l* @ — cos 9),

for =1 or m. 3.9

Hence, in, R

1 — coséd
a A,

F,(Y) < F(Y) = eXp{

X |:|Y-'|2 + lyal* + 2 ’;i |Yi[2]}' (3.10)

Now, the integral over all space of the product
F,(Y)F;(Y) is a simple m-dimensional Gaussian
integral, which can be evaluated by using the well-
known formula

w© © N
f dxl s f de exp {_ E x,'A,','x,'}

—c —c0 i,i=1
= "?[Det A]"},  (3.11)

for any symmetric, positive definite N-square matrix
A. Applying this formula to G, (with F, replaced
by F,), we obtain

,. Tatltg .y _‘_i
G, ) < Co| TE2 |B |J . (312

where |B™| is the determinant of the tri-diagonal
m-square matrix
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—A-ﬂ+ cos 6 -1
4
-1 2¢cos8 —1 0
-1 2cos_6 _—1
_1".. :
B™ = )
. . (3.13)
1
'-?cosa
0 "—~1 2cos? -1
-1 —A-ﬂ+cos6
L 1, N

The exponent £ in (3.12) instead of % as in (3.11)
comes about because each of the m variables of
integration is three dimensional.

In order for (3.12) to be wvalid, it is necessary
that B,, be positive definite. If § = 0, that criterion

column as well as in the mth row and column and
obtain

|IB"| = (cos s+ éf)(cos s+ éﬂ)U,,._z
1 t?

is surely satisfied and (by continuity) B, is positive A A
definite for 0 < & < §, where § is the smallest value - (2 cos & + == + "ﬂ) Un-zs + Un-s, (3.19)
. m L 2
of & for which |B™| = 0.
To evaluate |B™|, we expand in the first row and where U,, is the m-square determinant
(2cosé —1 ]
—1 2co88 -1 0
-1 2cosd -1
U, = Det -1 (3.15)
0 - .
*2co88 -1
L —1 2 cos 60
. . . . . 2 .
Su.lce U,, obviously satisfies the recursion relation: B"| = A, sin 0 Am(_l_ + l) cos 8 — sin Bsin 5.
ship t,t, sin & t i,

U, = 2cos 8Up-y —~ Up-s,

it follows that U, (cos 8) is the Chebyshev poly-
nominal of the second kind** (in the variable cos §),
whence

(3.16)

U, = sin (m + 1) §/sin é. (3.17)
Combining (3.17) with (3.14) and, recalling that
6 = (m — 1)§, we obtain

1 A, Erdelyi, Ed., Higher Transcendental Functions (Mc-
Graw-Hill Book Co., Inc., New York, 1953), Vol. II, Chap.
10, p. 183.

(3.18)
Now, recalling the definitions (2.10), (3.6) and the
fact thatr cos¢ = a = 1’ cos ¢, (3.18) is equivalent to
Lis fasin (p + o' + 6)

A, 87 cos ¢ cos ¢’

Bute + ¢ + 6 =y angle between r and r’
[ef. (2.5)]. Thus, combining (3.19) with (2.13), (3.3),
and (3.12) and passing to the limit m — «, we

have our upper bound
A ] 2
G, ;) < [———————S" SC8 g SO%e ] exp {_%} (3.20)

wata sin ¢

|B™| = (3.19)
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Formula (3.20) has the essential feature that we
have sought, namely, the factor exp {— (shortest
distance from r to r’ around the sphere)’/at}. It
also has the factor (wat)™}, characteristic of G,.
The factor (S, cos ¢ cos ¢'/a sin ¥), while it is
usually of the order of unity, can be embarrassingly
large when ¢ ~ «. Unfortunately, it is precisely
the case of diametric juxtaposition of r and r’ that
is of interest in calculating B, Plainly, some
slight improvement is required before inserting (3.20)
into (1.4).

It is interesting to note, however, that the diver-
gence in our upper bound at y = = is not entirely
unexpected. This is because many paths of the
same length come together at that angle. In other
words, ¥ = = can be regarded as a caustic. Our
upper bound concentrated essentially on only one
path around the sphere and, since that one path
is not sufficient at ¢ =, difficulties were encountered
there. It is noteworthy that precisely the same
divergence is encountered in the classical asymptotic
expansion for diffraction around a sphere.”

A simple artifice to overcome the annoying
(sin ¢)7? factor is the following: Let OQ be a vector
of length ¢ < a perpendicular to r and let s’ be the
sphere of radius b = a — ¢ centered at the point Q.
This sphere is clearly tangent to the original sphere,
s, (of radius a) at the single point (a/q)OQ and
otherwise lies entirely inside the larger sphere, s.
Also, let G,.(r, 1’; t) be the Green’s function for the
exterior of ', just as G(r, r’; {) is the Green’s func-
tion for the exterior of s. From (2.2), we see at once,

G, v'; ) < G,.@,t'; ) (3.21)
for all points r and r’. We can, in turn, say that
@, is less than the right-hand side of (3.20), where
the quantities ¢, ¢/, ¥, and S are now measured
relative to the sphere s’ centered at Q.

For our purposes, we want r' = —r with 7 > a.
Relative to the sphere s, we have the following
simple geometric inequalities for all » > a:

mla — 3¢q) < 8 < 77,

(3.22)
o= -2 4
sin ¢ ZF qz > r
In addition, cos ¢ cos ¢’ < 1, whence
Gk, —1; 1) < r’(atag)?
X exp {—="(a — 3¢)*/at}, (3.23)

forany 0 < ¢ < a/3 and for all r > a.

We can now evaluate B, as given by (1.4).
To do so, we divide the integration range [ dr
into two parts: [3* dr and [, dr. In the former

range, we use the bound (3.23), while in the later
range, we use the very simple bound G, as in (3.1).
Thus,

Bexoh .
=6 =

8 f G(r, —r1; 2A*/xa) dr

exch

2a
<8 f dr 4nr*r*[20%qa/x] 7}
X exp {—n"(a — 3¢)*/2A%}
+ 8 f dr 4m* @AY~ exp {—2nr®/A%). (3.24)
2a

In the first integral, take ¢ = A?/(2x%a), assuming
that (A/a)® < 27°/3. The second integral is clearly
Order {exp [—8w(a/A)°]} and is therefore expo-
nentially small compared to exp [—3#°(a/A)?]. While
an upper bound to this second terms can be easily
found, there is little point in doing so.

Evaluating the first integral in (3.24) and com-
bining it with the second, we obtain our final upper
bound:

Bexch 7_['_3_ (2)2 [1 10 7<a>6] 3
gxch<exp{ 5 \1 + In 321rA +§
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Iv. CONCLUSIONS

By means of the discrete version of the Wiener
integral, (2.2), we have obtained upper and lower
bounds to the diffusion Green’s function in the
presence of an opaque sphere [Egs. (2.24) and (3.20),
respectively]. These bounds are useful for short time
(high temperature), especially when the source point
and the observation point are in each other’s shadow.

The bounds enable us to calculate lower and
upper bounds to the exchange part of the second
virial coefficient of a hard-sphere gas. These bounds,
respectively, given in (2.27) and (3.25), permit us
to assert that the correct B,,., diminishes with
temperature much more rapidly than the non-
interacting B, ,,, in a manner given by the equation

Bexuh . { i <£>2 li(a);]}
b~ P12\ O Iy
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Additional applications of a generalized form of the variational method of Kahan, Rideau, and
Roussopoulos are presented. Equations used in neutron transport theory, such as the spherical
harmonics operator form of the Boltzmann equation, are derived from the generalized variational
functional and an interpretation of these operator equations in terms of flux- and source-generating
operators is suggested. A relationship between this variational method and the variational method of
Lippmann and Schwinger is established, and it is shown that the least-squares variational functional
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of Becker for linear equations can be derived from a generalized variational functional.

1. INTRODUCTION

MONG the many applications of variational
methods are the derivations of exact and ap-
proximate equations of mathematical physics and
estimations of eigenvalues and weighted averages.
In neutron transport theory, for example, variational
techniques have been used to calculate the asymp-
totic and nonasymptotic neutron density for the
Milne problem,'"* to estimate the condition of criti-
cality,® to treat resonance escape probabilities,* and
to deal with thermalization and space—energy prob-
lems.’

It is the purpose of this paper to develop further a
generalized form of the variational method of Kahan,
Rideau, and Roussopoulos®™® discussed previously,’
and to present additional applications. By investiga~
ting trial operators Gr(t, ') that are explicit func-
tions of two variables, we show a connection with
the variational method of Lippmann and Schwinger.
The least-squares variational method of Becker for
linear operators and approximate neutron transport

* This research was supported in part by a grant from the
National Science Foundation.

t R. E. Marshak, Phys. Rev. 71, 688 (1947).

2 J. LeCaine, Phys. Rev. 72, 564 (1947).
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( 8 P) Roussopoulos, Compt. Rend. 236, 1858 (1953).

* M. D. Kostin and H. Brooks, J. Math. Phys. 5, 1691
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operator equations, with their interpretations in
terms of flux- and source-generating operators, are
derived from a generalized variational method.

Let us consider the linear equations

[ m, e, vyarr = 18 - v)

= fg(t, L, vy de’, (1)

where I is the identity operator and the specified
linear operator L({, #') and the desired Green’s
operator G(¢, t') depend on the variables ¢ and ¢'. We
wish to construct a variational expression @,(t, ¢')
for the Green’s operator G(f, '), where @, is a
function of the trial Green’s operators G,(¢, ') and
G:(t, t'). Following the procedure described in I,
we readily obtain the desired variational expression:

Gw(t; t,) = Gl(ty t,) + G2(t7 t,)
— ff Gl(t, t”)L(t”, tlIl)GZ(tIII’ t/) da’ di'’’. (2)

This equation may be considered as a particular
form of the linear operators occurring in (I.34) with
the dependence of the operators on ¢ and ¢ being
explicitly noted. As shown in I, first-order variations
in the trial operators G, and G, about the exact
Green's operator G result in second-order varia-
tions in G, about G.

2. RELATED VARIATIONAL EXPRESSIONS

A relationship between the variational expression
(2) and the Lippmann-Schwinger variational prineci-
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ple for the collision operator,'® used in nuclear scat-
tering theory, can be shown by setting

L(¢, t') = —iH(®) 8(¢ — V') + H(O)(t — )H({), (3)

where H(f) is the interaction Hamiltonian, Planck’s
constant 4 = 1, and n(t — t') is the step function

2t —t) =1, t> ¢
=0, t< .

The collision operator S, expressed in terms of the
Green’s operator, has the form

for @)

for

s=I—Q[H@mawmwmmx ®)

where the range of integration extends from — « to
-+ «. Substituting (3) into the variational expression
(2) for the operator [[ HO)G@E, t)H(t') dt di’ we
obtain

&=I—¢fwmmw
+ Br()H(t) — BA()H() A ()] di

—ﬂfmmwhwmwmwmw,@

where the trial operators A, and B, are related to
trial Green’s operators by the equations

40 = [ e or0 @,  ©

mw=fﬂmamaaa ®)

Equation (6) is recognized as the Lippmann—Sch-
winger variational principle for the collision operator
S, where Ar and Br are trial operators for the
unitary operators U, and U, respectively.

The least-squares variational functional of Becker'!

iv= [ @~ pa) dr )

for the linear equation Lf = s, where p(x) is Becker’s
positive weighting function, can be derived from
the generalized variational functional

j = (w: [Gl + Gy — GILGZ]S) (10)

by defining the scalar product to include the weight-
ing function:

(1915“01)3. A. Lippmann and J. Schwinger, Phys. Rev, 79, 469

uM, Becker, The Principles and Applications of Varia-
tzgeng)l Methods (Technology Press, Cambridge, Massachusetts,
1 .

@9 = [ 16 ds. an

Let w = L's, let the trial operator G, generate the
trial function f; = @,s, and let the remaining trial
operator be formally given by G] = LG.G'. The
variational functional (10) now becomes

j = 2(s, Lfr) — (Lfr, Lfr)
=(5,8) — (Lfr — s, Lfr — 9)

= (-5', S) - jb)

(12}

which is equivalent to Becker’s variational func-
tional.

3. A DERIVATION OF OPERATOR EQUATIONS
FROM A VARIATIONAL PRINCIPLE

In addition to its applications for estimating
weighted averages and eigenvalues, the variational
principle has been used to derive systematically
approximate equations of reactor theory. Calame
and Brooks'*'** have derived the multigroup equa-~
tions from a variational principle. Selengut'* and
Rowlands'® have discussed the reduction of neutron
transport equations involving many independent
variables to simpler equations with fewer independ-
ent variables, Boundary terms in the variational
principle have been investigated by Federighi.'®
These contributions are extended in this section.
Here the variational operator method is used to
derive an approximate system of operator equations,
a procedure which leads us to an interpretation of
the variational formalism.

For definiteness we consider a problem with two
independent variables such as the one-velocity,
plane-geometry Boltzmann integro-differential equa~
tion with isotropic scattering:

d
u b—é g(z: U; 2, uu) + g(z: u; 2, ua)

+1
-3z, f du’ gz, v'; 2., u,)
-1

= 0(z —2,) 6(u — u,). (13)
Using the variational operator functional
ilGy, G] = (w, [G, + G; — G.LGy)s), (14)

23, P. Calame and H. Brooks, Trans. Am. Nuel. Soc.
2, 56 (1959),

13 Gi. P. Calame, Ph.D. thesis, Harvard University (1959).

% D. 8. Selengut, Trans. Am. Nucl. Soc. 2, 58 (1959);
Hanford Laboratories Rept. HW-59126 (1959).

:‘:g. lli)owlands, J. Nucl. Energy 13, 176 (1961).

Federighi, Ph.D. thesis, Harvard University
(1961).
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‘we introduce the trial operators

G1 = ZP;’;'BH; (15)
G2 = E AiiPii’ (16)

‘where P,; are projection operators that operate on
functions of the angular variable u:

+1
Puste, w) = p) [ /), w) '
- (17)
= p:(w)s;(3).
The unspecified operators A;; and B;; which act on
functions of the spatial variable z are determined
by the variational conditions

8j = 0 for arbitrary 54, (18

19

In the Boltzmann equation (13) we let the
mode functions® p;(x) and ¢,(u) be the normalized
Legendre polynomials

o) = B}
() = '@ — 1),
+1
I
All the angular dependence of the trial operators
@, and @, is contained in the projection operators
P,;; the unspecified operators 4,; and B,; are re-
sponsible for the spatial dependence.

The variational functional (14) with the trial
operators (15) and (16) reduces to

i= E (w, Bijs;) + Z (w;, 4:js))

8j = 0 for arbitrary 6B,;.

p(w) = By,
ps@w) = D5’ — 3uw),

q:(w) = p.(u), ¢:Wp; ) du = §;;. (20)

- kZ (Wi, BiiLijx Ainsn), (21)
where
+1
5@ = [ awsewya, @
+1
w,(z) = f_ 1 w(z, w')p:;W’) du’, (23)
are functions of z and
+1
Ly = f | du gL, (24)

is an operator which acts on functions of z.
The requirement §; = 0 is satisfied for arbitrary
8B;; if

kz LikAkm = I 5,‘,,., (25)
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and 85 = O for arbitrary 84,,, if
ZB;,’L“., =7 6,‘],. (26)

If we premultiply (25) by B.;, sum over j, and use
(26), we see that

ZBiiL:'kAkm = EB.-,- 8;,,.,
ik i
kE 5"va1"» = B-'m,
A;‘m = Bimr (27)

as expected. Moreover, on combining (21) and (26)
we get

i= 20 (i, Ausy), (28)

where the flux-generating operators A;; are given
by (25).

The term (w;, A;;s;) appearing in (28) has the
following interpretation. The neutron source s;(2)
in angular mode j is acted upon by the flux-genera-~
ting operator (FGO) A,; which produces a neutron
flux f;(2) in angular mode 4:

f:@) = Aisi(@. (29)

This flux is then absorbed by the weighting function
w,(z) in angular mode ¢:

(i, 4is) = @, 1) = [ 0@H@ da. (0)

In order to evaluate (28), the matrix operator
equation LA = I, which is equivalent to (25), is
solved. The elements of L and A are operators:

LOO LOl AOO AOI
LlO Lll AlO All

L= A (31)

If we consider the case where L is a 2-by-2 matrix,
then

4o |Ae 4
4w An (32)
- L3 — LywLuKiiLwLe —LoLauKi:
K7iLioL3) k|
where
K, = Ly — LiLoLo,. (33)

The source-generating operator (SGO) L,; gen-
erates a source in angular mode 7 from a flux in
angular mode j:

8:(8) = Lfi(d- (34)
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In going from mode 1 to mode 1, we must take
into account the presence of mode 0. The total
mode-1-to-mode-1 SGO K, = L, — Ly LopLa
includes the direct mode-1-to-mode-1 SGO L,; as
well as the SGO L,,L5;L,, resulting from the exist-
ence of mode 0. L} is to be interpreted as the mode-
0-to-mode-0 FGO neglecting all modes greater than
0. Similarly K7} is the mode-1-to-mode-1 FGO neg-
lecting all modes greater than 1. All the elements
of (32) can be given analogous interpretations.

Another form of the FGO matrix A is obtained by
interchanging the roles played by the two modes,

where

Koo = Lo — L01L_11L10 (36)

is the mode-0-to-mode-0 SGO neglecting all modes
except 0 and 1.

Let us apply this formalism to the Boltzmann
equation (13), which has the source-generating op-
erator

Lite, w) = u o 1z, 4) + = 2, )

+1

A = Ap Ao -1z du’ {(z, w'). (37)

-1

AIO All i (35)
K- Ko 1 Using the normalized Legendre polynomials (20)
= ] 00 T eotoiEn , with (24), we obtain an explicit result for the matrix
—LilKe L — LL,KooLo,L1i operator L in (31):
1
(z—3z)I 33 D 0 0 0
1 2
31 D =1 W D 0 0
2 3

0 —= D =1 o D 0

I = (15) (35) ’ (38)
3
0 0 D 3
n+1
1 D
[(@n + 1)(2n + 3)]
n+1
0 0 D zI
[@n + D@n + 3)F

where D is the spatial differential operator d/dz, and
I is the identity operator. Here (25) becomes the
matrix operator form of the spherical harmonics
method for plane geometry.

Let us consider only modes 0 and 1, and neglect
all higher modes so that the matrix operator L sim-
plifies to

E—-z2) G'D
&' D =1

Suppose that s,(x) = 0 and w,(x) = 0 so that (28)
reduces to

L= : (39)

§ = (wo, Aooso), (40)

where the flux-generating operator A,, i8 given in
(35):
Ay = K;(I) = [Loo - LmL:iLlo]—l (41)
or
[Loo - LOIL_liLlo]AOO =1
Equation (42) has the form

1 &
[[E - Ee] —ﬁd—?

which we recognize as the equation for the Green’s
function given by the diffusion theory approxima-
tion.

(42)

]Aoo(zy 2,) = 6@z — z.), (43)
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Explicit representations of some inhomogeneous compact SU(n) groups and their algebras are
constructed with certain mixtures of diagonal homogeneous and inhomogeneous operators.

1. INTRODUCTION

HILE the subject of representations of the

inhomogeneous Lorentz group has often been
discussed, it is usually done with all the translation
operators diagonal. An exception is the work of
Lomont and Moses' in which only one translation
operator, the energy, is diagonal as are operators
(such as J, and J*) belonging to the homogeneous
group. Further, the work on inhomogeneous groups
seems to be generally confined to the inhomogeneous
Lorentz group and its subgroups.

We should like to investigate here representations
of inhomogeneous SU(n) groups and their algebras
when some members of the inhomogeneous part of
the group (the Abelian invariant subgroup) and
some members of the homogeneous part (the semi-
simple group) are simultaneously diagonal. Specifi-
cally, we consider a compact SU(n) group with an
Abelian group transforming as the defining repre-
sentation of the homogeneous group. The semidirect
product of these two groups is our inhomogeneous
group. The members of the homogeneous group that
are diagonal are so chosen that each, with two other
operators, form the group SU(2) and all the SU(2)
subgroups commute. This is discussed in more detail
below. We now wish to construct explicit representa-
tions of these inhomogeneous groups and their alge-
bras.

A difficulty is that the ‘“eigenvectors” of the
Abelian operators do not belong to a Hilbert space,
since they are non-normalizable. A way out is to use
a ‘rigged Hilbert space.”” Instead of referring to
treatments of such a space, we state explicitly the
space containing the basis functions and its prop-
erties.

In Sec. II we specify that space, and in Sec. I1I

* Work supported by a grant from Long Island University.

1 J. S. Lomont and H. E. Moses, J. Math. Phys. 5, 204,
1438 (1964).

2 A, Bohm, International Centre for Theoretical Physics
Report No. ICTP 64/9 (unpublished). I. M. Gel’fand and
N. Y. Vilenkin, Generalized Functions (Academic Press Inc.,
New York, 1964), Vol. 4.
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we list the matrix elements of the operators between
basis vectors for which the inhomogeneous operators
are diagonal. In Secs. IV and V we give the repre-
sentations of the inhomogeneous groups, for one
homogeneous and more than one homogeneous
operator diagonal, respectively. In Sec. VI the ques-
tion of products of realizations and of little groups
is discussed. An Appendix lists the commutation
relations for the algebra A4, used in this paper.

II. THE SPACE ON WHICH THE OPERATORS ACT

The space of definition of the operators of the
algebra (or group, as the case may be) need not be
completely defined here. It is sufficient to state
the following properties. Its subspaces include a
Hilbert space (say of L® functions) including func-
tions which fall off sufficiently fast’® at infinity
(rapidly decreasing functions). It also includes all
exponentials, their products with constants, and
members of the aforementioned Hilbert space, and
sums of such terms.

In this space, we define a scalar product in the
usual way, with the usual properties of a scalar
product in Hilbert space, except that it is defined
not for all members of the space, but only for mem-
bers of the Hilbert subspace. It is for this reason
that the scalar product has a finite value, which
would not be true if it were defined to include the
exponentials.

Considering now a functional of the rapidly de-
creasing functions, T'(g), we define the operator A
acting on it as AT(g) = T(Ag). An eigenfunctional

3'We do not specify what “sufficiently fast’” means as
we are not investigating what conditions are necessary for a
function to belong to this class, so we need not state how
large a class this can be. It is sufficient for the function and
its derivatives of all order to be everywhere continuous and
go to zero at infinity faster than any power of the argument
(or be zero outside a bounded region.) These functions are
known in the theory of distributions (generalized functions)
as ‘“‘test functions.” See for example, M. J. Lighthill, Intro-
duction to Fourier Analysis and Generalized Functions (Cam-
bridge University Press, London, 1958), p. 13; I. M. Gel’fand

and G. E. Shilov, Generalized Functions (Academic Press Ine.,
New York, 1964), Vol. I, p. 2.
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of the operator 4 is a functional which, for all mem-
bers of the set of rapidly decreasing functions,
satisfies AT(g) = T(Ag) = kT(y), where k is some
constant, the eigenvalue.

For example, consider the operators; A = opera-
tor which changes z to  + q, and B = d/dz. Their
eigenfunctionals are

80 = [ 9a) dz exp Gik2),

so that
ASi(g) = exp (—ika)S:(g),
BS.(g) = —1kS(g).

A and B are the translation and the momentum
operators and are denoted as T.(a) and p;, with
the subscript giving the particular component.

III. REALIZATION OF THE OPERATORS

The realization of operators of a Lie algebra by
differential forms is well known. What we wish to
do here is to write matrix elements for the corre-
sponding operators in the space we are working with.

The basis vectors are eigenfunctionals of the mo-
mentum operators of the form

8 = [ 1@ az, ®
where f is any rapidly decreasing function. The
matrix elements d,,, for this set of basis vectors are
defined by

8t = [ dn 8.0 db
@

= —f dz f(x) f dk dyp .

Consider now the algebra of an inhomogeneous
Lie group of invariance in an n-dimensional space.
Such an algebra has sums of terms of the form
Ji = z; d/dz; for the semisimple part, and
Py = d/dz, for the inhomogeneous part. Letting
f@, -+, z,) be any rapidly decreasing function,
the operators have the matrix elements for which
the notation is defined by

TS = [ @ Suall, @)

puSs = [ & Sbi, @

where k and k&’ denote n variables. Note that skz
in the exponential is the scalar product.
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It should be noted that by scalar product we mean
the form of the product; that is kx = k,x,. However,
this is not a scalar. The reason is that the term usu-
ally refers to a product of two vectors in the same
space; here, however, we are using it to refer to vec-
tors in different spaces, such as z space and k space.
The operators of the group, or algebra, act only in
space, so that k remains unchanged or vice versa,
as indicated. The term scalar product is used, even
though it is not a scalar, because it has the form such
that, if the vectors were in the same space, it would
be a scalar.

The matrix elements can be seen to be

il =~k o — k)] L ok, — 1) |

X 8(ky — k) -+ 80k — Ki-y)
X O(kier — kjaa) - 0lkicy — ki)

X 8(kiey — kivi) -+ 0k — k)

+ 8 0k — k1) --- 0k — K1), ()

with &(k; — k';) appearing only once, of course, for
a'’, and

bip, = ikl 8(kn — k1)]
X 5(k1 - k{) e 5(km—1 - k:n—l)

X 5(km+1 - kv’n+1) T 5([0,, - k;) (6)
Thus,
JiiSu(g) = f Jiig(z)e‘kz d'z
= _f d”x g(x)J.-,-eikz
= —f d'z g(x)e'™ 5;;
= [ @z o) [ aw aiie*
= —4 f d'r g(x)e™ (k;x.)
~ o [@reti @
and p,8.(g) = —k.S:(g).
The commutators are
(J.'men - Janﬁ')Sk(g)
= —1 f 'z g(@)e™* (kps dmi — KiZm Oni)
= (6mi Js'n - Jm{ 8|n)Sk(g) (8)
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and
[']mny pt] = - 6mt Pny (9)

[pz, p.] = 0. (10)

These, of course, are the commutation relations
for the algebra A, [the algebra of the group
SU(k + 1)] because of the choice of the operators
J:i. The realizations of the other series of algebras
can be similarly found by taking the appropriate
sums of the J;;.

IV. REPRESENTATIONS WITH ONE SEMISIMPLE
OPERATOR DIAGONAL

The representations of the inhomogeneous SU(n)
group, and its algebra, with one operator of the
semisimple part and all but two of the operators
of the Abelian part diagonal are now considered.
The commutation relations for the algebra are given
in the Appendix.

The operators that are taken as diagonal are

To = %(xl d/dxl — X3 d/dxz) (11)

and p, = d/dz,, where ¢ is always understood
to run from 3 to n. Note that p;, and p,, which do
not commute with 7, are not diagonal and that
Ty, E,, and E,, form the algebra 4,. We are working
with the realization E,; = x, d/dx;.

The basis functionals are

Wi = [ f@al"ai

X exp (ik) d"2(( + m)! G — m)D7?,

where the subseript ¢ runs from 3 to n.

We denote the matrix element of an operator
A,; between basis vectors W,,, and W,,,,., as
(s'E'| As; |rsk), and 8(ks — k'5) --- 8(k, — K',)
by 8(k — k'). If one 8(k, — k’,) is listed separately,
it is understood not to be included in §(k — k’).

The matrix elements of the algebra can now be
calculated to give

Gm'K' | p, ljmk) = —ik, 8;;: Spm: 8k — k'), (13)
Gm'E' | pu |imk) = G+ m) 850 54 Smrmey (b —E),
14)
G| pa Limk) = (G 1)} 80,1y ey 36— K.
(15)

It may seem surprising that the p’s have matrix
elements only between states j and j — }, whereas
the product of a vector transforming as the j = %

representation (as the p’s do) times a vector trans-

(12)

forming as the j representation decomposes into a
sum of a j/ = j — 1 representation as well as a
7 = j + % representation. The point is that here
we are considering the p’s as operators acting on
the basis vectors, whereas, if we also considered
terms of the form z{*™zi ™p, as an operator, opera-
ting on some function, then we would also have
operators transforming according to the j + 3%
representation.
The remaining matrix elements are

(G’m'E’'| Ty 1jmk) = m 8;;0 8w 6k — &),  (16)
G'm'K'| Eyp ljmk) = (G + m + DG — m)

X 8;i0 8 omer Ok — k), 7)
G| By ljmk) = (G + m)G — m + 1)}

X 8;0 e omen 0k — K7, (18)

(GPm'k’| H, |jmk) = 27 8,5 dnme 86 — k)

— ks 850 B (i 5k, — rc:)) 5k — &)
=3 dk.

+ gk, 8;; 8pm (8(k, — KJ)/dk,) 8k — k), (19)
§'m'k'| By, ljmk) = ik + m + 1)
X 8 ivg Onrimey 86 — K, (20)
('m’k'| Eae |jmk) = ik.(j — m + 1)}
X 8;rivy Omromy 8 — K7, (21

G'm'E| By, |jmk) = —(G + m)*
X 80 .icg Omr.mey(d 8. — KI)/dE) 8k — k'), (22)
(m'k| B, |jmk) = —( — m)?
X 8jr,i-3 Ome mey(d 8y — K1)/dk) 8k — k'), (23)
(Gm'K' | E.. |jmk)
= —ki 8;; Omin(d 8k, — K))/dE,) 8(k — k')
— Buer Byrj O 8k — k). (24)

Having given the matrix elements of the operators
of the algebra, we now consider finite transforma-
tions between two variables x; and z;. The trans-
formation is given by

z; = azi 4+ bz, 25)
z; = —b*zi + a*x],
where
lala + lblz =1, (26)

and the operator inducing this transformation is
denoted by R,;(a, b). The matrix elements for
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“rotations” in the xz,z, plane are the well-known
matrix elements for SU(2) and need not be listed.
The other matrix elements are

(i,j’k'l R’l‘l(a7 b) |1:jk)
= 8;0; Oprm ki, — (ak,, — b*Ek,.)
X B(k{. - (a*kh + bke.)) 5(]9 - k’)- (27)

For a ‘rotation” in the z,z, plane (a ‘‘rotation”
in the z,z, plane is obtained from the R;, matrix
element by changing the sign of m), we get

(az! + bal) "y

TG H G — mY
X exp [ik.(a*z, — b*x)) + ik.z,]

(G + m)! a’* " b (— ik, b*)"
A G+m— !l G+ m! (G — mD
Xzt el exp (ika*zl + tkoa,). (28)

Wiml:

So,

G'mK!| Ry, |jmk) = 3 (—1)**"a* " b b*R}

pim=0

G+ m G+ m+n—wh

X G4+ m— wluln! 8ir i+in—u)
d#
% 5’""”*"”‘“’(@ 8kt — a*’ﬂ:)) 3k — k). (29)

V. REPRESENTATIONS WITH SEVERAL SEMI-
SIMPLE OPERATORS DIAGONAL

Here, we consider representations with more than
one semisimple operator diagonal. Specifically, if
the operators H,,., — H,, and H,_, — H, are diag-
onal, then m — n is required to be equal to or greater
than 2. If this is the case then the operators

1
% (—Hm—l + Hm); Em+1,m) Em.m+1) (30)

and

o (~Hoy + H), Brsty Brrsy, BD)
form algebras A, whose members mutually commute.
It is the last phrase which is important and results
from the restriction on the difference of m and n.
Assuming that there are no diagonal homogeneous
operators with subscripts between m and n and that
r is the largest subseript on a diagonal homogeneous
operator, then, with ¢ equal to or greater than
r + 1, we take the operators p,, as well as p10, - - -,
Da-1, 88 diagonal for all m, n, where n is greater than
m.
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The basis vectors are of the form

imtmm, im—mm

LAY x’”l xm+l e
(GG + M) G — ma) D

iatma
n xn+1

X Gt m)T G — m))F
X exp (ikm+2xm+2 + -+ 'Lk:Xt) (32)

All the results of the last section for the matrix
elements hold with the requirement that the ap-
propriate &8s be inserted to indicate that an index
does not change if the operator does not operate on
the coordinate having it. These insertions are obvious
and need not be written down explicitly.

There is one new set of matrix elements

in—mn

(Gminmnile’ | E o |jnfammak)
= ((]m + M + 1)(.7n + mn))% 61‘m’.im+% 6:’1-’.1'“—}
X B mmtd Oma,mamy 0k — K'). (33)

The matrix elements for E, ..i, Eni1m and
E...1..4+1 can be obtained from the above by chang-
ing the sign of the appropriate m.

Likewise, for a finite transformation between two
z’s, the matrix elements for any operator can be
obtained from one, by the change of sign of the
appropriate m, which we take as R,, and use Eq.
(25) with m now written for « and » for j. Then

(rjamink'| Bon(@, ) |jmjatmmak)
= ;((im-i—mm—i-v—u)!
X (o + ma)! G + 10 + g = )1 Ga + m)D
X (G + M — ) 0! G + ma — 91D
% aim*l'm»;—ll.bn(_b*)r(a*)in+Mn—v
X Oimt imtir=w) Omm’ mnti o=
X 8inr iattumr) Omat musrpiu-n Ok — K').

V1. PRODUCT OF REALIZATIONS

(34)

It is of interest to consider basis vectors of the
form T f(x), where T is a tensor (or spinor if multi-
valued representations are being considered) and
not a function of x, while the basis vectors f are
functions of z. The matrix of a transformation con-
sisting of an element R from the homogeneous part,
and an element A from the inhomogeneous part of
the group can be written

DR, A) = UR)W(R, 4), (35)

where U operates on T and W on f. Note that T
is a scalar under the transformation A. For the
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algebra, the differential operator corresponding to
D equals the sum of differential operators correspond-
ing to U and differential operators corresponding
to W.

In the case in which all the inhomogeneous opera-
tors are diagonal, f(z) is of the form of an exponential
and the basis vectors T' (and the operators U acting
on them) are found by considering the little group.*
We now wish to show that this method still works
even when not all of the inhomogeneous operators
are diagonal. The proof is almost exactly as given
in Hamermesh,* but it seems worthwhile to give
it explicitly with the few changes of wording
required.

Consider any one of the inhomogeneous operators,
say Po, and all homogeneous operators G; which
commute with p,. Clearly the G’s form a group, the
“little group.”

Notice that we discuss this in terms of the opera-
tors p, rather than their representatives k, and that
we do not need the scalar product k°.

For an irreducible representation of the ‘‘little
group,” we have

U@, = TUG,,. (36)

Since the p’s form an irreducible representation
of the homogeneous group (here the defining rep-
resentation has been considered), we can always
find, for any p, an R belonging to the homogeneous
part such that Rp, = p, and any other R’ which
carries p, to p can be written in the form R’ = RG.

We have from Eq. (36) the irreducible representa-
tions for the subgroup made up of the G’s. Corre-
sponding to the basis functions for the G’s we can
now define the basis functions for the set of operators
R’ which take p, to p/,

= URNT,. 37

The rest of the proof is identical to that given
in Hamermesh* and we get

URT? = T?U@G).,,. (38)

This gives the T’s and the matrices of the opera-
tors of the homogeneous group acting on them. They
are scalars with respect to the p’s. The matrices
acting on the f’s have been found in the previous
sections, and so the representation is determined.

It should be noted that the “little group” here is
the subgroup of transformations in a hyperplane
in the space of the vectors of the defining representa-
tion of the group. The only purpose of the vector

¢+ M. Hamermesh, Group Theory (Addison-Wesley Pub-

lishing Company, Inc, Reading, Massachusetts, 1962),
Sec. 12. 7.

which is kept fixed is to define the hyperplane, to
which it is perpendicular. Therefore, the theorem
that the “little group” can be used to find the rep-
resentations is a statement about the properties of
a semisimple group, not about the properties of an
inhomogeneous group, although it is usually stated
so as to refer to the latter.

APPENDIX

While the algebra A, [the algebra of SU({l + 1)]
has been extensively discussed, the canonical form
of its commutation relations does not seem to be
readily available. We therefore list our notation for
it here. Following Racah® we write the commutation
relations for the algebra of the general linear group
as (all indices are from 1 to 7 + 1);

[xo‘ky xmn] = 6Icmxin - 6inxmk' (Al)
This group is not semisimple so we define
! = I
Tis Ti;y — l+ 1 ’;m717 (A2)

which does not affect the commutation relations.
We set

= Eu‘k; (A3)

where the E’s are the step operators, and the h’s
are the mutually commuting operators. There are
(I 4+ 1) of the latter but they are subjected to the
condition

i, = h, and Tix

1+1
> h.=0. (A4)
1

Thus this system is not in canonical form.®

To bring it into the required form, we define a
new set of mutually commuting operators H;(l in
number);

W= 3H g+t g
X H, + - +Z(—l—1+—1—)H
b= ZEH L b H 4 e
! - J(]+1) k(k + 1)
X B+ - + g B
h,+1=—l—hﬂ (A5)

5 G. Racah, “Group Theory and SII)’ ectroscopy’’ (Institute
for Advanced Study, Lecture Notes, Princeton, New Jersey,
1951), p. 29. (unpublished).

8 Reference 5, p. 20, Eq. (50).
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which are seen to obey Eq. (A4). Solving, we get
explicitly

H, = h — h,,
: (A6)
H; = "E'hc = (Dhiar.

$=1

The commutation relations are now (for n > m)

i
{Hl'l Emn] = (Z (6ﬂu‘ -

i=1

an -')

- j(am,:’+1 - a.i+1))Emnj (A7)

[Ewm; Emn] = hm - hn

_ 1

= —;n‘ m~1

+ ¥ gy Lom, ay

Sk +1) 7 T —17Y
[Et'kJEmn] = 6kmEin - ainEmIc- (Ag)
The roots are
Tin = (1) 1) e 11:n: 0: 0: "')y (AIO)
Iy = (1: 0; 0) "')1
Tin ":(0701 Tty "'(k - 1)r 111: e yn,Or "')
m > k), (All)

where the first nonzero value occurs in the & — 1
column and the last in the n — 1 column. From this
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it can be seen that the right H’s appear in Eq.
(AR). Equation {A9) implies that

o+ o = 15,(ifk =m) or r.(fi=mn) (Al2)
and that the equations do not hold if the conditions
in parentheses do not hold. Thus, the commutation
relations given by Eqs. (A7)-(A9) are in the correct
canonical form. If it is desired to normalize the
roots so that

};fi(a)fi(a) = bijy (A13)

then the commuting operators can be normalized

to become

H{ = {v2[2(l — 1) + 1]} 'H,

H, = {V2((m’ + m)(I — m) + m(m + 1))} "'H,.
(Al14)

To find the operators of the inhomogeneous group,
we consider, for the operators, the realization

z:; = y: d/dy;, g = d/dy;, (A15)

where the ¢’s are the inhomogeneous operators. The
commutation relations are then

gl = =8, [g @l =0, (A16)
[, @] = —8iqu, (A17)
1
[2h, ] = —8uq: + m g dut, (A18)
i
Hyy o]l = — };1, Sex Q. (A19)
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A Hilbert space method, previously applied to the group SU(2), is employed to examine the repre-
sentations D* and the reduction of the direct-product representation of the group SU(3). The base
vectors [Auje >, an orthogonal Hilbert space of homogeneous polynomials, are transformed to the base
vectors [Au;a>., and are associated with the complex conjugate representation by an explicit B- con-
jugation operation. For the general direct-product representation DMm () D e, explicit expressions
are derived for the vector coupling coefficients and the number of times the irreducible representation
D ig contained in the direct product. Two methods of labeling the degenerate states are given, the
reduction of the direct product is shown to be complete, and the symmetry relations of the 3(Az)

coefficients are discussed.

INTRODUCTION

HE purpose of this paper is to examine the

representations D and the reduction of the
direct-product representation DM @ D*** in a
concise, transparent manner. The particular ap-
proach is a Hilbert space method devised by Barg-
mann' to study the representations of the rotation
group.

The essential ideas of the Bargmann method, the
use of homogeneous polynomials of complex varia-
bles as the base vectors associated with irreducible
representations, and the construction of an invariant
that yields the coefficients which reduce the direct
product, were employed by van der Waerden® in
1932, and known to Weyl® (1925). Bargmann’s es-
sential contribution was to combine these ideas, with
his function space §,.,* in a clear and simple treat-
ment of the many (seemingly diverse) properties
of SU(2). Moreover, the essential features of the
method are in a form which may be generalized to
SU(3). The Bargmann method may also be gen-
eralized to SU(n), and this problem is to be discussed
in a subsequent paper.

The essential properties of the function space
&» necessary to read the article have been included
in Sec. 1. For a comprehensive treatment, with

* This work was supported in part by the National
Science Foundation. (Grant No. GP-1536). This paper is
based on a dissertation submitted in partial fulfillment of
the requirements for the degree of Doctor of Philosophy at the
University of Michigan, Ann Arbor, Michigan.

t Present address: Department of Physies and Astronomy,
University of Maryland, College Park, Maryland.

1V. Bargmann, Rev. Mod. Phys. 34, 829 (1962).

2 B, L. van der Waerden, Die gruppentheoretische Methode
in der Quantenmechanik (Julius Springer-Verlag, Berlin, 1932).

8 H. Weyl, Math. Z. 23, 271 (1925); 24, 377 (1926); and
24 789 (1926) The author thanks the referee for bringing
this reference to his attention.

¢+ For the initial development of the function space, see
V. Bargmann, Commun. Pure Appl. Math. 14, 187 (1961).

63

proofs, consult Bargmann’s two papers.’'* The par-
ticular subspace Q,, of Fs, the space of base vectors
Am; @), is defined in Sec. 2. The invariant Hilbert
space L), is now associated with a 2-rowed Young
tableau, necessitating an antisymmetry operation
with respect to the columns of the tableau. The
row labels &« = (y, i, {,) of the representations
D™ are defined in the standard manner using the
two linear commuting operators Y, T, of the rank-
two group, and the Casimir operator T’ of the SU(2)
subgroup. The base vectors [A\g; a), associated with
the complex conjugate representation are obtained
from |A\u; «) by an explicit change of variables.
Section 3 is devoted to the reduction of the direct-
product representation and the 3(Au) symbols. Un-
like the SU(2) case, the condition that the invariant
ho(k;) lies in the triple-product space does not
uniquely determine the parameters k;. This is the
degeneracy (or multiplicity) problem; there exists g
direct-product vectors |Asus; as)ey k = 0, 1, <+,
g — 1, associated with the irreducible representation
©M* contained in the representation *** @ D',
and Sec. 3C discusses two methods of handling
this problem. The recoupling or 6(\u) coefficients
are discussed in an accompanying article.’®

The notation follows, as closely as possible, that
of Bargmann’s article. In particular, the Hermitian
adjoint of an operator, or matrix, B, is indicated by
B*, the transpose of a matrix B by ‘B, and the com-
plex conjugate of a by a.

1. THE HILBERT SPACE {,
A. Definition of &,

The elements of §, are entire analytic functions
of {(2), where z = (2,, 2, *-- , 2,) is a point of the

5 M. Resnikoff, following paper, J. Math. Phys. 8, 79
(1967).
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n-dimensional complex Euclidean space C,. For two
elements f, f’ of §,, the inner product (f, f') is defined

G 1) = [ T0re dum),

where f(z) is the complex conjugate of f(z) and the
measure du,(2) is

(1.1a)

dp,(2) = 7 " exp (—22) dz, (1.1b)

2 Z2=2% + - + 2,3, and

d”z = kI—I dxk dyk, 2 = T + iyk.
=1
The integral (1.1a) is taken over the whole space
C,. It may be shown that'
((zi)h‘y (zi)hi) = 8i; Sacns (RN (1.2)

The operators on §, may be constructed as func-
tions of 2z, and the differential operator, d, = 9/9z;.
The commutation relations

[zlu ZM] = [dky d.] =0, [dlc:zm] = Ok (13)

are obvious. For any elements f, g of §,, 2, and d,
are adjoint with respect to the inner product

(&, g) = (f: dkg)7 (14)

as may be shown by expanding f(2) in a power series
(see Bargmann').

B. Bargmann Operators M,;

On the Hilbert space s, define the differential
operators M ;;
3

M. i) = % Z fa(mii)aﬂ(a/afﬁ)f(f)y

a,f=1

(1.5)

where { = (&, 7, ) replaces z = (2, 2, 2;) as a point
in the space Cj, and the matrices m;; are linear com-
binations of the infinitesimal matrices b;,

ibi = (6/60,)T,,f Igbno all k, j = 1, crty, 8, (1.6)

0, k = 1, --- , 8, representing the eight parameters
of the group.’® The matrices m,; differ by factors
from the infinitesimal matrices of Behrends ef al.”:

Hmy) = 6'E,,  3(ma) = 6'E_,,

3(m) = 6'E,,  3(ma) = 6'E_,,

(my) = 6'E;,  ¥(my) = 6E_,,
3(t) = VgHu 3(y) = 6H,,

8 The matrices b; and m,; may, of course, be obtained
directly from the SU(3) matrix as parameterized by F. D.
Murnaghan, The Unitary and Rotation Groups (Spartan Books,
Washington, D. C., 1962), in analogy to the SU(2) case. See
M. Resnikoff, University of Michigan preprint (1965).

7 R. E. Behrends, J. Dreitlein, C. Fronsdal, and B. W. Lee,
Rev. Mod. Phys. 34, 1 (1962).

¥, t, being the two linear commuting matrices of
the rank-two group.
The Bargmann differential operators, Eq. (1.5), are

J 0 d
M12=£El-7 M21=7IEE; M13=£$’
d a3 J
M31=0'52.; M23="75;; M32=°"5;7'7
_1(1_ i) _;8. 0 5 9
To=g\E o) Y =8 T75, % %
1.7

If f(¢) is a homogeneous polynomial of degree m in
¢, then so is M, ;f(¢), according to the definition Eq.
(1.5). Since the invariant Hilbert space of base
vectors is given by the degree in the variables
¢, and since the function M ,;f has the same degree
m, the operators M;; are said to operate within
the Hilbert space, as raising and lowering operators.
Note that, using Eq. (1.4),

(M:‘:'fy g) = (f: Miig)-

In particular, ¥, T, are Hermitian with respect to
the inner product.

1.8)

2. THE REPRESENTATIONS DX
A. Hilbert Space .,

Let an element f of the function space &, be
written f(¢,, {.), where ¢, ¢, are points in a three-
dimensional complex Euclidean space Ci. Q,,, the
subspace of ., is the space of homogeneous poly-
nomials (¢, ¢,) of degree A + u in ¢, and g in §,.

To put this in operator form, define the operator®
T,

9.
0k;

An element f({;, {,) belongs to Q,, if and only if
the Euler equations

Tuf = ()\ + I‘)f;

are satisfied.’

The spaces Qy, and ., are obviously orthogonal
for N # N, or p # u/, by Eq. (1.2). The function
space s may then be decomposed into the sum of
mutually orthogonal subspaces

8:5 = )‘Z Q)‘,.

8 The operator T; was first considered by V. Bargmann
and M. Moshinsky, Nucl. Phys. 18, 697 (1960); 23, 177 (1961).

9 Ty and T, are analogous to Bargmann’s operator N,
N -vi, = j-vin (see Ref. 1).

a a
Ti=&t_+mn am + o, 30, 2.1)

Toof = uf 2.2)

2.3)
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The Euler equations (2.2) require that the homo-
geneous polynomials f(¢y, ¢») be of degree A + u
in §;, and degree u in ¢, the number of boxes in
the first and second rows, respectively, of the Young
tableau for SU(3). The additional condition from
the Young tableau is that {(,, {.) be antisymmetric
in the p columns. Sinee ¢, is of degree u, ¢» may occur
only in the antisymmetric forms
b = (012, 817, &7 @2.4)
fzm)-

That is, the homogeneous polynomials f must have
the functional form f(¢;, 6:2)."° The differential form
of this antisymmetry requirement is that

lef(fh §-2) = 05 (2*5)

where T;; is given by Eq. (2.1). T,, serves as the
Weyl alternation operator, 2§,-g, the operator
which antisymmetrizes an unsymmetrized tensor
with respect to the columns of a Young tableau.

The unitary transformations Ty on s may be
defined

= (7110'2 — 190y, 01§ — by, Ly —

va(g‘ly {2) = f(!Ug‘ly ‘Ufz); (2.6)

where ‘U is the transpose of U, an element of SU(3).
‘When the variables {,, £, in C; undergo a unitary
transformation U, Ty defines a transformation of
the elements f(¢y, ¢») in the Hermitian space §,. It
may be shown that the transformations 7'y form
a unitary representation.’ The spaces L, are ob-
viously invariant under a unitary transformation
Ty, since the right side of Eq. (2.6) may again be
expressed as a linear combination of polynomials
§(£1, ¢2) of the same degree in {4, §,.

For §s, the Bargmann differential operators [Eqgs.
(1.5) and (1.7)] become

M (¢, 5'2) =
from Eq. (2.6).

M) + M) @20

B. Row Labels

The row labels a of the representations D are
specified in the usual manner by the two linear
commuting operators Y, T, of the rank-two group,
and

=T + To + Maul,s, 238

the Casimir operator of the subgroup SU{(2). The
base vector is uniquely specified by the conditions

8 f(r,4e) and f({y,812) are used interchangeably in the
article.

1 H, Weyl, The Theory of Groups and Quantum Mechanics
(Dover Publications, Inc., New York, 1931), p. 359.

(2.2), (2.5), and
Y Pgja) =y ;a),
To s a) = & [Mu;a),
T s a) = it + 1) ;)

where @ = (y, t, £,). The numbers ¢ and ¢, are the
isospin and the z component of the isospin, whereas
y is 3 times the hypercharge quantum number.
Since the operators (2.2), and T, T,, Y are Hermi-
tian with respect to the inner product, the base
vectors are orthogonal,

(Mw; @), (Wu'507) =
using Eq. (1.2).

The base vector |\u; a), as an explicit function
of {1, &3, may be constructed with the appropriate
raising and lowering operators of SU(3) using the
operators M ;; and appropriate products. The method
has been used by Elliott,"” Elliott and Harvey,'
Hecht," and Gel'fand and Zeitlin,’® and the base
vectors appear in the literature (see Bargmann and
Moshinsky,® Moshinsky,'® Baird and Biedenharn,"”
and Mukunda and Pandit'®). Only the result is
quoted here.

Pp; a > = NQw; ) (—1)°
(& — @!p!

,
X Z"(k)(u—- g—k!'p— -l
X £ AR (= ST D), (2.108)

where N (\u; o) normalizes |Ay; o) to unity (derived
in Appendix A},

3)&» sm.u 6am (2'9)

NQw; o)
{p O+D! (utp—g+1)!
Vgl (=) \—p)! (w+p+D! \+p—g+1)!
% %ﬁ%l} (2.10b)
and
y=-2r +w+3p+9, 0p=)

0<g<un (2.10c)
r=0,1,-- 2L

ﬂJ) P. Elliott, Proc. Roy. Soc. (London) A245, 128, 562
1958
( 13 J, P. Elliott and M. Harvey, Proc. Roy. Soc. (London)
A272, 557 (1963).

WK, T. Hecht, Nuecl, Phys. 62, 1 (1965).

% T. M. Gel'fand and M. L. Zexthn, Doklady Akad. Nauk
SSSR 71, 825 (1950).

16 M, Moshmsky, Nuecl. Phys. 31, 384 (1962).

17 (3. Baird and L. Biedenharn, J Math. Phys. 4, 1449
1963),
¢ 18 N, Mukunda and L. K. Pandit, J. Math Phys. 6, 746
(1965).

t=4+3i0 -9,

t{):t““r,
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The second factor in Eq. (2.10b) may be recognized
as the Condon and Shortley'® normalization for
the lowering operator T. = M,,. A specific phase
convention has been assumed,

T_ | ytte> = Cy u; ytty — 1>, (2.11a)

where C, is a positive constant. In addition, the
requirements

(M43, ¢+ 1), (b + D), Mis ;) >0,
(2.11b)

(Pusy + 3, (¢ — 8, (b + B, Mys ;) >0
(2.11¢)

specify the phase of [Au; @) with respect to p and
¢. This phase convention agrees with Elliott and
Harvey,"” and Hecht' (though their hypercharge
is the negative of the above), but De Swart,*
Biedenharn,® Kuriyan, Lurie, and Macfarlane,*
and Mukunda and Pandit,'® assume the matrix
element [Eq. (2.11¢)] to be negative, since the SU(2)
factor of Eq. (2.12¢) is negative-definite.*

C. The Representations D*»

1. Irreducibility

Ty defines a transformation of the elements f(z)
in the Hermitian space §, [see Eq. (2.6)]. The unitary
representations ©*(U) aredefined by restricting Ty, to
act in the subspace Q,,:

Ty ey = 2 OY.(U) Pwsa),  (2.12)

D a(U) = (s @), Tor hat; @) (2.13)

using Eq. (2.9). The representations D are ir-
reducible.’* By Schur’s lemma, it is sufficient to
prove that every linear operator A defined on Q,,
(which commutes with all T';) is necessarily of the
form A = a-1. If A commutes with all T, then it
must also commute with all the generators M,;, by
Eq. (1.6). The operators T,,, T,,, which define the
invariant spaces Q,,, and the antisymmetry opera-
tor Ty, (or T,), commute with the generators of

19 E. U. Condon and G. H. Shortley, The Theory of Atomic
fgggt)ra (Cambridge University Press, Cambridge, England,

20 J, J. de Swart, Rev. Mod. Phys. 35, 916 (1963).

2 I, C. Biedenharn, Phys. Letters 3, 69 (1962),

2 J. G. Kuriyan, D. Lurie, and A. J. Macfarlane, J. Math.
Phys. 6, 722 (1965).

2 For the Biedenharn phase convention, the base vector
Eq. (2.10) must be multiplied by the factor (—1)e.

# A different proof of the irreducibility of the representa-
8%%% ;nay be found in M. Moshinsky, J. Math. Phys. 4, 1128

the group M,; and are of the form A = «-1. There
are no other linear commuting operators.

2. Inequivalence

The representations ©*(U) and "'*'(U) are in-
equivalent for X £ A or u # u’. The proof follows
from Schur’s lemma.?® If e,, -+ , e, and fi, -+ , fa
are two sets of vectors in the spaces L, Q, re-
spectively, and if V, is a set of unitary operators
defined on £, L, then

Vee: = ’Z_;eipi-‘(a)’ Vit = ; fioe(e),
where the matrices p,;(a), o,.(a) are unitary and
irreducible. Let 8;, = (e, f.) be the inner product
matrix. Then it may be shown', employing matrix
notation, that p(e)B8 = Bo(a). That is, 8 is a mapping
of the space © onto L’. Schur’s lemma implies
either

(1) 8 =0,ie., (e f,) =0, forall g, r, or
(2) the representations are equivalent and 8 is a
multiple of the unit matrix

(e, ) = Bir = (2.14)

Then, the dimensions of the representations are
equal, and for ¢; = f,,

€ 6.-,..

(2.15)

The representations are certainly inequivalent if
the dimensions

N=3+DO+ DA+ +2)

of Q,,, Q. are not the same. In the cases where
the dimension N is the same for different spaces
Oy Oweyr, the inner product is zero [see Eq. (2.9)]
and an equivalence transformation 8 cannot be
found.

(e;, e,-) =€ 6,’,‘.

D. Complex Conjugate Representation D>s (u)

Since the SU(3) transformation matrix is uni-
modular, the 3 X 3 determinant

L & &
N = fa'(g'l X §'2) = {3612

oy, 0Oz 03

m N2 (2-16)

is invariant under a unitary transformation. This
implies

% See the statement of Schur’s lemma given by Bargmann
in Ref. 1.

% The dimension is the same for Q,, and Q,,, but there
are other possibilities, e.g., for N = 15, the following parti-
tions D\:F’] exist: [2,1], [1:2]: [470]1 [0’4]'
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E ‘Uia gD:;(ko'l)(U) = 5””

a

since D" (U) = U. 9'***" is the irreducible unitary
representation associated with 6,,. From unitarity,

ONU) = TU.

2.17)

(2.18)

When the variables ¢, {, undergo unitary trans-
formations, the 2 X 2 antisymmetric forms &,
transform with respect to the complex conjugate
representation. Given a base vector of the functional
form f({,, 8:5), the base vector |A\u; «), associated
with the complex conjugate representation

Ty sa)e = 25 Do) Pusof)e  (2.19)
may be obtained by exchanging {, < 8,,, and this
is the explicit R-conjugation transformation.?”:*®
Define the transformation R as

Rf(fl: 312) = f(au: fl)- (2-20)
Then,
R [Mu;a) = C [ a), (2.21a)
where
_ o+
N

The operation R, Eq. (2.19), is not a unitary trans-
formation; the base vector |\p; «), must be nor-
malized to unity, Eq. (2.21).

If the following changes are made in the base
vector M a): @) A p,p—op — g, ¢\ — p,
r— 2t — rand (b) k >k — p -} r, then, upon
comparison with |Au; @)., one obtains

Pasa)e = (=177 |ux; —a),  (2.22a)

where

—a = (—y, t, —1).%° (2.22b)

The operation R is thus a one-to-one mapping of
Q)‘“ onto 0,,)‘.
Relation (2.22) is analogous to the SU(2) result'

wh = (=1)*™i,. (2.23)

27 D, Lurie and A. J. Macfarlane, J. Math. Phys. 5, 565
(1964) give an implicit derivation of R-conjugation. The
term “R-conjugation” is due to M. Gell-Mann, California
Institute of Technology Report CTSL-20 (1961).

28 See also G. E. Baird and L. C. Biedenharn, J. Math.
Phys. 5, 1723 (1964) for a discussion of the conjugation
operation for SU(n) in terms of operator mappings.

29 Since y = 3 X hypercharge (Y),

(—1)latto = (—1)wh—tot2isotm)

which agrees with de Swart (Ref. 20).

The important distinction between Eqs. (2.21) and
(2.22) is that w,! was a member of the same Hilbert
space as v,], but [Ag; @), is a member of Q) (not Q,,).

3. REDUCTION OF THE DIRECT-PRODUCT
REPRESENTATION#

A. Reduction of D 1m () Dra

Let §, §&¥ be the Hilbert spaces of analytic
functions f({1, §2), f(¢s, £4), respectively, where {; =
(&, n:, 0:) is a member of C3. Fe = F¥ @ F&2 is
a Hilbert space of analytic functions ({1, &2} &a) &4)-
The subspace

Q)‘xu;hua = ’Ohm ® ’th

of {1, is spanned by the N, N, direct-product vectors
|)\1#1; ) l Aatio; az), where N; = 3\, + 1)(u: + 1)
O + pe + 2),7 =1, 2, 3, the dimension of the
ith space. For any SU(3) transformation U, the
operators T{" and T are defined on ¥ and F¥
respectively, by Eq. (2.6). For a function f({y, {3
s $u), & member of §., TH'? forms a unitary
representation

(T 2N, &5 8, 80) = (UG, ‘Uts; 'Uts, 'UL).
Further, since for Q,,,....,
F(&1s E25 &3y §2) = f(S1, $2)1(Sas $0)s
(T3 2N, tos & £ = fCUS, ‘UL (Uss, 'UL)
= [(T;fl)f)(fn fz)][(Tl(rIz)f)(fa; £,
the result follows that
TG? =TYP QT . (3.1)

Thus, T?, restricted to the space Qy 2,4, Dro-
vides the direct-product representation

D(U) @ D™(0).

The infinitesimal transformations on §,, are

Mt’i(?l; g‘z; fs; ?4) = M-’i(g‘l’ ;2) + M"i(g‘3’ {4)' (3'2)

The extension to §,s is obvious. Define the trans-
formation

(Tg'z'a)f)(fn £23 $ay $4; $sy $o)
= f(‘Ufn ‘Ufz; ‘Ufs: 'Uﬁ; ‘Ug'm ‘Ug'e)-
Then,

(1,2,3) (1,2) @) __ mi1) (2) (3)
Ty =Ty ®TU =41y ®TU ®Tu .

% The discussion of Sec. 3A follows from that given by
Bargmann (Ref. 1) for the group SU(2). The functional
space is now §s and the proof of the theorem on the reduction
of the direct product must be altered to account for the
degeneracy in gi.rect product states.

3.3)
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The direct product representation may be reduced
according to the formula

[)\1#1] ® D\zﬂz] = Z g()\iM;)D\sﬂa]; (3.4)

where g(A\.p;) is the degeneracy, the number of
times the irreducible representation ®™** is con-
tained in DM** @ D'**. For each partition [Asus)
there exists gN; independent products \pu; «,)
\apts; o). Associate the index k with the space of
N; orthonormal base vectors®

Q{I:})h)\:lh7 k= 0’ 17 ;9 — L.

If the irreducible representation ©**** is contained
in the product representation D*** ®Q D***’, there
exists N; orthonormalized product base vectors

. . )
l)\3ﬂ3 ] as)k m Q)‘,mhu-

such that

TE® Naps; ashe = 25 Detiei(U) Natia; o). (3.5)

(Note that the irreducible representation ®**** has
no subindex % because the equivalence transforma-
tion B, [see Eq. (2.14)] equals 8., since the base
vectors [Asps; as), are also assumed orthogonal with
respect to k.) Consider the expression

a; = Zn- l)\sﬂa;a:«x)k [)\3#.3;0‘3)”

k=01, y 9 — 1 3.6

as a member of the space

Q(k)
Aigidgpaitada e

a;, being the sum of orthonormal functions, is not
equal to zero. If ©***(U) is contained in the product
representation D'** ® D™, then a, is invariant
in the triple-product space

foly :
Mipahanspsds *

Tg.z».a)ak “ B I)\a,us, 043)1:)(T

l)‘3"3 ; aB)c))

-z
from Eq. (3.3)

Z Z |)\3#37 0‘3)1:

as s

X-u:

D (V)

}: [Nans; ', :Dt:,“,'a.(U)}

Qg

using Egs. (3.5) and (2.19)

31 The method of labeling orthogonal spaces
g(k)xllh)\:llt
is discussed in Sec. 3C.

>

dzrcare

X X D) Oh,.. (D)

- x

A3y

|>\3M3; AN ()\3#3§ YR

|)\3M3§ ob)s P‘a#s? aél)c L P

since the representations are unitary. Hence,

1,2,3
T;; )ak = Q.

3.7

Conversely, let h, be an orthonormal function in
Q{’:L.x.p.p.x, such that

T;jl'z'a)h), = hk. (3.8)

Since the funetions |A;us; @s), span the space Q,,,,,
h, has an expansion

= 2 X

(3.9

; 0la)e

with x* uniquely determined in
Q)(t,:l)h)\nll: .
TG = Tw TG PXDTP Dot )

using Eq. (3.3).
Z Z (T(l +2) (k)
by definition, Eq. (2.19).
E Xa; " |)‘3#3; aa)

)z‘x’a":.aa(U) l)‘3“3 ) a3)

by assumption (3.8). Thus,
(k) Z (T(l .2)

Multiply (3.10) by D* .. (1)

Xar) Dl a(U).  (3.10)

and sum over «f’. From the unitarity of the rep-
resentations,

TY2xD = Tw 58 D
Consider the inner product of h,:
(s bx,) = Za. (Xa) |)‘al-¢3; @)e Xf:k.l')
3 6 X,

since the vectors |\;us; as). are orthonormal. The
representation D™ associated with x%’ is unitary

and irreducible, hence, according to Schur’s lemma,
[Eq. (2.15)]

Aaps

Daa(U). (311

[Nud; b))

(k) k')
aa } Xa- )
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is independent of the row label a;. Thus,

(hey be?) = d(k, k"5 Naps) Z'l

= Ny dk, k'; Nsuz) = 8,

(3.12)

since, by assumption, the invariants h, are ortho-
normal. Thus, if A, k = 0,1, --- , g — 1, is ortho-
normal with respect to the index k, then by Eq.
(3.12), so is x**). The base vectors \;us; a3): have
unit norm, so that

[Aapa; as)e = (V. 3)insz
are the orthonormal functions in
SRR
associated with the irreducible representation

:D)u#a ( U) .
The 3(Au) coefficients may be defined

Z {>\11~¢1 Nopta >\3M3}
ai
k

Q Qg

(3.13)

th

X Nipg; o) Napz; o) [Napiss as)e.  (3.14)

The 3(A\u) coefficients provide that linear combina~
tion of triple-product functions |Auij ou) | Aops; @s)
|Asus; o). which yield an invariant h; in the triple-
product space. From Eqgs. (3.9) and (3.13),

l)\a#a§013>k = (N 3)*

Mfts Aotz A
X 2 { o o Sya}k P en) Phapia; ). (3.15)

o Gy o3

The 3(A\x) coefficients, defined by Eq. (3.14), when
multiplied by (N,)}, yield the standard coupling
coefficients. If the invariants h, are given, the ex-
plicit evaluation of the 3(Au) symbol involves taking
the inner product of h, with the triple-product
vector

{)\1#1 Aotz ks#a}
@ Qz Qa3 /i

= (|>\1ﬂ1;051> |)\z#2;0‘2) P‘s#a?as>c; h,,). (3~16)

Thus, the evaluation of the 3(\u) coefficients is re-
duced to the construction of an invariant h; in the
triple-product space, and as we see in the next two
sections, this is not a difficult task.

h(k,-) — A(k.-) [3'1 : (fa X fs)]ko(fs : 553),“(;1 : 555)k’(§'1 : 534)’“(?5‘ 534)1“

B. 3(2y) symbol for the nondegenerate case®:
9)\10 ® D)\n‘s

Notation: Associate the variables (¢, £2), (&3 {4,
(ts, o), With the base vectors [Aus; ar)y [Aapts) a2),
IAstta; a3)., respectively. Label the 2 X 2 antisym-
metric forms:
by = (8 87, o @17
oty £y — 5:'71.')-

The most general invariant b, may be constructed
from a linear combination of products of 3 X 3
determinants. The following conditions must be
imposed on A,:

(i) Tl2hk = 0; T34hlc = 0, T,mh], = 0, (3.18)

= (77-'0'1‘ — 704, 0 —

since h, is of the form Eq. (3.14). By inspection of
Eq. (2.10a), one sees that |\0; a,) is independent
of 8,,. Hence h, must not contain 8,,, and 7',k = 0
is satisfied automatically. &, may then have the form

m=§mmmmxm?

X (57 850)* (£1- 80" (£5- 8™, (3.19)

(ii) From the requirement that 4, be in the
space

QMO)\:M!I‘:)\:)
the degree conditions follow

k1+kz=}\a; ko+k2+k5=)\1, ksZO;

(3.20)
ko + ke = psy, ko + ki = Ny, ks + ks = pa.
This may be rewritten in the form
Bo=P = Qatum), k=P~ (atm) 5908

k5=P_(>\3+#3); k1+k2=)\a; k5+k6= Hz,
where

P = kO + kl + kZ + k5 + kS (3.21b)

= 30\ + N + 2u + 20 + p).

From Eq. (3.21), the partition numbers Ay, A,
[Asps], uniquely specify the integers k,, g(hin;) = 1.
Redefine the coefficient B.(k;). Eq. (3.19) becomes

k!

k,!

(3.22)

k! k! kel 2

3 The general expression for [\,z] ® [k,0] has been derived by M. Moshinsky, Rev. Mod. Phys. 34, 813 (1962) in terms of

a finite series.
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A(k;) normalizes the inner product [A(k,), h(k.)] to unity, and is evaluated in Appendix B. The result is

P+ oo+ ky 4+ ko + D! (ko + Ky + ko + D(ko + ks + ks + D!

{h(k-'): h(k:)] = [A(k-')]2 Orirrs,

Since h(k;) is orthogonal, there exists N; orthonormal
base vectors

l>\3”'3 H a3) in QX;OX:“:)

corresponding to each set of values k,, provided
that k; satisfy conditions (3.21). To determine
whether the decomposition is complete, sum over
the number of reduced direct-product vectors consis-
tent with the constraints on k;:

;N3= 3 0s+ Dus + D + 5 + 2)

As Ai—ka

2 2 at 1+ —k)
X(l‘z_)\1+1+k2+2k3)

n =

2ko! byl Ea! K5 Kol (Bo 4+ Ky 4 1)) (ko + ks 4 1)!

(3.23)

X()\2+#2+2+2k2+k3)
= %()\1 + 1)0\1 +2)3(\ + 1)(#2+ 1)()‘2+#2+2)
= NlNz.

The number of base vectors [Azuz;az) in Oy oneus
is N,N,, and since this is the dimension of the space,
the reduction is complete.

The inner product of A(k;), Eq. (3.22), and the
triple-product vector yields the 3(Au) symbol for
the nondegenerate case. h(k;) must be expanded,
constraints from the integration [see Eq. (1.2)] must
be applied, and (using binomial identities) the sums
must be contracted. The details are quite tedious
and only the results are given here.*

(=D s+ 1+ko+b—0)!

{)\10 Azpdo xaﬂa}
2
3 a! (ks

a; O O3 —a)' (‘La Q3_b)! C! d! (p3""d)! ()\3_p3—k2+d)!
X ()\3+ﬂ3+1"k2+d)!
[—(s—ga) +M—p1—a+D]! (us+ps+1—ketpe— e —c—d)! [~ (us— ga) +hks— ko -+ —p1—a+c+d]!

[ﬂa“Qa+k2+k5_()\1—p1)_’ b—d]!

X G —o) Dt e

g +1+ko— (M —p)+a—c]! [ps—

gs+ks— M —p)+a—b—d]! (b—c—e)!

— Oa—b—)!
oI e e e e @29
where
r=ritr=k+tp—g—(m—g) from = () + () ol by = (t)s,

Prt D2 =2ko+ p2— @2+ ps — (us — ¢s) from Yo+ v = s,
and
- (=1)**"* AGk) r

N(MO; a)N(opz; )N (Nsus; Yatsts) ol 75!

(Ma + 0~ @+ D e+ pe— o+ D e+ 90 — @2 — ) (3.25)

(us + s + DI+ ps — gs + D! (u2 + p2 — Q2)'

N\ o) is given by Eq. (2.10b) and A(k.) by
Eq. (3.23). For u, = 0, Eq. (3.24) reduces to one
sum and for the two special cases where o; is mini-
mum or maximum,

() @ = Wominr tmin (E)s = —tani),
Ps, ¢ = 0, r; = 203,
(il) gy = [y3mu) tam-x? (to)s = t3m|x]’
Ps = As s = Ma, ry =0,

the above expression reduces to a single factor. Let
the phase convention for the 3(An) symbol be the

% Aside from the general expression for [\,u] @ [£,0] derived
by Moshinsky (Ref. 32), other special cases appear in the
literature, e.g., Hecht (Ref. 14) has coefficients for the
special cases [\u] [2,0], [0,2], [4,0], [2,1], [1,1] in terms of
single factors. N. Mukunda and L. K. Pandlt J. Math.
Phys. 6, 1547 (1965) have closed expressions for the product
A u] ® [3,0]. Coefficients of use to high-energy physicists
have been constructed by S. Sawada and M. Yonezawa,
Progr. Theoret. Phys. (Kyoto) 23, 662(1960),A R. Edmonds,
Proc. Roy. Soc. (London) A268, 567 (1962); M. A. Rashid,
Nuovo Cimento 26, 118 (1962); and J. J. de Swart (Ref 20),
among others.
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following®*:

{mo Nakta xsus} >0

O3 5

'4
Oy Q2

(3.26)

Case (ii) then allows us to determine the correct phase factor:

{)\10 Napta )\3H3} = (_1))‘1_’,‘”'”0 A(ki)
a; o N(AO; o )N(N\opta; aa) N (Napia; otz )

Q3

(I‘z +p2 — Q> + 1)!(M2 +pz — gz — 7‘2)'1"

X

If @i = ay,, it is clear the 3(A\u) symbol must be
multiplied by (—1)* to satisfy the convention,
Eq. (3.26).
C. 3(.y) symbol for the degenerate case:
DI ® D roug

To determine the 3(Mu) coefficients uniquely, it
is necessary to determine the invariants h,(k;)
uniquely. In Sec. (1) below, conditions are placed on
the invariant, but, unlike the previous case, the in-
variant is still not uniquely determined. Linear
combinations of the invariants are possible, and in
Sec. 2, two methods are employed to orthogonalize
and uniquely determine the invariants. The explicit
expression and completeness of reduction then fol-
low, as in Sec. 3B above.

1. Form of invariant

The following conditions must be imposed on the
invariant h.(k,):

(OD YHth = 0, 1}4hk = O,

since the invariant has the form Eq. (3.13). The
most general invariant &, must then have a summand
of the form

Bk )[E1 (5 X £ F(k) 812+ (a6 X 8:)]*, (3.28a)
where
F(ki) = (fa ° 856),“(;‘1 ¢ 556)“(5‘5‘ 512)’"
X (5'3' 512)’“(&'1 * 534)kl(§'5 * 534)’"-
(B) Since h,; is a member of the space

glw)
A1 dapapada?

Tsshk = 07

(3.28h)

# This phase convention, the choice of a1y, a3y, agrees
with most authors, but the definition of highest weight state
differs, e.g., since Hecht (Ref. 14), Elliott (Ref. 12), and
Elliott (Ref. 13) have —Y, they would be considering the
minimum Y state, compared to the notation of this paper.
de Swart (Ref. 20) and Kuriyan, et al. (Ref. 22) choose
I, = Imax (and associated Y') as the highest weight state.

(I-‘z - Q2)! (F-z + P2 — 92)! kol kol kgl O\l - px)! ()\2 b pz)! O\z + p2 — Q2 + 1)! [k1 -— ()\2 - pz)]!ﬁ!rz!'

(3.27)
ko + ks + ks = ps, k6+k1+kz=)\ay
ko+k1+k4=)\z, ko+ks+ke=ﬂ2; k.’ZO;
ko + ke + ky = A,y ko + ks + ky = My« (3-29)
From Eq. (3.29), it may be noted that

ko — ki =P — (uy + pa + o), (3.30a)
where
— > e 14
1) kD 4_ kl 4- 4- k& 4— Zko (3-30t»

= %O\l + 2Zu 4 N+ 2u + 27, 4 Ma)-

The requirement that the invariant &, lies in the
triple-product space

£3(H
Auihspspade)

[Egs. (3.29) and (3.30)] allows for a range of values.
of k, instead of a unique set, as in the previous case,.
and this gives rise to the multiplicity problem.

The terms of the summation, Eq. (3.28), are not.
independent because of the identity

[f1:(Fs X $0)1(812-(8ss X 8s)] = Hy + Ha, (3.31a)
where
Hy = ($a°0s0) ($5 012)($1° 834),
H; = ($1856)($3 812)(£5° 834).

To require that the invariant h, be a sum over
linearly independent terms, set

() k=0, for ko — ki =P — (u, + ps + )
20,
(i) ko =0, for ko — kj < O.

If the largest common term, F(p,), is then factored
from the sum, the invariant k,(p;) may be put in
the form

hi(pd) = [61 (5 X fs)]koF(Pi) E Bips s, ma) (H,)"H*,
n+n =N (3.33)

(3.31b)

(3.32)
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fork, — &} > 0. For k, — k} < 0, the invariant &,
becomes

hi(pd) = [812-(8se X 850)]""
X F(p) Z &(pi; my, )HY(H)™, 1y +np = N,
(3.34)
wherek = 0,1, -+ N =g — land k; = p; + n,,

1=1,8,5;k: = p; + ns, 7 = 2, 4, 6 and with the
conditions

ko+ os+ oo+ N =ps, ki + pr+ o+ N =,
ko+ oo+ pu+ N =X, B+ ps+ ps + N = ps,
Lo+ potps+N =N, ki+ 05+ ps + N = .

p: 2 0, (3.35)

According to Eq. (3.32), k, or k} equals zero in Eq.
(8.35), depending on the sign of the difference.
The exact expression for N + 1 = g¢,°° the number
of times the irreducible representation D“** is
contained in the direct-product representation
i ® DM, is quite complicated if simple in-
equalities are assumed on the partition numbers
[Ain;). Conversely, if complicated bounds are im-
posed on P, then the expression for N is simple.
Write the conditions (3.35) in the alternate form

po— ps =P — (2 + N + ),
ps = ps = P — (s + N + pa),
pr = ps =P — (g + N + ),
Ps“‘Pl"“P—(Az‘f‘Mz“P)\s);
pe — p2 =P — (M + p N9,
pp— ps =P — O\ + o).

Equations (8.36), (3.30), and one relation of Eq.
(8.35) constitute the alternate set to Egs. (3.35).
N = n, + n, is chosen such that there is one
unique seb of values p,. At least two p; equal zero,
one for 7 = 1, 3, 5, and one for ¢ = 2, 4, 6, respec-
tively, depending on the value of N. From Eq.

(3.36)

& B. Preziosi, A. Simoni, and B. Vitale, Nuovo Cimento
34, 1101 (1964), have calculated g from a straightforward
multiplication of Young tableaus. Other methods for deter-
mining the degeneracy g appear in the literature. Freudenthal’s
formula, an implicit formula in terms of a recursion relation,
sppears in N. Jacobson, Lie Algebras (Interscience Pub-
lishers, Inc., New York, 1962). The formula is derived by
relating the weight and multiplicity structure of SU(3) [also
SU(n)]. J. P. Antoine and D. Speiser, J. Math. Phys. 5, 1226
(1964); 5, 1560 (1964), describe graphical methods for general
gimple compsct Lie groups. 8. Gasiorowicz, “A Simple
Graphical Method in the Analysis of SU(3),” Argonne
Report ANL-6729, is a review article of the Speiser method
for SU(3).

(3.36) the expressions for g follow:
p: =0, P4=7\2+M2+H1_P, ko > 0, (3‘37)
pp=P—N+m+r) p20
and Case I:
p = 0, N =1,
ps = P — (N2 + 2 + No),
ps =M+ +p— P,
Case II:
N=P—0N+nm),
pr=2N 1 u+Nx—P,
ps =P — (u + X + ),
or Case III:

ps =0,

ps =0,
pr=P— (N + m+ m)),
N=p+M+m+r-—-2"~P
ps = py + A 4 ps — P

The other possible bounds on P, and expressions
for N, are obtained by exchanging (\ ) <« (Aaps)
and (Apy) < (ushs) along with the corresponding
changes of p; [see Sec. 3D]. Altogether there are nine
possibilities. When k) > 0, the correct degeneracy
expression, N, is obtained from Eq. (3.37) by ex-
changing \; <> p; and making the corresponding
changes in p; [see Eq. (3.66)].

I

2. Determination of B.(p:; 11, 1s)

Given the invariants Eqs. (3.33) and (3.34), the
problem still remains to uniquely specify the g°
coefficients B.(p.; n:, n,). Orthogonality of the in-
variants h(p;)} provides 3g(g — 1) conditions, nor-
malization g conditions, thus #g(¢ + 1) conditions
in all on the g° coefficients. Any set of coefficients
B.(p:; 1, ms) may be related to another set
BL(p:; My ny) through the transformation

N
Bilpi;nyy ng) = Z;)Bkmf’n’a(m;m,nz) (3.38)
or
N
h):(Pg) = ZoBthv(pi)} k = O’ 1) M
This implies, from Eq. (3.14), that

{)\1#1 Aophs ks#a}' - z BH{MNI Agphz )\3”3} . (3.39)

Q Oy Q3 o Qy O3
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If the new set of invariants h[(p;) are orthonor-
malized, and if the 3(\p) coefficients are chosen
real, then B,; is an orthogonal transformation.

Two methods are now discussed to uniquely
specify the eoefficients 8:(p;; 7, n,) and form orthog-
onal states h,(p,;).**

8. Moshinsky's operator X

Moshinsky hasconstructed an Hermitian operator®”
X

X = TarssTe:Tsoavay @, 8,p=1,2,
which commutes with the operators

sz: Ts&; Tse; Ts‘i; 1 = 1; Tty 63

(3.40)

and the generators M,;, and which combines the
variables of the separate spaces®

‘ka; ] th .

The invariant k. (p;) must then be diagonalized with
respect to X

Xhi(ps) = zlphi(ps).

The eigenvalues z.(p,) are, of course, real, and
Moshinsky® has shown that they are distinct.

The operator X, operating on the summand of
Eq. (3.33), yields

X{[6 (s X E)“Fp)H)"H?'}
= [£1:(8s X £)]°F (o)
X fpss 1, n)HY H" + g(p:i; 1, 12)
X (H)"TH™ + h(ps; ma, ma) HY VH '], (3.42)

where

(3.41)

f(pi; 11, M2}
= (u + D! sl + 2) + (s + D + 5]
+ O i+ Dol + 1) + Foll + Fo + g +2)]
+ kka(ke + 1) + kikelhs + ko + 1) (3.43a)

and

% The row and state labeling problem hag been discussed
by G. E. Baird and L. C. Biedenharn in a series of papers:
J. Math Phys. 4, 1449 (1963); 5, 1723 (1964); 5, 1730 (1964).
In particular, they show the interesting result that the
multiplicity structure of SU(n) operators may be put into
a one-to-one association with the multiplicity structure of
the corresponding states.

37 M., Moshinsky, J. Math. Phys. 4, 1128 (1963).

3 L. O'Raifeartaigh and A. J. Macfarlane (o be published)
have constructed an operator from the generators of SU(3).
Professor Moshinsky bhas pointed out in discussion that this
operator differs from the operator X only by Casimir
operators. Other operators satisfying the above conditions
may, of course, also be constructed.

g(pi; e, na) = —kiksks, hWpi;my, Mo) = kokkes.

(3.43b)

Similarly, X on a summand of Eq. (3.34) has the
same form as Eq. (3.42), but

fpi3m1, m5) = f(pi; 11, M) Jramo |
+ kolkiks + (ui + 2)(ua + 2) + ky(k. + 1)
+ WM+ o+ DA ke ks ks + 2) + 8K
+ 2ky + Kty + Fooks + Koks ++ Euks — 2k,] (3.44)

and g(p;; M, M), h(p:;; M, n,) are given by Eq.
(3.43b).

A secular determinant, obtained from Eq. (3.41),
must be solved for the eigenvalues z.(p;) to deter-
mine the coefficients 8.(p,; 11, n.). Given the coef-
ficients B.(p;; 11, 15}, the 3{(Au) coefficients are found
by taking the inner product of h.(p;) with the triple
product vector [see Eq. (3.16)]. The general 3(\u)
coefficient, in terms of the 8.(p,; n., n,) is then Eq.
(3.48).

The symmetry relations of the 3(\u) coefficients
are not obvious from the form of the operator X,
Eq. (3.40). If the simple case ¢ = 2 is considered,
e.g.,

Lux@i=21,134---,

the standard convention is to choose the 3(\u)
coefficients such that under the various symmetry
operations, one coefficient is symmetric, the other

antisymmetric. The 3(\u) coefficients determined
by X do not have this property.

4. Choice of Bi(p:; M, 1)

To require that the 3(\u) coefficients have simple

symmetry properties, let the 8,(p;; n., #,) be chosen
such that

Bilpss may ma) = (—1)*8x(p:; nay ;) (3.45)

fork =0,1, ---, N. The condition (3.45) separates
the invariants h,(p;) into states which are even or
odd under the various permutation operations on
the variables. The odd, even, states are then
mutually orthogonal. To finally determine the coef-
ficients Bi(p:; N4, n2) a Gram-Schmidt orthogonal-
ization procedure may be employed. Divide the coef-
ficients Bi(ps; 7, 7) by the normalization 8,(p;; N, 0),

Qy; = ﬁk(pi;iy j)/IBk(Pi;N7 0)1 k= 0,1, ... :N

(3.46)
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and choose the coefficients a,; so that the invariants
hi(p;) have the form

hlps) = [{1°(85 X fs)]ko

[k/2]
X F(pdB D Gua(HH)(HY ™ £ (Hy)*?), (3.47)

a=0

where a;, = 1 and == refer to k even, odd, respec-
tively, e.g.,

ho(ps) = [§1+(8: X fs)]hF(Pi)ﬁo(H?’ + szv),
ha(p).= [§1-(8s X fs)]hF(Pi)ﬂz *

necessary integrations being performed in Appendix
B.

5. Explicit expression

The inner product of the invariant h.(p;), Eq.
(3.33), with the triple product vector [see Eq. (3.16)]
yieldsthe3(\u) coefficient in terms of the coefficients®®
Bi(pi; 11, My):

{)\1111 Nolhz >\3ﬂ3}
o 05:; k
k,'! k0| (_1)mo-+mu+moc

) o IL
= (—1)¢ EBI:(PH Ny M) Hii N5l H. Mos:

Sup; a) = M(N\ps; @) Z

and

. o« 40
% [(H’;V + H’;’) + an(Htz)(Hiv_z + H;v—z)]. X .'Iil.z S(N#nai)s(ﬂa)\a; a’a); (3-48)
— 7 . —_
The factors 8, are normalizations and the coefficients ¢=umthk+ate, a i1y = 0,
a,; are uniquely determined by integration, the where
(_l)ui+ni+mimi! ni! (pl — ri + m,)!
ug (p. + m; +n, + ]_)'u" (p-‘ - n;)' (pi -7+ m; — n,)'
[ri = (ue = qi) +nd! .
3.49
X(—pi+ri+u’i)!(ﬂi+pi—q-'_ri_'ui)![ni_(#i—Qi) —pi + i + u! ( 2)
(ﬂs‘ + pi — q. + 1)! (N.' +p: — q — 7’.')!
i o) = . 3.49b
Mi; ) (i + 20 — ¢! NQupis ai) ( )
The following constraints must be applied to Eq. DL — T o= Mo + Moz + Nz + s — My,

(3.48):

Ny = Ngy + Ny, N2 = N5 + 7, i=1,3,5,
ng = Ny + Ba, ki = ps +my,
m, = Mgy + Naa, My = Mgy + Neg, i= 2’ 4, 6,
Mz = Nz + Nag, ki = pi + n,,
3 [
Z;’nu:kn t=1,---,86, .Z;mo'=k°’
< =

r=r 4=kt p—¢+m— a— ( — ),
Y 2% ol
=2k —ps+ P+ @Gt om— @t — @
P3+q:4=m01+mo4+n33+nas+m3+n3,
Mt — @+ 9)
= Mys + Mg + N2 N5y + My + 0y,
f3 — Gz = M2 + Mos 4 Maz -+ Moz — 74,
—m @t = Mey - Moy F Na - N2

—Ps = Moz + Mgs + Nz + ng, —

- T,

ms,

Nz -+ Mg + Moy + Moz + My + 1,
=7\2+#2—(pz+Q2),

Moy + Mos + Ny + Ny — My = py — 13,
Moy + Mg + Nyp + Ny — N2 = —pa + ¢ + 19,
(3.49¢)
N(\:p:; o) is given by Eq. (2.10b).
The phase convention is that of Eq. (3.26). The
necessary coefficient for this case is

{Nﬂx )\2llz )\3#3} =
k

’
Oy Oz Qzy

Bk(pi; N, n2)kll ks!
Xn,*;-h’ (2 + P2+ 1 — k)l [~(u2 — @) + ks]:’

(3.50a)

# Closed expressions for the coefficients for the direct
product [Mu] ® [1,1] have been given by Kuriyan et al. (Ref.
22) and Hecht (Ref. 14). T. A. Brody, M. Moshinsky, and
I. Renero, J. Math. Phys. 6, 1540 (1965), have recursion
relations to determine coefficients for general direct product
(A1) & [hops). X

4 The choice oy, rs = 0, is made because the 3(Au) coeffi-
cient, Eq. (3.48), may then be divided by the factor ((¢1),
(to)l; tz(to)z'tltgta(to)a = tt), the CG coefficient for SU(2), and
multiphed by (N3)1/2, to obtain the isoscalar factor, as defined
by Edmonds (Ref. 33).
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where

o = (=" + p» — ¢» + 1!
NQupy; @) NQopa; aé)N(ﬂa)\a; aza)(pe — g2)! (e + P2 — ¢2)!

a; is Y2 = N + 23 — ()\1 + 2#1), (ta)2 = %()\a - >\1);
with ¢, assuming, according to Biedenharn’s results,*®
¢ values for given e, ,, o5, To define a proper phase
convention, a nonvanishing 3(Au) coefficient must
be made positive. However, the phase of 8.(p,; 11, 1,)
is, in general, undetermined. For k¥ = 0, when
n, = N,n, = 0,and n, = N, n, = 0, it is clear from
Eq. (3.50) that the 3(Au) coefficient must be multi-
plied by (—1)* to satisfy Eq. (3.26). In general,
the 3(A\p) coefficient must be multiplied by (—1)°,
where ¢ is a function of the parameters k.

6. Completeness of the reduction

Equations (3.29) plus the restriction, Eq. (3.32),
give g independent terms, appropriate linear com-
binations of which yield g orthonormal invariants
he(ps), and, from Eq. (3.13), g orthonormal direct-
product base vectors associated with the irreducible
representations ®*. To determine completeness,
sum over the reduced direct-product states:

22 9N,
=32 g0+ Dlps + DO + s + 2)

n = n, + n,, where n, is the case k, > 0, and n, is
the case ky < 0, or

n= (3.51)

= n, + nf — n,, (3-52)

where n] are the terms k, < 0 and 7, are the terms
k, = 0. Instead of Eq. (3.51), the numbers k,;, Eq.
(3.29), may be substituted for A;us; the sum over
all possible k., using Eq. (3.32), then includes the
degeneracy g. Note that

[ —
Ny = N, ‘)q-—-u,. As—pus

The result of the summation is
n, = 0 + D + DO+ 2 + 12 + 2)
X (e — p2 + 1) + 200 + Dz + D], (3.53)
no =3 + DO+ DO + 2 + 2)
X A Mo = ) — M)
+ 20\ + D + D]

Putting Egs. (3.53) into Eq. (3.52), one can then
see that

n = ZgN;; = N“Nz.

(3.50b)

Thus, the reduction of the direct-product representa-~
tion is complete; the gN, product base vectors
Patta; ashey B = 0, 1, -+ , g — 1, associated with
the irreducible representation ®****, span the sum
of the spaces Q)

PRYIIR PYTI

D. Symmetry of the 3(A.y) coefficients4

Let the operator P,, exchange the coordinates
€1y £2) < ($a, &4). Then, from Eq. (3.33) (ko > 0),

Pphi(p) = (—=D"[51- (5 X £)17[P1F(p))]
X Z ﬁk(Pi;nzy n1)(H1)MH’2",

using the fact that P,,H, = H,. Let ®,, be the
operator which exchanges the parameters p, < ps,
ps <> pe, ps <> p;. Using Eq. (3.28b), it may be seen
that ®,P1.F(p;) = F(p,), and hence,

®uPiohi(pd) = (=) 51 (s X )17 F(p))
X Z Bilpt; my, n2)(H )V H3".
If it can be shown that

Bi(ph; nay n2) = Bilpi; Ny M), (3.54)
then the result follows
@12P12hk(pi) = (_1)k“+khk(Pi)- (3-55)

Using Eq. (3.14),
6’12P12hk(P¢‘)

Aotz Ajity A
= 2{ 2z Rik 3”3}" I)\lﬂl; al) l)\2#2;6¥2> l)\aﬂa; 013>c-

@ Q; O3

The relation

{)\2;.:,2 P STH )\ap,g} _ (_l)ko+k{)\1ﬁl1 Asbts >\3#3} (3.56)
& [24} 3 Jk '

o o o a o

then holds. A similar result follows for &} > 0.
Likewise, let P,; be the exchange (¢4, 2) <« (&5, Fo)-
It may be shown that

@13P13hk(P.') = (_1)k°+khk(P¢)

4 de Swart (Ref. 20) and Hecht (Ref. 14) have discussed
symmetries for the case ¢ = 2, J. R. Derome and W. T. Sharp,
J. Math. Phys. 6, 1584 (1965), have discussed symmetries
for 3-j and 6-j symbols of a general group without specifying
the phase or method of labeling degenerate states.

(3.57)
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assuming Eq. (3.54), where ®@,; is the interchange

of the labels
(3.58)

P1 > P4,

From Eq. (3.57),

{ﬂs)\a Aopts #1)\1} —_ (__ 1)k°+k{)\1ﬂ1 Nakhz )\3#3} . (3 59)
k k

Q3 Qy T a @y Qg

Pz < p3, Ps <> Pg.

Similarly, exchange of ({3, §s) < ({5, $a), P2s, and

U"Fe)HT + HY), [[“F(e)HY + HY)]

the interchange ®,3
(3.60)

P1 <> pe, Pz <> ps, P3 <> py

implies
{)\1#1 Hahs Mz)\z} = (_l)ko+k{)‘ll-‘1 Aotz 7\3#3} (3.61)
o Tay TQ)y o Oy O3

It is clear that Eq. (8.54) holds. The inner product
(ho(p"), hz(p,)) = O determines a21(p,-, ko)-

azl(Pi, ko) = —[[|’°°F(p,~)(H1§'

Exchange the coordinates, then, Eq. (3.62) remains
the same except F(p;) goes to F'(p;) = PF(p)),
where P stands for P,,, P,;, P;;. Next, exchange
the parameters p;, since

®PF(p;) = F(p)), ax(p;, ko) = an(pl, ko),

Eq. (3.54) then holds by induction. Assume that
the coefficients a,;(p;, ko) (for k, N even), for
j<3 = (@3N —1),---,1,0, have the property
that a;;(p;, ko) = ai;(p}, k). The inner product
(hn(ps); hilps)) = 0, for k = 0, 2, s N — 2
provides 3N inhomogeneous equations for ay,{p;, ko):

N/2
blcN(pi; ko) + z; bkaaNa(Pi; ko) =0,
k=0,2,..-, N -2,
Since, by assumption, b..(p:; ko) = bi(pl; ko),
ana(pi; ko) = ana(pl; ko).

A similar argument applies to k odd.
The conjugation result follows similarly. Note
first that
QR |)\1Il1; al) I)\zﬂz;Olz) Ixaﬂs;as>c
=4 |>\1F1;al> P\zm;az) 1)\3113;013>c; (3.63)

where R is the operation {; < 815, {5 <> 831, {5 < 850,
[see Eq. (2.20)] and ® changes the labels A; « u,,
a; — —a; [see Eq. (2.22b)], and

4o {@1 + D!+ DO + 1)!}*
&+ DT + D + D!

using Eqgs. (2.20) and (2.21). From Eq. (3.14) and
the fact that (hi(e.), hi(p:)) = Sus

[®RRhu(p:), RRIL(p)] = A® 8y
using also Eq. (3.63). From Eq. (3.65),

(3.64)

(3.65)

azl(pi, ky) = c21(pi; ko),

+ 5D, [PFeIEH)ET + HY )

(3.62)

where ¢,;(p;, k}) are the coeflicients of hl(p,), ko —
ky < 0, with the normalization factored out [similar
to Eq. (3.47)]. ® is the exchange of parameters,

PL<> ps, P2 py,  pat>ps. (3.66)

In general then, a:;(of, k) = cii(p:; k). Thus,
RRRi(p)) = (—=1)'hu(p,)’ A (3.67)

ko — K20 ke —Fk <0
The factor A [Eq. (3.64)] renormalizes the hi(p,).

(R.th(p) A E {llq)\x PV Ila)\s}k

a; —ay —Qg
X |>\1M1;a1> |)\2ﬂ2§az> I)\3F‘3}a3>c-
The result then follows:

{ﬂl)\l [T #3)\3} ( 1) {)‘1”’1 Noptz )\3#3} . (3.68)
3 k

0 —0 a3 o O
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APPENDIX A. ORTHONORMALITY OF
BASE VECTORS

Since Condon and Shortley'® have already given
the normalization for the SU(2) lowering operator,

— i
st = {Z D ey s
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it is only necessary to calculate the normalization

for the base vector |Ap; v, ¢, ). Equation (2.10a)
is, with r = 0,

[ yit)

= NQw; ytt)(— 1) () (o) 7 (— 812)°(8:)"

= NOw; @) (~1"

x 3 (9)(#= )1 o e, A1

where
WD=pt+tp—(a+d), @-=
@=x—pt+tgqg @D=a+t+hb,
G =q—-b O=p—g-—a

Take the inner produect (\g; ¥, ¢, &), [Nw'; ¥/, U, t')).
Using Eq. (1.2),

2 :b=10, ®:g=1¢,
®) :p =4, M:p=9p, @) A=V,

showing orthogonality. The inner product of Eq.
(Al) becomes

= NOw; vt (@)’ — 9T 2

4) :a=d,

p! bl N al g! u!
(a))*(d)*

and this may be summed (using binomial identities)
to be

= NQw; yt)*

s PLe! (b= 9! (\—p)! Atp—g+D! (wtp+ D!

N(Qu; yif), as given in Eq. (A2), times the factor
{(2t — )1/ @01}, is NQw; «), Eq. (2.10b).

APPENDIX B. EVALUATION OF INTEGRALS
A, Normalization of h(k;) for the nondegenerate case
0] & [Pl
hk) = Ak)

[§'1 (£ X Ea)*(§ - 830)" (£17 850) " (£s~ 830" (§1° 8a0)""
ko! k! k! k5! k!

Divide h(k,) by A(k.):

) = h(k:)/Ak,).
Multiply f(k;) by rieri i ri*ree and sum k;
; 1) H T
exp {rolt1-(§a X £ + 7a({s- dse)
+ 75($1-850) + 7a(Es0 8 T Te($10 850,

(B1)

d =

(B2)

[&(r), ()] = k{;‘ (k) §(kD] H 7 H COMR
(B3)

Integrate Eq. (B3) with respect to {4, &s:
(@, ) = f exp {(r, 835 + 72 615)

(] 855 + 73 81s) + T[E1 (8 X &)
+ (75 855 + 76 819) (7] 83 + 75 B15)
+ 7ol6a-(f2 X $91} dio,
where use has been made of Bargmann’s result'
le(2), f@)] = f(a),
Perform a change of variables
a6+ il TiG = Tl + T,

and a similar change for the complex-conjugate
variables. The exponential of Eq. (B4) has the
general form

exp [— & (bl — cA)Es + a5 + ax§3 + Cl.

By a translation of {5, Eq. (B6) may be put in the
form

(B4

e.(z) = exp (a-2). (B5)

T3 =

(B6)

exp [— 5+ (b1 — cA)S; + D],
1 + 7{7,/14%,, ¢ = 7}7s.

Ay = (5 8s)bis — (fs)i(g's)_i; suppressing primes,
and D is independent of {5, {5. Equation (B7) may
be integrated with respect to {} using Bargmann’s
result,

(B7)

where b = (B8)

[ exp (-A2) due) = et (1 — AT,

where Z-Az = Z,»,- Z:A,;;z;, and the matrix 1 — A
is assumed to have a positive-definite Hermitian
part. The integral of (B7) becomes

n o _ exp (D) due($y, &)
@, ) = f det (b1 = o)

b(b — (5 .55))2-

The denominator of (B10) is only a function of
{5+ s, so (B10) may be integrated with respect to
¢1; exp (D) may be put in the form

(B9)

(B10)

det (b1 — cA) =

exp [—{-(m1 — H)¢{ + E'], (B11)
where
m =14+ Tﬂ:B - TlTl [b - C(g.s g-s)]_l
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and

H;,- = —‘h(fa)'(fs)' + k[(fsfs) 5-’:‘ -
h=c¢/b 7t il 7 b — et £

(§a)s(Ea)il,

k= 372 T+ T07—'o[b - 0(5-5'5'5)]—1-
The result of integrating (B11) with respect to ¢, is

exp (B) dus(t)
b(b — c(¢5-§5)* det (m1 — H)’

(2, ®) =

If -
(8- fﬁ)[l + T b_| = -8,

then (®, ) may be put in the simple form

N dﬂa(g‘g)
(@, @) = f {1 — [(+"- D@ &) — (5812
(B12)

where
oTo + 7'17'1 + 7'27'2 + T57'5 + 7'6"'6:
d = 137775 + TiTeTéTe + TITiTET.

Expand the denominator of (B12):

(@ @) = 3 BEDLV T 16 4 m,
(B13)

I+ m) = [ duaet)es 8
(B14)

3+ m + 2)!
using (1.2). Thus,

(_:l" 2) ! (Tofo)k
E ol

where P = ko + k; + ke + ks + ke and

(@ 4)’) (7-'67'&)’“ S,

P+1—=—m! (="

§=1% Gy —m+ o+ y) ks — v — Y oo — y)! (s — m + y) il 9! (im0 — gy — y)!

S may be summed using binomial identities, and the result is

N o= = (7'07'0) (TeTe)k (P -+ 2)'
@, &) Z T bl bl kol

(ko+k t ke + DI (ko + ki + ko + D! oo + Ky + ke + 1)1

Comparison of (B15) and (B3) provides Eq. (3.23).
The expansion of the denominator of (B12), and

(o + ks 1)1 (o F ko + 1! B18)
In this integral, the limit may be taken,
In4+ m) =lim I(A,n + m) = 3(n + m + 2)!

similar expansions in this Appendix, may be justi-
fied in the following manner. In Eq. (B3), let
J(ki, k) = [f(k), (k)] be written J(A4; ki, k),
where the integration of {; is not taken over the
entire plane, but only over a finite portion.

J(ki, k7) = lim J(4; ks, k7).
A—®
The integral (B12) would be written

N d”3(§-5) .
(<I>, CI)) - -/;. {1 - [7','7-')(?5'?5) - d(fs'fs)z]}z
This integral may be expanded, since the 7’s may

be made sufficiently small. The coeflicient of
H (‘T’,‘)k‘ H T’::l iS J(A; k,’, k;), or

@ &) =Y. (n + D=1 )" d"

m! (n — m)!

X I(4,n + m),
4, m+ m) = [ du(Ee .

Ao

The integral (B12), and similar types, are well
defined if they are understood in the above sense.

B. Normalization for h.(p;)
In order to calculate the normalization for h.(p;),

o) = 22  Bilpismu, o) H(k),

where
H{k) = [§1-(5s X $)]"Flp) Hy (Ho)™
and F(p,) is given by Eq. (3.28b), with
ki = p; + ny, k! =
k: = p; + na, ki =

it is necessary to evaluate the inner product
(H(k:), H()). Multiply H(k) by JT (47K
and sum over k,:

pi + ni, 1=1,3,5,

pi+mni, 1=24,6,
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(@, o)

Il

20, [HEk, HED]
) ()

[ o 1, © + 20, 0] dun®). BID

(B16)

]

The integration may first be performed with respect
to ¢, ¢4, s, using Eq. (B5), and then {;, using Eq.

(B9). The result may then be expanded and inte-
grated with respect to the remaining variables. The
sums may be contracted by means of binomial
identities. The following result is obtained:

@, ®) = 2 (7or)“B™(—D) ™[4 + O] [B@)]"
X [@) + @I GO + G)1*-8,  (BI8)

where (7) = 7,7} (no summation) and S is the factor

S=(m1+ko+a2+1)!(2m1+2k0+2a2+¢13_a1+z4+ze+3)!

kg! 223!Z4!25!26!a1! (ml + ko + Oy — O + 1)! az!.asl

X(2m1+ko+2042—a1 +z4+ze+2)!('mf1+ko+a2—a1+z4+ze+1)!
(2m1+2]c0+2a2—a1 +Z4+23+3)! ’

m =23+ 2 + oy + a3,
d= DA + @G + 3)G)

= (71,7375 — ToTaTe)(TiTiT —

(B20)

Y
TITATE).

Expression (B18) must now be expanded out. The
terms may be collected in the form:

(B19)

O©F W)+ (6)*(r17578) " (rarara) " (Tirh ey (rhrlr )™,
where

Ttz =N=y + 9

with the appropriate coefficient giving the result
(H(k,), H(&))]-
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The Hilbert space method, employed in the previous article to obtain the coupling coefficients of
SU(3), is used here to obtain the recoupling, or 6(A\u), coefficients of SU(3). The coefficients are
formulated in terms of a generating function involving an integral, and an explicit expression is
integrated out for the general nondegenerate case. The symmetries of the 6(\u) coefficients are dis-

cussed.

1. INTRODUCTION

HE 6(\u) coefficient of SU(3), which relates
the alternate ways three representations [A;, u.],
i=1,2,3, may be coupled, can be written in the form'

* Work supported in part by the National Science Foun-
dation (Grant No. GP-1536). This paper is based on a dis-
sertation submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy at the University of
Michigan, Ann Arbor, Michigan.

+ Present address: Department of Physics and Astronomy,
University of Marly;}and, College Park, Maryland.

1A form similar to this has been derived by J. J.
de Swart, Nuovo Cimento 31, 420 (1964). Equation (1.1)
is the recoupling coefficient multiplied by the factor
(—1)¥*+13(N1,N13)71/%, where Nz and s are the dimensions
of the spaces
(see Ref. 3 below).

ﬁxum a? ’D)‘u.ma
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Nar Aaiz Aispaa; Kus

— Z {)\1#1 Napiz )\12#:12} {)\12#12 Aspiz M
ai N0 Oz Oyp Jp,\ Oz Q3 Q)

X {#137\13 Hahg Fv)\}

T3 T A g

A A A
{il 1 M3Ag M3 13} , (1.1)
Q) —U3 —Q13) k,,

where use has been made of the orthogonal proper-
ties” and the symmetry properties of the 3(Ay)
coefficients derived in the previous paper.®

2 J. J. de Swart, Rev. Mod. Phys. 35, 916 (1963).
* M. Resnikoff, preceding paper, J. Math. Phys. 8, 63
(1967). This article is hereafter referred to as (I).
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2. SYMMETRY OF THE 6(2y) COEFFICIENTS

From the symmetries of the 3(Au) coefficients* [see
Sec. 3D. of (I)], many symmetries of the 6(\u)
coefficients are apparent from Eq. (1.1).

Exchange of columns 1, 2
Let
2.12)

be exchanged and let k < k,, also be exchanged in
Eq. (1.1). The right-hand side of Eq. (1.1) becomes

E {Ilaxa A )\12#12} {)\121112 T xz#z}
ai \T 03 & O3 Jp\ Qi2 —Q Q3 ji,,

X {>\13M13 A xzﬂz} {)\3#3 Atz )\13.“13}
k’ kia

1z a Q@ @z Q1 @3

Ay > fiahz, A Doz, AMaplas < Mishas

(2.1b)

The right-hand side of Eq. (2.1b) is equal to the
right-hand side of Ey. (1.1) [using Egs. (3.56),
(3.59), (3.61), (3.68) of (I)], except for a phase. The
result follows that

|:7\M; ky k" Nops Mapto; km]
Mi1 Aapa Mspas; ks

Natz; Biok’ Au )\2P«12'k:|
_ _1 A[ 2M42 9 ] 1 ’ 21
=D Hahg M pashas; g @.1¢)

where
A=MN+MN+N+1m

— (At p o+ M)+ kA kg
The other relations follow similarly.

Exchange of columns 1, 3

Let
Mir 2 fishia, M pshie,  Asiz < Uahg, (2.2a)
and k,, < k', be exchanged. Then
[)\#; kK ape Nottiz} k12]

Mir o Matta Napaa; g
Mes bk [T VN S
= (—~1 B[le 12 v,z 2/\g ’ :l 2 9b
=D H13Ms Asita Ay Ky )’ ( )

where

B=#+ﬂ1+>\2+>\13
-()\+ﬂ12+ﬂ13+)\1)+’0+k13-

These symmetries relate six of the 6(Au) symbols.

¢J. R. Derome and W. T. Sharp, J. Math. Phys. 6, 1584
(1965), have discussed symmetries for the 6-j symbols of a
general group. In contrast to their paper, the phase and the
method of labeling degenerate states is specified here, and
this leads to simpler relations. de Swart (Ref. 1) obtains
symmetry relations for octet recouplings.

Inversion of columns 1, 2

Let
Nty <> A, Naltz © Uzhg, (2.33)
and k;, <> k, ki3 <> &/, be exchanged. Then
[)\p.; I D WD WINTITS: ku:‘
Mt Napts Mspas; Kis
ol v i CES
Inversion of columns 1, 3
Let
M > gy, Niztiiz € Kishis (2.4a)
and k;, < k', k153 < k, be exchanged. Then,
':)\u; Bk Nops Mapiae; kl{l
Mg Natta Mg K
. .y
= [t Jeneit ] e

Finally, if the partition numbers are exchanged,
A <> u;, then the right-hand side of Eq. (1.1) is
a sum over conjugate 3(Ap) symbols, and the sym-
metry relation, Eq. (3.68) of (I), may be employed,
with the result

[)\#; Ek Nops Mopo; kn:l
Mpr Aapts Mapgs; Kis

PN N TIY VTIPS WL
= (—1 c[ﬂ y vy 2N\g 12/12, 12:| 2.5
=D B Madg pashas; ks 2-5)

where
O=k+k+k12+k13-

This symmetry is present in SU(3) because the
base vector |Au; @) and the conjugate base vector
[Au; @), are in different Hilbert spaces. In SU(2), v}

and w) are members of the same Hilbert space.”
The 3 — 7 symbol

<jl je ja)

m,y M2 m3

and its conjugate

( o B s )
- ml - mg —ma
are related by a phase, but since the spaces, labeled
by j, are the same, a change to the conjugate 6 — j

symbol yields no further relations. In general, then,
48 6(\u) coefficients are related by a phase.

8 V. Bargmann, Rev. Mod. Phys. 34, 829 (1962).
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3. 6(du) COEFFICIENT EXPRESSED AS
AN INTEGRAL

Notation: Let the variables of the base vector
\u; @) be written f(¢, ¢) or f(t, 8), and the base
vector with complex conjugate variables §, § be
written |\u;ea). Also, let the invariants h.(p;) be
written h.(ty, 8 &2 02 {3, 8s), where the explicit
functional dependence is exhibited.®

The variables of the invariants h.(p;) are chosen
such that a product of four h.(p;), integrated over
the variables {;, yields a multiple of the 6(\u)
coefficient, as given by Eq. (1.1). First, associate,
with each 3(Au) coefficient appearing in Eq (1.1)

an appropriate invariant k;(p;), 7 = 1, , 4:
hy = b, (15 815 $25 825 $12y O12)
= E {)\1141 Aoptz )\nﬂxz}
@razais V@1 Oz Q2 Jky
X D‘l#l; o) [Ntz 0r3) P\u#lz? o2).. (3.1a)

In

=

{)\wﬂu Nakiz )\#}
a1g’,as, 01{2 Oz Q&)

X I)\lzﬂlz; afa) |)\3F3; a3> |)‘l‘; ).,

exchange ¢, <> 855, { « &, and complex conjugate
these variables to get

hy = hk(élm 125 3y 033 S: )

- Z {)\12#12 Aapts )\Fv} {()\12 + 1)! (ﬂ + 1) !}i
wia lal: a alil(pe + DI+ D!
X |)\12ﬂ12; Az p\sﬂa; o) |)‘l‘§ ). (3.1b)
The degree conditions [see Sec. 3C of (I)] are chosen

[Eq. (3.6)] such that the 3(Au) coefficient appearing
in Eq. (1.1) is obtained. Similarly,

hi($12y 8123 &3y 833 &, 8) =

hs = hy:(813, $1s5 825 $a5 8, 0)
. {u,axw % VP }
wasali | _ ot ol —af),
% {<u2 + D! (s + 1)!}*
(2 + DI + D!
X [Nz @la) [Nabiz; @z) s’y (3.10)
and

h, = hku(gly & 335 $35 $1ay 010)
WM Hahs F-13>\13}
kia

= > ¢
- I R S
ay’as’ ara’ o oy a3

(Ih + 1)! (#3 + 1)! ¥
X {01 FDIO+ 1) !}

X |)\1F1;a;> I)\aﬂa;aa’x> I>\13#13;0113>-

(3.1d)

The variables of the four invariants, Egs. (3.1),
have been exchanged such that the functions %;(p;)
are still invariants in the triple product space. Fur-
ther, for each base vector |Ay; a), there exists the
corresponding base vector |\u;e’) with complex
conjugate variables. An integral over the product
of invariants then yields the inner products, (|\g; a’),
[Au; @)) = 64,4, since the base vectors |\u; a)
are orthonormal [see Eq. (2.9) of (I)]. If the degree
conditions are chosen to give the 3(Au) coefficients
of Egs. (3.1), then the product of the four A;(p.),
integrated over {;, shonld give, within factors 4; =
[(m: + DY + DI, the 6(\u) coefficient on the
right-hand side of Eq. (1.1). Thus’

[ T1 ko duso(®) = CToOW),

i=1

32

where

¢ - {(xm + D!k DO D! (g + DY G+ DI o + 1)!}*
(#12 + 1)! ()\ + 1)! (I-’-z + 1)! ()\13 -+ 1)! ()‘1 + 1)! ()\3 -t 1)!

The factor C arises because the exchange of variables
¢ & § changes the normalization of the base vector
[see Eq. (2.21) of (I)]. As seen in Sec. 3D of (I), it
also changes the normalization of the invariant
h(p:) by the same factor. If the four h;(p;) are
assumed normalized before the appropriate change
in variables, factor C may be dropped. That is, if

(ra(fs, 853 L2y 825 Sr2y O12), Ma($y, 815 &oy )] =
(3.3)

¢ The general functional dependence is given by Eqgs.
(3.33), (3.34), and (3.35) of (I).

(and similarly for h,, ks, h,), then Eq. (3.2) may be
written as

4
[ T hed duss®) = 801, 3.9
Let p;; be the power of the determinants,® where
1 = 1, 2, 3, 4 labels the particular invariant 4,(¢),
(Eq. 3.1)land j = 0,1, --- , 6, 0’ labels the deter-
minant. Let «;;,7 =1, ,4,j =1, ---, 6, be the
partition numbers,

7 The measure dy.,,(r) is defined in Eq. (1.1b) of (I), or
see Bargmann (Ref. 5).
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K1;i = (Mazy N2y Moy M2y Moy i), (3.52)
k25 = (i Nay Mzy N, Miay Birz), (3.5b)
ks; = (N, f2, l1sy K5 Azy Mia)s (3.5¢)
ke = (Migy May M1, Hrzy Moy o). (3.5d)
The degree conditions become
ki + pis + pis + Ni = «iy,
ko + pi + pis + Ny = kir,
ki + piz + pis + Ni = ks, p:i; 20 (3.6)
fo + pir + piz + Ni = ki,
Elo + pis 4 pis + N: = ks,
ki 4+ pia + pis + Ni = kis,
and
kio — klo = Py — (kia + xis + Kio), 3.7)

P.- = %[Ku + ki + Ki3 + 2(Ki4 + Kis + Ki&)]-

The p,; of Eq. (3.6) are not independent, e.g., u,,
occurs in Eq. (3.5a) and (3.5b), so that relation
ko + p13 + pre + N1 = kiy + pas + p2s + N, holds.
There are 11 other such relations called by Barg-
mann® the compatibility conditions. Note in the
above that either k,, or k/, is equal to zero, depending
on whether k;,, — k% is > 0 or < 0, respectively
[see Eq. (3.32) of (I)].

M. RESNIKOFF

If the explicit form of h,(p,;) is inserted in Eq.
(3.4), then

B0W] = 3 T Benlons; tom, nun)I(ks), (39)

ni1tnia=Ni m=1

where

1) = [ T (o~ (o
X F(Pm,-)G(M)(kmo, o) d#aa(g') (3—9)

and G (koo k.,,) represents the determinants raised
to the k., or &/, power, e.g., in h;(p.;),

Gro, 0) = [(§1 X £2) 6], ka0 — ko 2 0.

To obtain the 6(Au) coeflicients, it would be neces-
sary to integrate Eq. (3.9). This integral may be
evaluated, but it would involve numerous sums over
a product of factorials. There is no particular utility
in presenting it here since, if particular numbers
are required, Egs. (3.8), (3.9), may be programmed.
A particularly simple case, the nondegenerate case,
is carried out in the next section.

4. 6(2y) SYMBOL FOICl THE NONDEGENERATE
ASE

Let p1, poy ps = 0. The 6(Au) symbol becomes

YR )\12F-12:|
[6Ow)] = [)\10 A0 Aggpgs 4

According to Egs. (3.6), the invariants h;(p;;) are

(4.1)

h1 - A1 [(g-l X fz)'g'lz]k"(g‘z'512)“‘(;‘1‘512)“’ , (4.23‘)
k! P11! Plz!
. [512'(3'3 X S)1k’°(§'3' f)p"(f' 512)""(?12' S)ﬂ"(fs’ flz)p“
hy = A (4.2b)
? 2 k! P21 ! P22! P23 ! P24 ! !
— (f fxs)ﬂ“(sla‘ 5)""(.(‘ g-'z)p”(fr Sla)P”[a'(fm X f:z)]k’"
ha = A3 7 (4:.20)
932! Pas! Pas! Pae! k! ’
L F \Per CF \Peo[( 5 AW k' eo
h4 — A4 (§‘13 g-l) (g-ls §'3) [(g‘l X 5‘3) 613] , (4.2d)
P43! P4s! kw!
where A; is the normalization before the change of Pz + Pus = Aia, ko = i, (4.3d)

variables (the k; above are not normalized to unity).
The degree conditions, Eqgs. (3.6), become

ko = mia Eoten =t g g
kot piz =N,  put pa =Ny,
koo + paa = 1, koo + P22 = N2y, por + p22 = A,
kso + par + p2e = N, P2z T P2 = piz,  (4.3b)
pss + pse = N, paz + klo = n, paa + kio = A,
paz + pss = sy P35+ pas + Kio = N, (4.3¢)

pss + kio = )\3, piz + Mo = A

Note that since A; 4+ Az = A» + 2u1, and A, + Ag
Ms + 2u13, therefore Az 4 2015 + A3 = 213 + Ms +
A2 and py4 = p;.

Divide the invariants h;, Eqgs. (4.2), by the re-
spective normalizations A;,

filpi) = hi(pi))-(A)7". (44)

Multiply the four fi(p;;) by JI:; #%¢' and sum over
the p,;, then the following generating function S(r,;)
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is obtained,

Z [60\#)] HT:;,'

8(r;) = A, - A,

(4.5)
= f exp [¢(Tii; ' f)] dl‘ﬂ(f)-

Conceptually, the remaining steps are clear: integrate

over the variables g‘ly 5-27 ;12’ ;;2: f37 g-; g‘,; ;131 «(;3)
expand in terms of the parameters r,;, and the
coefficient of this expansion is the 6(A\y) symbol
divided by the normalizations A, --- A,. This inte-
gration is carried out in the Appendix. The result is

BOW)] = 2C"-S(N1.N»5) ™, (4.6)

where

O = {0\2 - 1412)! ()\1 — Ihz)! Fgo! P21! P22! Pza! Pa2! Pa:s! P35! kéol ()\12 + 1) (>‘13 + 1) ()\1 - )\13)! ()\3 - )\13) !}Q
(P+1 _#12)!(P+1—#13)!()\+#+)\13+M13+1_P)!()\+M+)\12+#12+1 —P)!

P = ?li()\lz T+ 2p, + N+ 2N + IJ)

and S, in terms of one sum, is

H

§=2

(4.7a)
(_1)”"+)“l+‘(k20 + por + pre + pas + 1 — 8)! . (4 7b)
sl (p1z — 9! (psa — 8! (p22 — 8! [p11 — (P22 — 9)]! (paz — ! (k1o — p2a — psz — 9)! '
The general 6(\u) coefficient has not been evalu- expanded
ated yet, though de Swart' has calculated certain Str) = S ctm)Ii(me, 720, (A2)

special cases for high-energy physics applications,
and Hecht®® has the coefficients required for shell
model calculations.

APPENDIX

The method of evaluating Eq. (4.5) is similar
to that of h(p;) given in Appendix B of (I), but the
caleulation is more laborious. Equation (4.5) is first
integrated with respect to {1z, 13y oy Els

__ | €xp [, 7] dusy
S(rp = [ ERLE T A,

where ¢(¢, 7:;), f(¢, 7:;) are functions of the five
vectors ¢, o $3, &, ¢, their complex conjugates, and
7:;» The exponential and the denominator may be
s K. T. Hecht, Nucl. Phys. 62, 1 (1965).

9 K. T. Hecht, Selected Topics in Nuclear Spectroscopy
{North-Holland Publishing Company, Amsterdam, 1964).

(AD)

where c¢(m;) are the coefficients of the expansion,
and I,(m;, 7;;) is an integral over a polynomial
function of the above vectors. To calculate I, (m;, 7,;),
multiply it by a set of parameters [[ (&)™ /m.!)
and sum over m,; so that the integrand may again
be put in exponential form:

Emi H (%)Il(m;, i)

Sl(Tii)
(A3)

[ o0 Ths, s k) di.

This integral may again be evaluated, expanded,
and the above process repeated until all integrations
have been performed. Finally, reinserting the results
into Eq. (A2), the coefficient of the r,;’s and the
ks yield the result, Eq. (4.6).
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Surface-Energy Tensors*
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In this paper the surface-energy tensors are defined and general expressions for their first varia-
tions are cbtained. These quantities are appropriate for an investigation of the equilibrium and the
stability of a charged liquid drop (held together by a constant surface tension) using the method of
the tensor virial, which was developed by Chandrasekhar and Lebovitz for the theory of self-gravi-
tating masses. The definitions are shown to be consistent with the conservation laws,

1. INTRODUCTION

HE equilibrium and stability of a rotating,

liquid drop held together by surface tension
has recently been investigated by Chandrasekhar'
using an extension of the method of the tensor
virial which has found application to a wide variety
of problems in the theory of homogeneous masses in
gravitational equilibrium. (A summary of these
investigations has been given by Chandrasekhar.?)
In this and in subsequent papers we extend the
methods of Ref. 1 along the lines of Ref. 2 to phe-
nomena related to nuclear fission by way of the
classical, liquid-drop model of the nucleus.

The theory of stability based on the virial equa-
tions presupposes a knowledge of various tensor
quantities related to the surface energy and the
electrostatic potential-energy. The purpose of this
paper is to assemble in one place in a common,
systematic notation, the necessary formulas related
to the surface energy which are appropriate for an
investigation of stability using the virial method.
Owing to the formal similarity between gravitation
and electrostatics, the necessary formulas related to
the electrostatic potential-energy can readily be
obtained from the formalism previously developed
in the context of gravitation by Chandrasekhar and
Lebovitz.>'* The notation used in the two theories is
compared in the Appendix.

* The research reported in this paper has been supported
in part by the Office of Naval Research under contract
Nonr-2121(24) with the University of Chicago and by the
California Research Corporation.

t Presented as part of a thesis to the Department of
Physics, University of Chicago, in partial fulfillment of the
requirements for the Ph.D. degree. .

{ Present address: Physics Division, Argonne National
Laboratory, Argonne, Illinois.

18, Chandrasekhar, Proc. Royal Soe. (London) A286,
1 (1965).

(2 S. ()3handrasekhar, in Lectures in Theoretical Physics, E,
Brittin, Ed., (University of Colorado Press, Boulder, Colo-
rado, 1964), Vol. 6. .

3 S, Chandrasekhar and N. R. Lebovitz, Astrophys. J.
135, 238 (1962). .

4 8. Chandrasekhar and N. R. Lebovitz, Astrophys. J.
136, 1032 (1962).
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II. SURFACE-ENERGY TENSORS;
VIRIAL THEOREMS

We first briefly review the steps described in
Ref. 1 which lead to the natural appearance of the
surface-energy tensor in the virial theorem of the
second order.

Consider a uniformly charged fluid confined to a
volume V bounded by a closed surface S on which
surface tension (of constant magnitude T') is opera-
tive. Assume that the external pressure on S is zero.
The pressure in the interior, immediately adjacent
to S, is given by Laplace’s formula

(on §), M

where n is the unit outward normal on 8. Interior
to S and in the volume V, the equation of motion
governing the fluid having mass density p and posi-
tive charge density o is

pdu,/dt = —0p/dx; — ¢ 3B/,

p = Tdivn

@

where v, denotes the velocity and 8 is the electro-
static potential defined in the Appendix.

The virial theorem of the second order is obtained
by first multiplying Eq. (2) by z; and then inte-
grating the result over the volume V. By transforma-
tions described in Ref. 2, one obtains

d i)
%fv,m..x,. dr = 2T, — fvxi—g_dwmi, @

where

1
Ly = ’2‘f pul; dr @
v

is the kinetic-energy tensor and 8;; is the electro-
static potential-energy tensor defined in the Appen-
dix. One can integrate by parts the term in Eq. (3)
which contains the pressure gradient, and use
Eq. (1) to obtain
_[ 5 o

/; z; o, dr

—Tf z;divndS, + I 8, (5)
8
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where

n=fvpdf ©)

and
dS; = n, dS ™

is the vector element of area on S.
We define the surface-energy tensor &;; by

& = AT fs z; divn dS.. ®)

(This differs by a factor of —% from the correspond-
ing definition chosen by Chandrasekhar in Ref. 1.)

In Ref. 1 the surface-energy tensor was shown to
be symmetric in 7 and j, as required by the conserva-
tion of angular momentum. An alternative demon-
stration of this symmetry is possible which, more-
over, leads to a simpler form of &;; that is more
suitable for purposes of explicit evaluation. The
following lemma is useful for this purpose.

Lemma: Let F be an arbitrary vector defined on a
closed surface S. Then

O, _ [ 3T
SHas. = fs ST as.. ©)

(The summation convention applies to repeated
indices.)

Proof: By Stokes’s theorem on a closed surface

€xmn f 3__A,. dS. =0  (closed surface).  (10)
8 0%n

Since A is arbitrary, choose it to have the form
A, = il (11)

(The presence of the extra index ¢ is immaterial in
this context.) Then

oF
0= €xmnnil s 55;% dSk
F
= (84 01 — O i) L%dsk 12)
o[ Figs - [
B fs dx, ds; s 0%, ds.
which establishes the lemma.
Now choose”
F[ = nx;, (13)

.and apply the lemma to obtain

5 Again the presence of the extra index j does not affect
sthe application of the lemma.

fsx,.divnds.. =fsx,-"ﬂn,ds

8:L‘.~

+ 8; | ndS; — f n; dS;
8 s

(14)
= 0y - i 4.
L a8 fs nie dS
In view of Eq. (8), we obtain
i = 3T [ (6 — nn) aS. 15)

This expression is manifestly symmetric in ¢ and j.
Moreover, the trace of &;; is
©.=&=T [ S =Te, 16)
8
where @ is the total area of the surface S. The
quantity & agrees with the usual thermodynamic
definition of the surface energy.

The virial theorem of the second order for a non-
rotating charged liquid drop thus takes the form®

d
EE j;’ PUT ; dr = 23:;,- - 2@.‘,’ + QB.‘,‘ + I 5.',-. (17)

The virial theorem of the third order is obtained
by first multiplying Eq. (2) by z;z, and then inte-
grating the result over the volume V. The following
discussion is confined to the term which contains the
pressure gradient. (For a discussion of the other
terms in the resulting virial equation, see Ref. 2,
Chap. 2.) This term can be written in the form

_f TiZx _a‘B'dT = _“Tf ;s diVn dS,
v ax; 8

+ 6!'1' Hk + 5!’1: Hi) (18)
where
H,' = f :L‘,»p dT. (19)
v
If we now choose
F; = N X%, (20)

then the lemma can be used to transform the surface
integral in Eq. (18) into the form

—T [ iz divn dSs = —28;,, — 28,  (21)
S

where we have defined the surface-energy tensor
appropriate to the third order as
Siin = %Tf (8:; — nmpr, dS. (22)
8

¢ See Ref. 1, Eq. (10).
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This tensor is manifestly symmetric in ¢ and j.
(The index following the semicolon indicates that
a moment with respect to the associated space co-
ordinate is involved.) It is the appropriate analog
of the other tensor quantities of the third order,
such as T,;;,; and W,;.,, which are defined in Ref. 2.
[See also Eq. (A6) in the Appendix.]

The virial theorem of the third order for a non-
rotating charged liquid drop takes the form’

Edi fv PUT Ty dr
= 2T, + Tiwi) — 2(@5;;”: + @n‘k;i>
+ S«'Bu;k + %c’k;i + 5-'1' II, + 6u H,—. (23)

The extension of Eqgs. (17) and (23) to include ro-
tation is given in Ref. 2.

III. FIRST VARIATIONS OF ©&; AND G,;,;

Suppose that the liquid drop, initially in a state
of equilibrium, is slightly perturbed; and further
that the ensuing motions are described by a La-
grangian displacement ¥(x, t). The first variations
of the surface-energy tensors 6&;; and 6&,;,, due
to the deformations caused by the displacement g,
are needed for an investigation of stability.

By definition,

S, = %TB/ (6:j — nin;) dS. (24)
s

Since the operations of displacement and integra-
tion commute, the relation

8[(8:;; — nim;) dS]
can be used to express Eq. (24) in the form
5, = %T[a.-,- [ s@s
8
S S
The expression for §(dS;) in terms of £,
8(d8,) = div £dS; — (8%,/9z.) dS,, 27

was derived in Ref. 1. By substituting Eq. (27)
into

8(dSs)

6, dS,) = n, 8(dS,) + n. tn,, dS

(28)
= n, §dS.),
one obtains
8(dS) = {div & — [nn.(85:/0x.)]} dS (29)

7 See Ref. 2, Chap. 2, Eq. (15).

By substituting Egs. (27) and (29) into
on. dS = 8(dS,) — n; §(dS),

one obtains
on; = {nnn.(96/0x.)] — mi(88:/0z)}. (31}

The substitution of Egs. (27), (29), and (31) into
Eq. (26) yields the desired result:

(30)

8S;;, = —iT / (8:; +nn)(n,n,,‘ 9% > ds

le ( %y g, )m ds

+ 3T f (5:; — nen;) div £ dS. (32)

8

By definition,

5@.’,‘;;, = %T Bf (6.‘,‘ -_ nini)xk dS (33)

S

= %Tf (5-‘1' - n:‘ni)gk ds
8
+ 37 [ o ol(8s —nn) dS].  (39)
S

The last term in Eq. (34) can be evaluated by using
Egs. (25), 27), (29), and (31). The result is

S = %Tf (8:; — nn)& dS
8

- %T-[s (8:; + nini)(nlnm g%)xk ds

+1Tf( O 4y 2

ax, ™ oz,

+ %Tﬁ(aii -

The last term in each of Egs. (32) and (35), which
contains div £, vanishes if the fluid is incompressible.

Equations (32) and (35) can be written alter-
natively in the form

3, =37 | <z-n>[a

1%z dS

nm)z, div £d8S. (35)

Ong
i az.,

+ o Mann;) — (36)

on; _ dn;
2 -] s

ox; ox;
and

5@:'1‘#: = %T‘[S (E'n)[ i 3% (nmxk)

() —

5%; (nixk):l as,
@7

ad
‘+ % (in i) — é)x,-
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-which, formally, does not distinguish between the
compressible and incompressible cases.

IV. CONSERVATION LAWS

It is of some interest to show that the concept of
‘the surface-energy tensor, as formulated in Sec. 1T,
is consistent with the well-known conservation laws
of linear momentum, of angular momentum, and of
energy. In what follows we confine our attention
to the terms arising from the inclusion of the pressure
gradient in the equation of motion, and refer the
reader to Ref. 2 for a discussion of all the other
terms.

The conservation of angular momentum follows
immediately from the tensor form of the virial
theorem of the second order, given by Eq. (17), as a
direct consequence of the symmetry of the right-
hand side of this equation.

The conservation of linear momentum is obtained
by directly integrating the equation of motion over
the volume occupied by the fluid. The integral
over the pressure gradient vanishes when use is
made of Eq. (1) and the lemma.:

Lg‘%dr=ﬁpd5i

=7 [ Pas =1 [ Pnas o,

The energy integral is obtained by first multiply-
ing the equation of motion by wu,, then summing
over ¢, and finally integrating over V. The term
arising from the pressure gradient ecan be inte-
grated by parts to obtain

f —B‘dr

M s,

az, (38)

= ~_L u;p dS; + fspdivu dr. 39

The term in Eq. (39) which contains div u vanishes
if the fluid is incompressible. Otherwise, it is related
to the time rate of change of the internal energy.
For-example, if the pressure and density of the fluid
are related by an adiabatic equation of state, then
one has

. 1 dI
‘/;,pdwudT“_y—ldt’ (40)
where v is the constant ratio of specific heats and TI
is given by Eq. (6).

The surface integral in Eq. (39) can be trans-

formed as follows:

—f uip dS; = -—Tfu,an’d8

—Tj;;%:(u.-nl) ds; + Tf (n.-n

3
= “TLEE(R;%:) s + Tj; (nmz
(by using the lemma)

e[z

d d

where the first expression in Eq. (42) is obtained
by comparing Eq. (41) with Eq. (28). This con-
firms that &, defined by Eq. (16), is indeed the
surface energy.

The complete energy integral for a nonrotating
incompressible charged liquid drop follows from

@/dE+ B+ &) =0, (43)

where ¥ is the kinetic energy given by the trace of
Eq. (4) and B is the electrostatic potential-energy
given by the trace of W;; defined in the Appendix.
The generalization of this result to include rotation
is straightforward.

V. CONCLUDING REMARKS

2)
v ds
au;

8:0;) dS

(1

(Ta), (42)

In this paper we defined the surface-energy
tensors and obtained general expressions for their
first variations which are appropriate for investi-
gation of the stability of a charged liquid drop by
using the tensor form of the virial equations. In a
subsequent paper we shall evaluate these expressions
for the particular case that the equilibrium shape is
assumed to be a tri-axial ellipsoid.
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APPENDIX. POTENTIAL-ENERGY TENSORS

In view of the formal similarity between gravita-
tion and electrostatics, the electrostatic potential
and all of the quantities related to it can be evaluated
by using the formalism previously developed by
Chandrasekhar and Lebovitz’™* for potentials and
superpotentials in the theory of gravitation. In
order to obtain the desired formulas appropriate
for a charged fluid with charge density ¢(x) from
the formulas in Refs. 2-4 for a self-gravitating
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fluid with mass density p(x), only the signs of the
force, of the potential energy, and of the various
potential-energy tensors need to be changed. The
signs of the potential, of the tensor potentials, and
of the superpotentials remain unchanged.

The following list serves to define the quantities
needed in this and in subsequent papers. The electro-
static force per unit volume is

—o 3%/ dz,, (A1)
where
w09 = [ 25 ar (42)
is the potential. The tensor potential is
_ N (& — 2D, — ), ,
8@ = [ o) ETEE T @y
The potential energy is
- B, _1
B = —j; ox; oz, dr = 5 La% dr, A4)

the potential-energy tensor of the second order is

9B 1
B;; = —-/; crx,-(—,,x—‘dr = 5/;023,-,— dr,

(A5)

and the potential-energy tensor of the third order is

Bira = 5 [ oBua dr. (A6)
2Jy

(The index following the semicolon in ;;;. indi-
cates that a moment with respect to the associated
space coordinate is involved.)

The first variations §%8;; and 3%;;.» due to an
infinitesimal deformation of a configuration by a
Lagrangian displacement £ are given by

d

B.;

5B, = fv ot T dr (A7)
and
2523.',';1, = f 0'3,:1,58;,' d‘l'

14
3%, 9Di;
-l—j;:w,,é, Tx, dr-i-/;afz oz, dr, (A8)

where D;;.; is the tensor
Disa = f,, o) & “‘;‘%’”;,F Z)% g, (A9)

These formulas are entirely general and not limited
to homogeneous configurations.
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can be evaluated in terms of particular types of
elliptic integrals which are designated by multi-
index symbols. These symbols satisfy algebraic re-
cursion relations that closely resemble the relations
satisfied by the “multi-index symbols’” which were
developed by Chandrasekhar and Lebovitz® for
evaluating the potentials and superpotentials of
homogeneous ellipsoids in the theory of gravitation.
The two types of multi-index symbols are compared
in Appendix B. The principal advantage in using
these symbols is their computational utility; a
knowledge of only the three one-index symbols is
sufficient for the numerical evaluation of all higher-
order symbols via the algebraic recursion relations
derived in Sec. II.

The transformation introduced in Sec. III simpli-
fies the angular integration in all of the subsequent
integrals. By using this transformation we may
express all the formulas, which were derived in
Ref. 1, in terms of the multi-index symbols. The
final expressions obtained for the surface-energy
tensors are in a form that is appropriate for an
investigation of the stability of an incompressible
liquid drop that is initially homogeneous. The ad-
ditional terms that are needed if the fluid is com-
pressible are evaluated in Appendix C.

It is important to state here at the outset that
in this paper the summation convention over re-
peated indices is not adopted: summation, when-
ever required, is indicated explicitly. In all cases
the limits on the summations, which run from 1 to 3,
are omitted.

II. MULTI-INDEX SYMBOLS

Consider an ellipsoid with semiaxes a,, a,, and
a3; and suppose, in the first instance, that the a,’s
are all different. The case when a, = a; (say) is
degenerate and is treated separately.

We define the integrals

®dt

gd= . K ’ (1)
e di
an- = | s@rreEs o O
and
_re £ dt
®uipe. = fo AQa? + ©)(a; + ) (ax + 1) -+’ ®)
where

A* = (ai + (a3 + )i + ). (4)

3 8. Chandrasekhar and N. R. Lebovitz, Astrophys. J.
136, 1037 (1962).

As defined, @;j... and ®;;... are completely sym-
metric in their indices. The indices may assume any
of the values 1 to 3. We are mostly interested in
the symbols with three or fewer indices.

A. One-Index Symbols @; and ®;
By definition,

Q; = j:A—(a—;i—t_i_t—z) and ®; = :Z(&%%' ®
Clearly,
®, = fo ® [(ai :(at";)-{—_t;;ﬂ ad _ g _ ga,.. (®)
We verify that
99 _ Lt
da? 2Jy Al + ) 2
(a;, % a; = ay). @

Since g is a homogeneous function of degree —1 in
a?, we have, by Euler’s theorem,

a9
'Z a? %? = —4, (8)
or in view of Eq. (7),
Z af@; = 29. (9)
By using Eqgs. (6) and (9), we obtain
Z(Bs = 39 — E aia'-‘ =4, (10)
(B; "I" (B,' = 29 - (aiai + a?@,-) = aiah (11)
and
2®; = 29 — 2a%Q; = a’Q; + a;Q, — aiQ.. 12)

Equations (11), (12), and all subsequent identi-
ties in which the indices 7, j, and k appear together,
are understood to apply in their most general form
to ellipsoids with a, # a; # a,; the indices 7, j,
and k may take any of the values 1, 2, or 3, but with
i # j ¥ k. However, from the definitions of the
multi-index symbols, it is clear that for spheroids,
either oblate (a, = a, > a,, say) or prolate (a; =
a, < as;, say), no ambiguity results if every “2” is
replaced by a “1” wherever it appears. (Thus,
@ = @ ¥ @ and B, = ®, # &, for this particular
case.) Moreover, each of the identities (unless other~
wise noted) applies equally well to the more re-
stricted case of spheroids. Thus, Egs. (11) and (12)
become identical when 7 = j.

Equation (12) shows that all the ®,’s can be evalu-
ated numerically, once the three @,’s are known.
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The three @/s can be evaluated in terms of in-
complete elliptic integrals of the first and second
kinds as shown in Appendix A. When a, = a,, the
integrals become elementary; formulas appropriate
for both oblate and prolate spheroids are also given
in Appendix A.

B. Two-Index Symbols G;; and ®;;

By definition,
S dt
P 8@+ @+ O (13)
@ 2
Bei Efo Ald: +tt2;i(ta? + )
Clearly [cf. Eq. (6)],
®;; = @; — aiQ;; = @; — A°Q;. 14

Because @;; and ®,; are symmetric in ¢ and j, it
follows from Eq. (14) that

(@} — a))a;; = —(@: — @),

2 2 2 2
(a,' - a,~)63.-,- = a;Q; — a;Q;.

(15)
(16)

Equations (15) and (16) determine the two-index
symbols with ¢  j in terms of the one-index
symbols.

The three two-index symbols with 7 = j are not
independent since

(af - ag)alz + (a: - a:)aza

+ (@ — @)@ =0, (17)
(ol — BBz + (62 — a3)Bss

+ (a5 — d)®y = 0.  (18)
Expressions having exactly this form were obtained

by Jellet.*

To determine @,; and ®,;, we observe that the
one-index symbols, @, and ®;, are homogeneous
functions of degree —2 and —1, respectively, in

a3; hence by Euler’s theorem, we have
4@,‘. = 30,?@“ + af@;; + azakh (19)
28; = 3a:®:; + a®;: + aiGy.. (20)

In view of Eq. (14), two alternative forms of Eq. (19)
are

G; = 38 + By + By, (21)

26’;‘ + ai + ak = af(3(1.-.- + (i.-,- + au,). (22)
_4J. H. Jellet, Cambridge and Dublin Math. J. 1, 57 (1846).
His symbols, 4 ;, are areas of particular portions of the surface

of an ellipsoid and are nof the same as our multi-index
symbols.

Equations (14), (15), (19), and (21) together de-
termine all the two-index symbols in terms of
one-index symbols.

For spheroids (a, = a,) it is clear that @,, =
Gz = Q2 Qi3 = Qg3 Bz = By and @,
Bz = Ba.

C. The Three-Index Symbols G;;; and ®,;

Multi-index symbols with any number of indices
can be defined and evaluated by using the foregoing
techniques. In particular, we need the three-index
symbols. Some of the important identities are

Bip = Qi — AiQuiin
= Qu — GQs = Qi — @Gy  (23)
(af — 6)Cis = —(Qux — Qi) (29)
(@ — a)Qix = —(Qux — G, (25)
6Q:; = 501G + 6] + GGk, (26)
6@:; = 3(aiG:; + i) + G @7
Ri; = 5B + Bjis + Buiyy (28)
Gii = 3(Bii; + Bjii) + Busi (29)
4@ + Qi + Qi = ai(5Qii; + Quii + Qiu).  (30)

The identities obtained in Sec. II are sufficient
for the numerical evaluation of all the multi-index
symbols with two or three indices given the values
of the three one-index symbols, @,, @,, and Gs. These
identities are also useful in transforming and simpli-
fying the expressions which we obtain for the surface-
energy tensors.

III. A TRANSFORMATION

The unit outward normal of the ellipsoidal surface

2 2 2
Ty %2, T3 4 _
p + p + . 1=0 31)
has components
n; = x.p/a;, (32)
where
2 2 -i
= (T %2, T
p= (af tTat a§> : (33)

The element of area dS, in terms of its projected
area on each of the coordinate planes, is

[In order to avoid any ambiguities in the use of
Eq. (34) due to the sign of n;, we restrict our at-
tention to the positive hemisphere (8*) involved
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and take advantage of the triplanar symmetry of
the ellipsoid.] Since the three expressions (34) are
equivalent, choose 7 = 1, § = 2, and k = 3, and
introduce the transformation

r, = al(al + t) * cos (2]

X, = az(az + t)

where 0 <t € © and 0 < ¢ < 2#. The Jacobian
of this transformation is

(35)
sin ¢,

a(z,, z,) (a,a:)°ht
e ~@rogro 69
where
h = (al + )7 cos’e + (a3 + )7 sin’e. (37
In terms of these variables, we have (on S%)
p = as(a; + )77, (38)
zs = ah”it, (39)
nt = az(al + )7 '(a; + )7'A7! cos’e, (40)
n3 = az(az + )7z + £)7'h7! sin’p, (41)
ny = (az + )77, (42)
S = (a,a.)*(a; + £)RA™ dt do, (43)

where A is given by Eq. (4).
With this transformation the ¢ integration in all
subsequent integrals becomes elementary.

IV. SURFACE-ENERGY TENSOR &

The expression

G = %Tf (8:; — mim;) dS (44)
8

was derived in Ref. 1. This tensor is diagonal for
ellipsoidal surfaces; it has components of the form

@i-‘ ='%T|:GB.~,- - j;nf dS:l'

In view of Eq. (43) and the definitions of the one-
index symbols, the surface area @ becomes

(45)

2z

@ = 22,0 f L@+ [ na

— 2 a3 + t a3 + t
- ooy [ | R+ L]
= 21r(ala2)2[a§(a1 + (32) + (Bl + (Bz]. (4:6)

By using a particular case of Eq. (11), (¢ = 1,
i =2,and k = 3), we have

a = 27"(01‘12“3)2(@1 + a. + @,3).

(47)

This manifestly symmetric expression for the surface
area of an ellipsoid is independent of the relative
magnitudes of the semiaxes.

The integral

fnf ds

2r

= 2(a,0,05)° f N + e cos’p do
= 2n(a,a:0s)°@, 48)
implies that
f n dS = 2r(a,0:0,)°G. (49)
8

In view of Eqs. (47) and (49), we obtain from
Eq. (45) the result

&, = T(ai + @k) (7: = .'l 7~ k); (50)

where the common factor =(a;a.a,)* has been sup-
pressed in writing T in Eq. (50).
The components for spheroids (a, = a,) are

Gy =Gy = T(a‘l + G/a) (51)

and
@33 = 2Taly (52)

where in this case the common factor =(a?a;)* has
been suppressed in writing 7.

V. FIRST VARIATION §&;;

In our subsequent investigations of stability we
have need primarily of the variations of &,; for an
incompressible fluid. For this case the general ex-
pression, which was derived in Ref. 1, reduces to

)3
268,; = —T /; (6:; + n.-ni)(l.zmn,n,,. 55:—,,.) ds

+Tf Z( %

(The additional term which must be added to this
expression if the fluid is compressible is evaluated
in Appendix C.)

We are interested initially in the nonradial second-
and third-harmonic deformations of those equi-
librium configurations which have triplanar sym-
metry. In view of the discussion in Appendix D
concerning the choice of an appropriate Lagrangian
displacement, we evaluate 6&;; by using the form

= Z L;,z;, (54

where the L,.;’s represent a set of nine unknown
parameters to be determined by the virial equations.

n, & )m ds.  (53)
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If the initial configuration is homogeneous, it is
more convenient in the virial equations to replace
the L;.;’s by the unsymmetrized virials
Vii = Lpﬁfxi dr = PLi;ia?) (55)
which were defined by Chandrasekhar and Lebovitz.?
In writing p in the last form of Eq. (55), we have

suppressed the common factor 4ra,a.a,/15.
With this choice for £, we have

Z (5

0%

= Z_: (nlLl:m) = P’—la;oz El: (nlvl:m) (56)
and
% (nlnm %%) = l.zm (nlnle;M)
=p" IZ e, Vi),  (87)

In addition to Eq. (49), we also need the integrals

f wn? dS = 2r(amas)'®; G # D) (58)
8

and
L nt dS = 2n(0,0:0:)'(38,.). (59)

After substituting Egs. (56) and (57) into Eq. (53),
we obtain

8

* L | ni(l — n3) dS] G=5pH (60
= 2Tp*1[a;2(@u' - (Bii)Vo':i

+ 6@ — @)V (G #=)) (61)

= 2TP-‘G'1':'V:';' (" 7= j) (62}

and

288,; = T[an f ni(l — nl) dS
K
— Ly [ w20+ m) as
8
— L. fs ng(l + n?) ds] E=j=k (63)

¥ Cf. Ref. 2.

= Tp ' [a;*(@; — 3®: )V
— a;(@; + ®;)V

— 0 (G + B)Vu] E#£j=E), (64

where

Vi=Vii+ Vi (65)'

is the symmetrized virial. We have suppressed the
common factor 15a,a.a;/4 in writing Tp™" in Egs.
(61), (62), and (64).

We give explicitly the components of §&,; for
spheroids (a; = a;) which follow from Eqs. (62)
and (64):

208, = 28, = 275Gy V1, (66)
208,; = 286G = 2Tp '@y Vs, (67)
26,5 = 268, = 2Tp 'Qu3Vas, (68)
2(88,;, — 3Su) = 2Tp '@ (Vi — Vi), (69)

2(0€,, + 88,,) = —2TP—1[2U«;26511(V11 + Vi)

-+ 0;2(@3 + ®s) Vaal, (70)
26S,; = ”Tpnl[az-z(az + ®) (Vi + Vi)
— a; 2(@3 — 3®,3) Vaal: (71)

where in this case the common factor 15aja;/4 has
been suppressed.

Equations (62), (64), and (66)-(71) are appro-
priate for an investigation of the stability of an
incompressible fluid which is initially homogeneous
and which Is bounded by an ellipsoidal or spheroidal
surface,

VI. THE THIRD-ORDER TENSORS &;;,;, AND $&;;,x

The surface-energy tensor of the third order is

Giin = 4T fb (5 — nm)re dS.  (72)
For surfaces which have triplanar symmetry, this
tensor is an odd function and, therefore, vanishes,

For an incompressible fluid, the expression for
the first variation of &,;,;, which was derived in
Ref. 1, reduces to

26, = T f (6:; — nmy)t, dS
S

—-T j; (85 -+ n;n,-)(fz 1N g%’“)xk a8

-i—Tf‘g Et:(n.-%gi-i-n,-gff

1Tk ds. (73)
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{The additional term which must be added to this
expression if the fluid is compressible is evaluated
in Appendix C.)

In view of the discussion in Appendix D conecern-
ing the choice of an appropriate displacement, we
evaluate §&;;,, by using the form

& =L; + ; L, vz,

where the 3 L/’s and the 18 L;, ;s (Lis = Lig)
represent a total of 21 unknown parameters to be
determined by the virial equations. If the initial
configuration is homogeneous, it is more convenient
in the virial equations to replace these parameters
by the virials

(74)

V.= f ot dr (75)

and

Vi;ik = j;pg,-x,-xk dr. (76)

By inverting Eqgs. (75) and (76), we can express
the parameters in terms of the virials:

TPLt naz = 30.2V, ey + a—zV ii 7

+ 6 Viw—V: (@#£j#E), )
#pL507 = 6" Vi + 367" Vi
+ &' Vi — V. (@G£j#k), 78)
7oL 00t = Vi (@5 9), (79)
#oLindia; = Vi @ #=j=h, (80)
and
oL = —a7* Vi — a; Vs — 62 Vi + 3V,
G#ji#k), 8D

where the common factor 47a,a,4;/15 has been sup-
pressed in writing p in Egs. (77)—~(81).
The following integrals are needed:

fs 2 d8 = aa'3au + Qi + @u), (82)
fs w4l dS = aalGy; G # ), (83)
fs w2t 48 = 3auiQu, (84)
L Wi dS = aalBn G HE AR, 85)
j; ninizt dS = Saai®:y (E# P, (86)

f il dS = 3ad’®i; G # ), 87
8
f niz: dS = 1500i®,::, (88)
f (nax)n;z;) dS = adial@y; (€ #7, (89)
L (ngx,-)(nixi)n: s = aa"}aff&,v,-,,
(6 #j=k), (90)
and
[ )z as = 3edilm; G0, @D
8
where
o = jr(ma.0,). (92)

After Eqs. (74)—(92) are substituted into Eq. (73),
one finds that the resulting expressions can be
written in terms of the completely symmetrized
third-order virials

Vmc = Vi;ik -+ V,-;ks -+ Vzm'i (93)
together with the first-order virials V,. We have

2080 = 2(Q;; — 28B:1) Vi (C=j=k), (94
26@;;.5 = a3 — 28;::9(a7° Vi)
+ 3ai(@; — 28;:)(a7Viss)
+ ai(@s — 28;:0)(@x” Viws)
—ae;; Ve (@E#j=k), (95)
208, = —203(Cis + ®Bii)ai" Vi)
+ [03(@:; — 3®:;) — (@ T+ 38,;)1(a7” Vi)

- (03? + ai)(@a: + (Biki)(a;zvikk)
+ [@: + ®;; + @, + @)V G5 j= k), (96)

and

268, = 20%Qs — 5G8::)(a° Vi)
+ [a3(@;c — 3®;:) — 63(Qi; + 38107 Vi)
+ [a2(@us — 3Brid) — a3(Qix + 38::)]1(ae” Vir)
+ B&. — @ +Ha; +e)]Ve  (GEFEjHER),
97)

where the common factor (77/4p)(15a,a,a;/4) has
been suppressed in writing Eqgs. (94)—(97). Equations
(94)-(97) are appropriate for an investigation of the
stability of an incompressible fluid which is bounded
by an ellipsoidal surface.
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TasiE I. The coefficients of the virials in the expansions of §&;;.: for ellipsoids. The common factor (77'/4p)(15a1a:a:/4) has

been suppressed in each coefficient.

a7*Vin 032V 12 a3V
26111 2a3(@11 ~ 5®111) ax(@a1 — 3®z1) — a1z + 3GBui2) a3(@sn — 3®sn) — a}(@1s + 3Bus)
256231 —2a%(@11 + Bua) a2(@12 — 3®122) — a%(@an + 3®B221) —(a? + a)(@1s + Braz)
25331 —2a¥( @11 + Bus) —(a? + a) (@12 + Bi23) a%(@13 — 3®133) — a3(Ga1 + 3®sa)
282,21 a3(@n — 2®211) 3a2(@21 — 2®221) a3(Qa — 2®mns)
25C3,3 a( Qs — 2®au) a3(@n — 2®a2) 3a2(@s — 2®as1)

a5V a7®Van a3V
2552, 2 2a2(@22 — 5B322) a%(@12 — 3®122) — aZ(@a + 3B2n) a2(@s2 — 3®322) — a3(@2s + 3®ez0)
286G, s —2aZ(Qs2 + Baa1) a3(@a1 — 3®z1) — a¥( @12 + 3B2) —(a2 + a2)(@21 + Boar)
26,2 202(@22 + ®B223) —(a2 + af)(an + ®Bai3) a;(aza — 3®a33) — ag(aaz + 3®ss2)
26@011 a¥(Q1z — 2®122) 3a3(@12 — 2®112) a?(Q1z — 2®123)
26@,3,3 a3(QRaz — 2G;22) a¥(@z — 2®am) 3a3(Qs2 — 2®s32)

a3V a3 2V ar?Van
256S43;3 2a3(@33 — 5Bssa) a2(Qgs — 3®233) — a3(@az + 3Basz) a3(@1s — 3B133) — a(@n + 3Bsn)
26@42.3 ~202(@33 + Bisz) a(@s — 3®322) — aZ(Q2s + 3®223) —(a2 + a?)(@an + ®Bs12)
26@11;2 —2a%(@33 + Bss) —(a3 + a2)(Ga + Ban) ad(@n — 3®sn) — a¥(@is + 3Bua)
28@32;2 a2(G2 — 2®2a3) 3a2(@as — 2(B323) a3(Qzs — 2®as1)
26&51.1 a¥(Q13 — 2®is3) a?(@is — 2®132) 303Gz — 2@®u1s)

If the Lagrangian displacement is referred in a
frame in which the center of mass of the fluid is at
rest, then we can set

Vi=0 (98)

without any loss in generality.

to have in explicit form the coefficients of the virials
in the different §&,;.;’s. Table I provides these co-
efficients for ellipsoids, and Table II provides these
coefficients for spheroids (a, = a@,). Table I is to be
compared with the corresponding table obtained by
Chandrasekhar and Lebovitz® for 6%;;, in the

In working with Egs. (95)-(97) it is convenient

theory of gravitation.

TasLe I1. The coefficients of the virials in the expansions of §&;;, for spheroids (a1 = az). The common factor (77'/4p)(15a%a:/4)

has been suppressed in each coefficient.

a7 Vi (a7?Vaz)

a7V (a7*Vau)

a;"’ V133 (a;sz)

26@1;1 (20@a;2)
26@0,1  (26@11;2)
20@33,1 (26@3s,2)
208132 (2621;1)
268135 (26@2s,3)

20} (@1 — 5®11)
—2a3(@u + G®u1)
—202(Gu + Bua)
a}(Qu — 2®111)
ai(Qs — 2®s11)

—6a2®11
-—6&?53111
—203(G11 + Bua)
3a%(Qu — 2®111)
a2(Ga — 2®s11)

aX(@un — 3®su) — a¥(@s + 3®us)
~(a? + a3)(G1s + ®Bin1)
a%(@13 — 3®1z3) — a(@a + 3®san)
a?(Qu — 2@us)
3a3(@s ~ 2®sa1)

-2
ag V3as

a7 (Vs + Vi)

a;z( V311 —_ V322)

25@83;3
2(8G11;3 + 6S32,3)
2(8Gs1;1 + 6@32;2)
2(6@11,3 — 6B22.3)
2(8@a1;1 — 6Ss2.2)

2a§(633 bnd 5@333)
—4a3(@33 + Baz1)
20,?(@13 b 2&133)
0
0

a3(@1z — 3®133) — a2(Qs + 3Baa)
—20%(Q1; + 2B113) — 4a2®sn
4af(@la - 2&113)
0

0

0

0

0
2a2(Q11 — 2®113)
20%(@1s — 2®113)

¢ 8. Chandrasekhar and N. R. Lebovits, Astrophys. J. 137, 1142 (1963), Table 1.
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VII. CONCLUDING REMARKS

In this paper the surface-energy tensors have been
evaluated for ellipsoidal surfaces. The final expres-
sions have been given in terms of particular types
of elliptic integrals which may be numerically evalu-
ated using the algebraic recursion relations derived
in See. II.

In subsequent papers we shall make use of these
formulas in an investigation of the stability of a
rotating uniformly charged homogeneous liquid drop
(held together by a constant surface tension) using
the method of the tensor virial.
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APPENDIX A. EVALUATION OF G, G., AND @,

The integrals defining the @,’s can be expressed
in terms of the incomplete elliptic integrals

F6, ¢) = f "0 - sintosin’e) e (AL)
and
EG6,) = [ " - sinfosinto) dp,  (A2)
where
sin 8 = gj (Z—g—:—%y and cos¢ = Z—:- (A3)
Assume that a, > a, > a3, and let
t = aysin® ¢ — sin® ¢)? sin ¢ (A4)
in Eq. (5). Then
@, = (a%a, sin® ¢ cos’ 6) '[sin’ ¢ cos’ 9 F(8, ¢)
+ cos® ¢ E(8, ¢) — (as/a:) sin g cos ¢],  (Ad)
@, = (a,as sin® ¢ sin’® 9 cos® 6) '[cos’ 0 F(8, ¢)
— (a3/a3)E(6, ¢) + (as/a,) sin ¢ cos ¢ sin’f], (A6)
and
@; = (a,a.a; sin® ¢ sin® 6)7"
X [E(8, ) — (az/a3)F(6, 9)].  (AT)

When a, = a,, the integrals defining the @,’s
become elementary. For prolate spheroids (a, =
a, < as), we have

X [(1 — k) — (1 — 2K %’E] (A8)
and
@, = 1 ;;k]f)-i [sin]'c‘ k. a— kz)*] ’ (49)
where

E =1 — (ai/a3).
For oblate spheroids (a, =

(A10)
a; > a;), we have

@, = @ = (2a")™"

X [ + &) (tanh™" e)/e — 1] (A11)
and
@; = (ae®) [ — €)' — (tanh™' e)/e], (Al2)
where
€ =1— (ai/a)). (A13)

APPENDIX B. A RECIPROCAL RELATIONSHIP

The multi-index symbols for the potentials and
superpotentials of homogeneous ellipsoids were de-
fined by Chandrasekhar and Lebovitz in Ref. 3.
Our multi-index symbols for the surface energy of
an ellipsoid with semi-axes (a,, a., @s) are closely
related to the multi-index symbols for the potential
of the corresponding reciprocal ellipsoid with semi-
axes (a7', a;', a;'). Denote the functional de-
pendence of the integrals on the semiaxes as g for
the ellipsoid and as ¢”* for the reciprocal ellipsoid.
Then by letting

t=ut (B
in Eq. (1), one obtains

du

Caca)s@ = 167 = [ g, ®
where
AN g™, w) = (a;® + w(a:® + w(as” + ). (B3)

The integral I(q) is related to the potential at
the origin and to the potential energy of the ellipsoid.
The geometrical meaning of g(g) follows from the
relation

tr(wa)'s@ = [ 9745, B9

where p [given by Eq. (33)] is the distance from the
origin to the tangent plane which passes through



96 CARL E. ROSENKILDE

the point (2., 2,, #5) on the surface of the ellipsoid.
Similarly, one can show, for example, that

(20,0.045)0aiG:(9) = Bi(g™"), (B5)
(20,0:0)ai®.(9) = A:g), (B6)

and
(2‘11‘12‘13)‘1?“?@&:‘@) = Bi(q™") — ai_an(‘]-l) B
= Bi(¢"") — ai’Bii(¢"),  (BY)

where A, B;, and B;; are multi-index symbols for
the potential which are defined in Ref. 3.
Unfortunately, Egs. (B5)—-(BS) are not of practical
use in computing the ®,’s because existing tables’
of the A/’s do not cover the appropriate range,

APPENDIX C. CORRECTIONS DUE TO
COMPRESSIBILITY

In Secs. V and VI the variations 65;; and 6&,;,,
were evaluated for an incompressible fluid. Here,
we evaluate the terms [derived in Ref. 1] which
must be added to Egs. (53) and (73) when the fluid
is compressible.

We must add to the general expression for 26&,;
in Eq. (563) the quantity

T f (5, — nn.) div E dS. (1)
S
This affects only the diagonal terms 26@;; given by
Eq. (63). To Eq. (63) we must add the quantity

T(Li; + L + Lyyy) f a- nf) as
S

(t#j=k), (C2)
which has the value
2T(Lis + Ljy; + L)@ + @) @ #j#k)
(C3)

for ellipsoids. If the initial configuration is homo-
geneous, we may use the relation

2P(Li;i + Li:i + Lk:k)
= a:zV.-.- -+ a,'_ZV,'j + a;zvkk

in (C3) to obtain the correction to Eq. (64).
We must add to the general expression for 26&,; .,
given by Eq. (73) the quantity

(C4)

T f (8; — nn)z div £ dS. (C5)
8
For ellipsoids this contributes to 26&,;,; the quantity

7 8. Chandragekhar, Astrophys. J. 136, 1048 (1962).

—T(L;i + Lii; + Lk;f,,)afa?@;, (@#37#k),
(C6)
to 26©;;.; the quantity

T(Li;ii + LJ'H'J' + Lk;ik)a§(3@t’i + @ik)

(t#j#k), (ChH
and to 26&,,.; the quantity
T(Liii + Ly + Lia)ai(@i + Guy)

(T#j#k). (C8)

If the initial configuration is homogeneous, the
relation

4Pa§(Li;n‘ -+ L;;n‘ + Lk;ik)

= 7(“:2Vm + a;—zvi“ + " Viw — V) (C9)

may be used in (C6)-(C8) to obtain the corrections
to Eqgs. (95)-(97).

We have suppressed the factor w(a@,0.a;)° in
writing 7' in (C3) and (C6)-(C8), and we have
suppressed the factor 4wa,a.a;/15 in writing p in
Eqgs. (C4) and (C9).

APPENDIX D. VIRIAL METHOD

In the present considerations, the method of
Cartesian moments or the method of the tensor
virial, which has been developed by Chandrasekhar
and Lebovitz,” is used to investigate the equilibrium
and the stability of a freely moving classical system,
The set of all virial equations is generated by taking
successively higher moments (with respect to the
Cartesian coordinates) of the components of the
equation governing the motion of the system. The
zeroth moments provide three integral relations;
the first moments provide nine additional integral
relations; the second moments provide eighteen
more integral relations; and in general, the mth
moments provide

N, = 3m® + 3m + 2), (DY)

integral relations which must be satisfied by the
system. When written in tensor form, the set of N,,
equations provided by the mth moments comprises
the tensor virial theorem of order m + 1.

These tensor virial theorems provide the basis for
an investigation of the equilibrium and the stability
of the system. Each tensor component of the virial
theorems (i.e., each moment equation) provides an
exact integral relation which must be satisfied by
the system under any conditions compatible with
the initially assumed equation of motion. In par-

m=012 -
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ticular, these relations must be satisfied when the
motion of the system is in a steady state and equi-
librium prevails. In addition, the first variation of
each tensor component of the virial theorems pro-
vides an exact integral relation which must be satis-
fied in all cases of infinitesimal perturbations, and
in particular, these relations must be satisfied by
the proper solutions belonging to the natural modes
of oscillation of the system.

In subsequent papers we shall use the virial
equations to investigate the equilibrium and the
stability of a rotating uniformly-charged incom-
pressible liquid drop held together by a constant
surface tension. Due to the presence of the surface
tension, the figures of equilibrium which have tri-
planar symmetry are not exactly spheroids nor
ellipsoids. Nevertheless, we show in a subsequent
paper that all of the equilibrium relations, provided
by the virial equations through the third order, can
be satisfied by assuming that the figures of equi-
librium are ellipsoids. With these assumed shapes,
we are justified in investigating the stability with
respect to second- and third-harmonic deformations
of those equilibrium configurations which have tri-
planar symmetry. This assumption about the shape
cannot be greatly in error so long as the rate of
rotation is slow enough that the exact figures of
equilibrium have not yet developed a dimple in
the polar regions or an equatorial constriction.
(The limits under which this assumption is valid
will be given in a subsequent paper.)

We obtain the natural, nonradial modes of oscil-
lation of a rotating charged liquid drop by using
the first variations of the virial theorems. Since the
solutions belonging to the natural modes of oscilla-
tion will have a time dependence of the form

e, (D2)

where \ is a parameter whose characteristic values
are to be determined; we choose the Lagrangian
displacement to have the form

¥(x)e. (D3)

By inserting for the Lagrangian displacement in
the virial equations, a “trial function” ¥(x), with a
space dependence which one might use, for example,
in a variational treatment of this problem, we obtain
a set of equations which enables us to determine

the frequencies of oscillation with some precision.
Clearly, we cannot use a trial function with any
more unknown parameters than the total number
of virial equations that we choose to consider. The
simplest trial function that suggests itself in this
connection has the form

& = L + Z Lz + 2; Lz + -+, (D4
where the L’s are unknown constants. Since 7 may
assume the values 1 to 3, there are a total of three
L/’s, nine L, ;'s, eighteen L,.;’s (note that L,,,, =
L;.+i, by symmetry), and in general, N, different
constants of order m 4 1.

We can obtain the oscillation frequencies as-
sociated with the second- and third-harmonic de-
formations, if we terminate the series in Eq. (D4)
after the terms shown and consider just the virial
equations through the third order. Because of the
triplanar symmetry of the assumed figures of equi-
librium, the variation §&;; depends only on the
terms in &; which contain L,.;’s and is independent
of the L;/’s and the L;.;’s. Thus, without loss of
generality, we may evaluate 6&;; by using the form
of £ given by Eq. (54). For the same reasons, the
variation §&,;,, is independent of the L,.’s, so
that we may evaluate §&;;., by using &, given by
Eq. (74).

In choosing £; to have the form given by Eq. (D4),
we have been guided by the fact that this trial func-
tion leads to the exact proper solutions in the case
of a self-gravitating mass where, moreover, el-
lipsoids are exact figures of equilibrium. Similar
assumptions concerning £, have been made by
Chandrasekhar and Lebovitz in considering the
oscillations and stability of rotating, gaseous
masses;”® and by Chandrasekhar in considering
the stability of a rotating neutrally charged liquid
drop.’® This way of applying the virial method to
these problems resembles the solution of a charac-
teristic value problem by a variational method for
which approximate eigenfunections still yield moder-
ately good eigenvalues.

8 S. Chandrasekhar and N. R. Lebovitz, Astrophys. J.
135, 248 811962).

9 S, Chandrasekhar and N. R. Lebovitz, Astrophys. J.
138, 185 (1963).

10 8, Chandrasekhar, Proc. Roy. Soc. (London) A286, 1
(1964).



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 8, NUMBER 1

Stability of Axisymmetric Figures of Equilibrium of a
Rotating Charged Liquid Drop*
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The method of the tensor virial is uged to investigate the equilibrium and stability of a rotating,
uniformly charged (with a total charge Q), incompressible liquid drop (of volume V') held together by
a constant surface tension T. The tensor virial theorems provide relations which define the sequences
of equilibrium figures and perturbation equations which govern the oscillations. Since spheroids
satisfy the virial theorems of orders one, two, and three, the stability of exact axisymmetric equilib-
rium figures with respect to second- and third-harmonic deformations can be inferred from the nature
of the characteristic oscillation frequencies of spheroids. As the rotation increases for a given fission-
ability parameter z = Q2/10TV (0 < z < 1), a sequence of oblate spheroids representing initially
stable rotating ground states exhibits a neutral point (where an ellipsoidal sequence bifurcates), but
remains stable (in the absence of dissipation) until one of the three second-harmonic modes of vibra-
tion (the toroidal or v mode) becomes overstable. Later, for third harmonies, it exhibits a second
neutral point (where a sequence of asymmetric figures bifurcates), but again remains stable until
the onset of the associated overstability. A third neutral point does not indicate the bifurcation of
pear shapes. The error in using oblate spheroids is less than 59 up to the first overstable point. One
class of saddle shapes can be represented by prolate spheroids (which must rotate about the sym-
metry axis) in the neighborhood of £ = 1. They are initially unstable with respect to the other two

JANUARY 1967

second-harmonic modes of vibration (the pulsation or 8 mode and the transverse-shear mode).

I. INTRODUCTION

HE interpretation of heavy-ion-induced fission

has revived interest in the classical problem
of a rotating charged liquid drop. The theory of
nuclear fission proposed by Bohr and Wheeler!
involved equilibrium saddle shapes of a nonrotat-
ing charged liquid drop. More recent analytical
and numerical investigations of these saddle shapes,
and in particular, the investigations of Cohen and
Swiatecki,”"® are summarized by Hyde* and Wilets.®
The influence of angular momentum on these saddle
shapes was first investigated by Pik-Pichak® and
later by Hiskes.” Further investigations along
these lines have been made by Beringer and Knox®

* The research ri%ported in this paper has been supported
in part by the Office of Naval Research under contract
Nonr-2121(24) with the University of Chicago and by the
California Research Corporation.

t Presented as part of a thesis to the Department of
Physics, The University of Chicago, in partial fulfillment of
the requirements for the Ph.D. degree.

{ Present address: Physics Division, Argonne National
Laboratory, Argonne, Illinois.

I N. Bohr and J. Wheeler, Phys. Rev. 56, 426 (1939).

o1 z Sg.ﬁg)ohen and W. J. Swiatecki, Ann. Phys. (N. Y.) 19,
1 .

3 8. Cohen and W. J. Swiatecki, Ann. Phys. (N. Y.) 22,
406 (1963).

¢ E. K. Hyde, The Nuclear Properties of the Heavy Elements
(Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1964),
Vol. I11, Chap. 2.

8 L. Wilets, Theories of Nuclear Fission (Clarendon Press,
Oxford, England, 1964).

¢ G. A. Pik-Pichak, Zh. Eksperim. i Teor. Fiz. 34, 341
(1958) [English transl.: Soviet Phys.—JETP 7, 238 (1958)].

. 7J. R. Hiskes, University of California Lawrence Radia-
tion Laboratory Rept. UCRL-9275 (1960).
8 R. Beringer and W. J. Knox, Phys. Rev. 121, 1195 (1961).

using spheroids and by Carlson and Pao Lu’ using
ellipsoids. Extensive numerical investigations along
the lines of Refs. 2 and 3 are in progress; some pre-
liminary results have been given by Cohen, Plasil,
and Swiatecki'® and by Plasil."!

In this paper and in subsequent papers, we use
the method of the tensor virial to investigate the
equilibrium and the stability of a rotating uni-
formly charged incompressible liquid drop held to-
gether by a constant surface tension. The virial
method was developed by Chandrasekhar,’® and
has already been applied by Chandrasekhar and
Lebovitz to a wide variety of problems in the theory
of self-gravitating masses. A summary of their in-
vestigations has been given by Chandrasekhar.’

In the virial method, the equations of motion
are replaced by an infinite set of virial theorems.
These virial theorems are generated by taking suc-
cessively higher moments (with respect to the
Cartesian coordinates) of the equations of motion.
—”i;.T.Carlson and Pao Lu, in Proceedings of the Rutherford
Jubilee International Conference, Manchester, 1961, J. B, Birks,
Ed. (Heywood and Company, London, 1961) p. 291.

108 Cohen, F, Plasil, and W. J. Swiatecki, in Proceedings
of the Third Conference on Reactions between Complex Nuclei,
A. Ghiorso, R. M. Diamond, and H. E. Conzett, Eds. (The
Unéwzrersity of California Press, Berkeley, California, 1963),

. 325.

1 T, Plasil, University of California Radiation Laboratory
Rept. UCRL-11193 (1963).

12 8. Chandrasekhar, Hydrodynamic and Hydromagnetic
Stability (Clarendon Press, Oxford, England, 1961), Chap. 13.

13 8, Chandrasekhar, in Lectures tn Theoretical Physics,

W. E. Brittin and W. R. Chappell, Eds. (The University of
Colorado Press, Boulder, Colorado, 1964), Vol. VI, p. 1.
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The tensor virial theorems provide a definite number
of exact time-dependent integral relations in each
order which must be satisfied under any conditions
compatible with the initially assumed equations
of motion of the fluid.

In particular, these virial relations must be
satisfied when the motion of the fluid is in a steady
state and hydrostatic equilibrium prevails. An
exact equilibrium configuration satisfies all of
the relations in every order. Conversely, these re-
lations may be used in successive orders to place
definite restrictions on the shape of any assumed
figure of equilibrium. Due to the presence of surface
tension, those exact figures of equilibrium which
have triplanar symmetry are neither spheroids nor
ellipsoids. Nevertheless, we show that all of the
equilibrium relations, provided by the virial theo-
rems through the third order, can be satisfied by
assuming that the figures of equilibrium are el-
lipsoids. With these assumed shapes, we are justi-
fied in investigating the stability, with respect to
second- and third-harmonic deformations, of those
exact equilibrium configurations which have tri-
planar symmetry. (We shall set definite limits on the
validity of this assumption.)

The first variations of the virial theorems provide
exact time-dependent integral relations which must
be satisfied in all cases of infinitesimal perturbations.
In particular, these relations must be satisfied by the
proper solutions belonging to the natural modes of
oscillation. By making an appropriate choice for
the form of these proper solutions, sets of equations
are obtained from which the frequencies of oscilla-
tion can be determined with some precision. An
examination of the character of these frequencies
of oscillation leads to the conditions for the onset
of instability. This aspect of the virial method re-
sembles the solution of a characteristic value problem
by a variational method for which approximate eigen-
functions still yield moderately good eigenvalues.

II. TENSOR VIRIAL THEOREMS

We describe the motion of a charged liquid drop
in a frame of reference rotating with a constant
angular velocity Q, which is chosen to lie along z.
In this frame of reference, the equation governing
the motion of a fluid element having a mass density
p and a positive charge density o is

du;

p dt — 2pQe15u;

— __9_2 — o—g——-? + pﬂz(x,' — b3 xa)) (1)

6:1:;

where u is the velocity, p is the hydrostatic pres-
sure, and

B(x) = f |x6<x> dr’ @)

is the electrostatic potential. (The summation con-
vention over repeated indices applies to all the
formulas in this section.)

The tensor virial theorem of the first order is
obtained by integrating the sth component of the
equation of motion over the volume occupied by
the fluid. We have

Y ,'d - 29, d
di Vpu T €513 VWZ T
= QZ(I,' — 85 Iy, (3)

where the quantities

I, = f px; dr @
v

define the position of the center of mass.

The tensor virial theorem of the second order is
obtained by first multiplying the sth component of
the equation of motion by the Cartesian coordinate
z;, and then integrating the result over the volume
occupied by the fluid. We have

dif pPUT; dr — 296513[ UL ; dr
t v 14
- 26, + B,;

= 2T;;
+ Qz(I"i -

The kinetic-energy tensor is
Ty =3 [ o dr. ©)
20y
The surface-energy tensor is
@, = 4T [ (3, — nan)) aS, @
S

where n, is a component of the unit outward normal
to the surface S and T is a constant surface tension.
The transformations which lead to this definition
of &,;; are described in Ref. 14. The potential-energy

tensor is
_f oz 658
v " 8z;

B;; = dr = —f o®B;; dr, (8)

where

)z, — x

(x; —
Bis®) = f @ TR = xT
14 C. E. Rosenkilde, J. Math. Phys. 8, 84 (1967).

g @
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is the tensor potential. This potential-energy tensor
is formally identical (apart from sign) with the
potential-energy tensor defined by Chandrasekhar*®
for self-gravitating fluids. The tensor potential
and quantities related to it have been discussed by
Chandrasekhar and Lebovitz.'***® The moment of
inertia tensor is

I, = f o, dr. (10)
14

The quantity

m={pdr (n
1 4
is related to the internal energy of the fluid. The
trace of the tensor virial theorem of the second order
reduces to the scalar form of the virial theorem.
The tensor virial theorem of the third order is
obtained by first multiplying the ¢th component of
the equation of motion by z;x;, and then integrat-
ing over the volume. We have

d
E’i‘[ pu;x,-.’l:k dT - 296”3 f pu,x,-xk dT
1 4 v

= zg:ii;k - 2@51';1: + s&n‘;k + 5{,’ I,
+ 21.'1;;,- e 2@.%;1' + QBik;i + Six H,‘

+ Qz(Iiik — 83 Iai), (12)
where
Lo = %f Uz, dr, (13)
14
@ii;k = %Tf (5,‘5 —_ n,~n,~)xk dS, (14)
s
1
%ii:k = 5[ aﬂS.-,-x,, dT, (15)
1 4
Ii:'k = f or.2;T, dr, (16)
v
and
1, = f oz, dr. an
v

The index following the semicolon in the symbols
Tiiny Gijn, and W;;., indicates that a moment
with respect to the associated Cartesian coordinate
is involved. The additional factor z, in the tensors
defined by Eqgs. (13)-(17), as compared with those
defined by Egs. (6)—(8), (10), and (11), reflects the

16 8. Chandrasekhar and N. R. Lebovitz, Astrophys. J.
135, 238 (1962).

16 8. Chandrasekhar and N. R. Lebovitz, Astrophys. J.
136, 1032 (1962).
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character of the higher moment. The transformations
which lead to the form of Eq. (12) are described
in Refs. 13 and 14.

Clearly, virial theorems of higher order can be
obtained by taking successively higher moments of
the equation of motion. However, in the present
considerations we limit our attention to the virial
theorems of the first three orders.

The formal development of these tensor virial
theorems is independent of the functional forms
which the mass and charge distributions may assume.
There are no restrictions on the relative internal
motions of the fluid. However, no dissipative effects
have been included. The formal development of
the surface-energy tensors in Ref. 14 has been re-
stricted to closed surfaces on which a constant sur-
face tension is operative, but the shape of these
surfaces is unrestricted.

These tensor virial theorems provide the basis
for an investigation of the equilibrium and the
stability of the rotating configurations,

1. EQUILIBRIUM RELATIONS
A. General Considerations

We assume that the equilibrium configurations
of the charged liquid drop are initially rotating
uniformly with constant angular velocity Q. These
configurations are initially stationary in the chosen
frame of reference. The tensor virial theorems
must be satisfied when no relative motions are
present and a state of hydrostatic equilibrium
prevails. Under these conditions, all the velocities
and time derivatives in Egs. (3), (5), and (12)
vanish. We obtain

0 = 92(15 - 6,’3 13), (18)
0= —2®.',' + QB;,' + 92(1-“ - 5:‘3 I3i) + II sii)
(19)
and
= - 2@ii;k + %ii;k + Bii ch
il 2@”@;," + Qgik;i + Bik Hi
+ Qz(Iiik — O3 I3:‘k)' (20)

A number of general conclusions follow from these
equilibrium relations. It follows from Eq. (18) that

I,=1,=0, (21)

which implies that the axis of rotation must pass
through the center of mass. There is no loss of
generality in assuming that

I, =0 (22)
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8o that the center of mass is located at the origin.
From the components of Eq. (19) for which 7 = j,
it follows that

I13 = Iza = 0, (23)

which implies that the equatorial plane must be a
plane of symmetry.'” However, I;, need not vanish
so that equilibrium configurations are not neces-
sarily axisymmetric.

The three diagonal components of Eq. (19) may
be written in the forms

L, = 28, — B, — I, (24)
LI,y = 28, — By, — 1, (25)

and
0 =28, — BW,; — II. (26)

Several general inequalities now follow from the
physical requirements that both the rotational
energy and the quantity II must be positive for
any equilibrium configuration. From the sum of
Eqgs. (24)-(26), we obtain

92(111 + 122) =26 - B — 3l >0, (27)

where & is the surface energy and L is the po-
tential energy. It follows from expression (27) that

3(©® -3/ =21 = 0. (28)
Finally, from Eq. (26) it follows that
II = 2&;; — BW;; > 0. @9
Two very important relations,
XLy = 2(8,; — Sgp) — (Wi — Was) (30)
and
DI, = 2(Sy; — Spg) — (Wiz — BWa), (31

are obtained by using Eq. (26) to eliminate II from
Eqgs. (24) and (25). These two relations are used to
associate the proper value of ©* with each equi-
librium configuration.

The allowed equilibrium configurations are further
restricted by the following theorem.

Theorem: Uniformly rotating, axisymmetric, equi-
librium configurations cannot have the axis of
symmetry perpendicular to the axis of rotation.

Suppose the axis of symmetry lies along 2,. Then it
follows quite generally from the definitions of the
energy tensors that &, = &; and B, = B,

17 ], Lichtenstein, Gleichgewichisfigiiren Rotierender Flis-
sigkeiten (Springer-Verlag, Berlin, 1933), p. 12.
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Therefore, the right-hand side of Eq. (81) vanishes.
Since this conclusion is incompatible with the as-
sumption that ©° = 0, the theorem follows. As
noted by Beringer and Knox,® all of the points,
which lie along the intersection of the axisymmetric
surface with any plane perpendicular to the axis of
symmetry, have the same total curvature and
electrostatic potential but are at different distances
from the axis of rotation and hence cannot all
simultaneously be in equilibrium.

The axis of rotation, on the other hand, may be
an axis of symmetry. Under these conditions, Eq.
(30) becomes identical with Eq. (31), and the re-
sulting expression determines Q°.

We now restrict our attention to configurations
which have triplanar symmetry. Under this re-
striction, all of the off-diagonal components of
Eq. (19) vanish identically. In addition, every
component of Eq. (20) vanishes identically. Only
Egs. (24)-(26) remain nonvanishing, Therefore,
if we can find configurations with triplanar sym-
metry which satisfy Eqs. (24)-(26), then we have
satisfied all of the requirements for equilibrium
which follow from the tensor virial theorems through
the third order. Under these conditions, we may
assume that these configurations are equilibrium
configurations up to at least third order, and we
may investigate their stability with respect to
second- and third-harmonic deformations.

B. Ellipsoidal and Spheroidal Configurations

Uniformly rotating ellipsoidal configurations which
have mass and charge distributions that are initially
homogeneous, and which are held together by a
constant surface tension, are a particular case of
configurations with triplanar symmetry. In order
to demonstrate that these configurations can be
chosen 50 as to satisfy Eqgs. (24)-(26), we need the
expressions for the diagonal components of the
energy tensors for homogeneous ellipsoids.

The diagonal components of the surface-energy
tensor &;; are shown in Ref. 18 to be

28, = 2T(@; + Q) (1 j = k), (32)

(no summation over repeated ¢) where the @,’s are
the one-index symbols for the surface energy. These
symbols are defined and evaluated in Ref. 18. In
writing 7 in Eq. (32), we have suppressed the
common factor w(a.@,a,)°. The quantities a,, as,
and a; are, respectively, the semiaxes of the el-
lipsoid along z;, z., and ;.

18 C. E. Rosenkilde, J. Math. Phys. 8, 88 (1967).
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The diagonal components of the potential-energy
tensor B,; are shown in Appendix A to be

B, = 20%ai4, (33)

(no summation over repeated %), where the A4,’s
are the one-index symbols for the potential energy.
These symbols were defined and evaluated by
Chandrasekhar and Lebovitz.'* In writing o
in Eq. (33), we have suppressed the common factor
47 (a,a,a5)°/15.

The diagonal components of the moment of
inertia tensor are
349

(no summation over repeated 7), where in writing p
in Eq. (34) we have suppressed the factor

4m(a,a.a5)/15.

In order to satisfy the equilibrium relations
(24)-(26), we may choose to define II by Eq. (26).
Then, we may proceed with the elimination of

I = 27[a, + @, — (0'2/T)a§-43] (35)

from Eqgs. (24) and (25). The resulting expressions
[Egs. (30) and (31)],

(p9°/2T)a; = @y — Gy — (¢"/T)(al4, —
and

(pQ*/21)az = Gy — @; — (°/T) (034, —

I.'; = paf

dsAs) (36)

ag 43,
(37

determine the parameters pQ’/2T and o°/T for a
given ellipsoid with semiaxes @, @,, a;. When the
suppressed constants are restored, we find that
o’/ T represents the fissionability parameter z, and
that pQ?/27T represents the rotational parameter y,
which are used in the theory of nuclear fission.
These parameters are explicitly defined in Ap-
pendix B.

In this paper we restrict our attention to uni-
formly rotating spheroids (ellipsoids of revolution)
and leave the discussion of triaxial ellipsoids for a
subsequent paper.

One can verify, by using the definitions of the
multi-index symbols in the case that a, = a,, that
neither prolate nor oblate spheroids can satisfy
Eq. (37) when @* > 0, in agreement with the above
theorem. (It should be noted that this theorem does
not apply to cases considered by Bohr.”” Those
configurations do not rotate uniformly, and internal

19 8, Chandrasekhar and N. R. Lebovitz, Astrophys. J.
136, 1037 (1962).

0 A. Bohr, Rotational States of Atomic Nuclei (Ejnar
Munksgaards Forlag, Copenhagen, 1954).
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motions are present.) Since the equatorial plane of
any equilibrium configuration must be a plane of
symmetry, the spheroids must rotate about their
axis of symmetry. Under these conditions, Eq. (36)
and (37) are identical (a; = a,). By using the
identities satisfied by the multi-index symbols, we
can rewrite Eq. (36) in the form
o _

a2 a
o7 = (1 - &%)(‘3‘3 - 5,—313)-

(Beringer and Knox® obtained an equivalent rela-
tion from an energy principle by using a shape-
preserving deformation.)

The allowed equilibrium configurations are further
restricted by the inequality (29), which takes the
form

(38)

I = 272G, — (¢"/T)a34s] > 0. (39

Therefore, the amount of charge in a given spheroid
is limited by the relation

/T < 2@,/a2A,. (40)

(In the limit of no rotation, this relation reduces to
the requirement that a spherical drop must have
z < 1; see Appendix E.)

The equilibrium configurations defined by Egs.
(38) and (40) are of two types. There are sequences
of oblate spheroids which we identify later as
rotating ground-state configurations. There are
also sequences of prolate spheroids, rotating about
the axis of symmetry, which we later identify as
first approximations to a particular class of rotat-
ing saddle-shape configurations. In Sec. VII we
discuss each of these types of configurations and
indicate to what extent these shapes approximate
the exact axisymmetric figures of equilibrium for a
rotating charged liquid drop.

IV. VIRIAL EQUATIONS FOR SMALL
OSCILLATIONS ABOUT EQUILIBRIUM

We assume that a uniformly rotating charged
liquid drop, initially in a state of equilibrium, is
slightly perturbed; and further that the ensuing
motions are described by a Lagrangian displacement
of the form

£(x)e™, (41)
where A is a parameter whose characteristic values
are to be determined. To first order in &, the first

variations of the tensor virial theorems of the first,
second, and third orders give

XZV,‘ - 2}\96;131’1 = 92(61. it 6,’3 6[3), (42)
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>\2V,~;,- - 2)\96”3‘71”- = —25@,‘,- + 6%,‘;

+ Q(8I;; — 8.5 81,;) + oI &, (43)
and
NV — 20Q05V 1
= —208;.: + 8Wi; + &, OIL,
— 28@,;.; + 6Wi;; + 8. OIL;
+ Q8L — 8.5 814,), (44)
where
V= [ s, (45)
Vi = fv pti; dr, (46)
and
Vi = fv ptixx, dr. (47)

In deriving Egs. (42)-(44) from Egs. (3), (5),
and (12), the first variation of @ vanishes, since it
represents the constant angular velocity of the ro-
tating frame of reference. Although @ has been
chosen so that the undisturbed equilibrium con-
figuration is initially stationary in this frame of
reference, after the perturbation the disturbed con-
figuration is, in general, no longer stationary in this
frame. It is, nevertheless, moving in such a way
that its total angular momentum (as referred in a
nonrotattng frame) is still conserved. This is a
general consequence of the time-dependent character
of the tensor virial theorems.

The virials of the first order V; are equal to the
variations in the position of the center of mass

ol, = V.. (48)

Equation (42) is a kinematic relation; it is inde-
pendent of any energy tensors, and hence it is
independent of the construction and the constitu-
tion of the system under investigation. Therefore,
in the subsequent discussion, there is no loss of
generality in assuming that

V:=0. (49)

This means that the perturbed motion will be
viewed from a uniformly translating frame of
reference in which the center of mass is permanently
located at the origin. (This is equivalent to the
center-of-mass correction made by Present and
Knipp.™)

TR D. Present and J. K. Knipp, Phys. Rev. 57, 751
(1940).
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The unsymmetrized virials of the second order
V,; are related to the variations in the moment of
inertia tensor:

8li; = Vi + Vi =V, (50)

where the Vs (without the semicolon) are the
symmetrized virials of the second order. The un-
symmetrized virials of the third order V,,; arc
related to the variations in the third moments of
the mass distribution:

V.';ik + Vi;ki + Vk;ij =

where the V,;’s are the symmetrized virials of the
third order.

Clearly, the variations of higher-order virial
theorems require the introduction of higher-order
virials. However, the present considerations are
limited to the wvirial theorems of orders one, two,
and three. The space dependence of the Lagran-
gian displacement cannot involve any more unknown
parameters than the total number of virial equa-
tions to be considered (a total of 30 in this case.)
Under these conditions, an appropriate choice for
the form of £(x) is

£o=Li+ 2 Lo, + 2, L,
7 ik

5Ii;k = Vl‘ik’ (51)

(52)

where the L’s are undetermined constants. [Further
discussion regarding this choice for ¥ is given in
Appendix D of Ref. 18.] Since 7 may assume the
values 1 to 3, there are a total of three L.’s, nine
L;.;’s, and eighteen L;.;,’s (L;;ss = L;.y, by sym-
metry). The 30 virials V;, V,,;, and V,,;, are linear
functions of these undetermined constants [cf.,
Ref. 18, Egs. (55) and (77)—(81)]. In view of this
linear relationship, there is no loss of generality
in retaining the virials themselves as the param-
eters to be determined by the virial equations.

We need expressions for the variations §&,;,
0.1, 0B.;, and W, ;... The specification of these
variations in terms of ¥ has been given in Ref. 14.
Expressions for 6&;; and §&,;,, in terms of the
virials have been given in Ref. 18. The expressions
for 62W,;; and 4%W;;.; in terms of the virials can be
obtained from Refs. 13 and 22, when account is
taken of the sign conventions discussed in Ap-
pendix A.

The specification of 8II and I, in terms of ¥
requires some supplementary assumption concerning
the physical nature of the oscillations. For an in-
compressible fluid, the Lagrangian displacement is

# 8, Chandrasekhar and N. R. Lebovitz, Astrophys. J.
137, 1142 (1963).
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required to be solenoidal in order to preserve the
total volume. The restriction

div £ = 0, (53)

imposes four additional relations among the virials
of the first three orders. For ellipsoids, we have

3
V..
2= (54)
i=1 t)
and, by making use of Eq. (49),
3 V..
D=V, =0, =123 (5

i=1 i

If we supplement the set of virial equations with
these four relations, then we may dispense with the
evaluation of 5II and 811, (k = 1, 2, 3) and eliminate
them from the system.

Since the virial equations of even order are inde-
pendent of those of odd order, we may discuss the
symmetric and asymmetric deformations separately.

V. OSCILLATIONS BELONGING TO THE
SECOND HARMONICS

We use the virial equations of the second order
to investigate the stability of the axisymmetric
equilibrium configurations with respect to second-
harmonic deformations. The conditions for the onset
of instability follow from an examination of the
nature of the characteristic frequencies of oscilla-
tion belonging to these symmetric deformations.

The nine virial equations, which follow from Eq.
(43), separate into two noncombining groups dis-
tinguished by their parity (i.e., evenness or oddness)
with respect to the index 3. There are five equa-
tions of even parity and four equations of odd parity.
The analysis of these equations closely resembles
the corresponding analyses given by Chandrasekhar
for the self-gravitating Maclaurin spheroid*® and
for the uncharged liquid drop.?® The correspondence
is complete if, for example, the quantity 63B,; in
Chap. VI of Ref. 13 is replaced by the combination

—611.-,- = '—25@;; + 6%;,-. (56)

By taking appropriate linear combinations of
the five equations of even parity (in the present case
of axisymmetry), two noncombining groups can be
formed. The first group (hereafter called Group A)
contains the two equations

)\2V12 + 2)\Q(V1;l - VZ:Z)
= —28ll,, + 20°V,, = 2(Q* — P)V,, (67

33 8. Chandrasekhar, Proc. Roy. Soc. (London) A286, 1
(1964).
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and
)‘2(V1;1 - Vz;z) - 2)\9sz
= _(61111 - 61122) + QZ(Vu - sz)

= 2(92 bt P)(Vl:l - V2:2)7 (58)

where
P = 2T/p)[G11 — (UZ/T)BM]- (59)

The quantity P in Egs. (57) and (58) is obtained
by combining the appropriate components of Egs.
(A4) and (A5) in Appendix A with Eqs. (66) and
(69) of Ref. 18.

The remaining equations of even parity involve
OI1. If we use the 3, 3-component of Eq. (43) to
eliminate 8II from the system and supplement the
remaining equations with the divergence condition
(54), then we find that the second group (hereafter
called Group B) contains the three equations

)\2(V1;2 - V2:1) - 2>\9(V1:1 + Vz;z) = 0;
)‘2(V1;1 + V2;2 - 2V3:3) + 2>‘Q(V1;2 - Vz:l)
_(51111 + 51122 - 251133) + Qz(Vu + sz)

(60)

= 2(92 - M)(Vl:l + V2;2) + 2NV3;3: (61)
and
al_Z(Vl:I + Vo) + a;2V3;3 =0, (62)
where
2T : :
M= _p— [2@11 - %%@13 - %1' (2Bu - Bla)] (63)
and

2T 2 2
N == [3% - Z—‘;l’@” — —"T— (3Bys — Bw)] (64)

In obtaining the expressions for M and N, we have
made use of Egs. (70) and (71) in Ref. 18, Eq. (A5)
in Appendix A, and the recursion relations satisfied
by each type of multi-index symbol.

The four equations of odd parity (hereafter
called Group C) are

>‘2V1:3 - 2>\QV2:3

= =0l + @V = (2 — Q) Vi,  (65)
NV + 200V,
= — 8l + DV = (0 — Q) Vo, (66)
NVau = —8lly = —QV,,, (67)
and
MV = — 8l = —QV,,, (68)
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where

Q = (2T/0)[@s — (°/T)B1s]. (69)

The quantity @ is obtained by combining the ap-
propriate components of Eq. (A4) in Appendix A
with Egs. (67) and (68) of Ref. 18.

The virial equations which describe the oscilla-
tions of the Maclaurin spheroid and the uncharged
liquid drop separate into exactly these same three
symmetry groups. In the context of gravitation,
the natural modes of oscillation associated with the
Groups A, B, and C are known, respectively, as
the toroidal modes, the pulsation modes, and the
transverse-shear modes. In nuclear physics, the
toroidal and pulsation modes are known as the v
and g vibrations, respectively. We treat the toroidal
modes first since it is by these modes that the ro-
tating charged liquid drop manifests both neutral
stability and overstability.

A. Toridal Modes (y Vibration)

Group A depends only upon V,,; — V,,, and
V... It follows that the appropriate displacement
for these modes is

£ = Lyax, + Ly,

£ = Lipry — Ly,

(70)
and & = 0.

This displacement transforms a given spheroid
into a triaxial ellipsoid; it corresponds to the «¥
vibration.

The characteristic equation for these modes is

(\ + 2P — 29%)° 4+ 4N°Q° = 0. (71)

If we replace A’ by —w’ (so that a real w is a neces-
sary and sufficient condition for the stability of
these modes), then Eq. (71) can be written in two
equivalent forms:

o' — 4°P + 42 — P)’ = 0 72)
or
[+ 9 + 9 — 2P]
X[w— 9+ @ —-2P]=0. (73)

From Eq. (72), it follows that a neutral mode
(w = 0) of multiplicity 2 obtains when

@ =P= @T/p)Cn — (UZ/T)Bu]- (74)

At this neutral point the perturbation has no
sinusoidal time dependence. Moreover, when o’ = 0,
Eqgs. (57) and (58) do not allow any perturbation
which has a linear time dependence. Therefore,
this neutral point indicates the occurrence of a
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point of bifurcation along a sequence of axisym-
metric equilibrium configurations.

At this point of Dbifurcation, genuine tri-axial
configurations (in this case, ellipsoids) first become
possible figures of equilibrium. The values of x
and y associated with this point of bifurcation are
given by the simultaneous solution of Egs. (38)
and (74):

gf _ afan - (af - ag)a13

T afBu - (a? - ag)Bla ’ (75)
PQz _ (af - ag)(@laBll — QuB1s)
or ~ (76)

afBu - (af - a§)313

In Appendix C, we verify that a sequence of rotat-
ing ellipsoids branches off from a sequence of rotat-
ing spheroids at these values of z and y.

The form of Eq. (72) implies that «® does not
change sign when the quantity Q° — P changes
sign. Therefore, in the absence of any dissipative
mechanism,™ no instability occurs at this point of
btfurcation.

The four characteristic roots of Eq. (73) are

o= £[Qx 2P — M. (77

These frequencies of oscillation cease to be real
when

@ = 2P. (78)

For greater values of O, the axisymmetric con-
figurations admit overstable oscillations (complex
w), and are, therefore, unstable. The values of z
and y associated with this overstable point are
given by the simultaneous solution of Egs. (38)
and (78):

0_2 _ 202@,; — (af - ag)ala (79)
T 2afBu - (af h ag)Bl:i ’
g_ﬂ;’z — 2(ay — a5)(@3By; — QuBis) (80)

2aiB,, — (a; — a)B,;

We defer until Sec. VII the quantitative dis-
cussion of the values of z and y associated with
these points of bifurcation and overstability along
the sequences of spheroids. However, one qualita-
tive conclusion concerning the ezact axisymmetric
configurations can be inferred at this point. The
separation of Group A from the rest of the equa-
tions of even parity depends only upon the axisym-
metry of the configurations and is independent of
the divergence condition. Therefore these equations
are relatively insensitive to the particular properties
"~ uP. H. Roberts and K. Stewartson, Astrophys. J. 137,

777 (1963), have shown that the viscous Maclaurin spheroids
become unstable at the point of bifurcation.
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of a shape which already possesses the proper sym-
metry. This implies that the exact axisymmetric
configurations also exhibit the above points of
bifurcation and overstability in exactly the same
manner. This appears as a general property of uni-
formly rotating, axisymmetric, homogeneous fluid
configurations without dissipation.

B. Pulsation Modes (3 Vibration)

Group B depends only uponV, .. — Va5, Vi1 +Vass,
and V5. It follows that the appropriate displace-
ment for these modes is

b Lz, + Ly,
& = —Liat + Lz,

This displacement preserves the axisymmetry and
transforms a given spheroid into a neighboring
spheroid having a slightly different eccentricity; it
corresponds to the 8 vibration.

The characteristic equation for these modes is

NN + (2ai/ad)]
+ 2[2° + M + (ai/aD)N]} = 0.  (82)

If we replace A by —«” (a real w implies stability),
then in addition to the pair of zero roots, Eq. (82)
allows the roots

w=+v2[1+ (2ai/ad)]?
X [@ 4+ M + (ai/a)N.  (83)

These roots are real in the case of oblate spheroids
and imaginary in the case of prolate spheroids.
The two zero roots do not indicate the occurrence
of a point of bifurcation (cf., Lebovitz*®). However,
they do indicate the presence of two nonoscillatory
solutions of Eqgs. (60)-(62). One of these solutions
for which Vy,;;, + Vo, = 0and V,,, — V,,, is an
arbitrary constant, corresponds to an infinitesimal
rotation of the spheroid about z; without any change
of shape. The other solution has a linear time de-
pendence of the form V,,; + V,,, = b and

Via = Vau = a — (/DI + (63/ad)N — @)1,
(84)

where a and b are arbitrary constants. It corresponds
to the infinitesimal displacement which generates
the sequence of rotating axisymmetric equilibrium
configurations starting from the sphere. The equi-
librium is preserved by changing the rate of rotation
from @ to @ + 82 and by simultaneously altering
the shape of the spheroid from that appropriate to

(81)

and & = —2L,.7;.

3 N. R. Lebovitz, Astrophys. J. 138, 1214 (1963).
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Q to that appropriate to @ + 2. (The magnitude
but not the direction of the angular momentum is
changed during this displacement.) If 2 should pass
through an extremum value along the sequence,
then 82 must vanish, and in the frame of reference
with this value of Q, there should not be any time
dependence in Eq. (84). By starting from Eq. (38),
one can indeed verify that the condition 62 = 0 is
satisfied when

Q=M + (a;/a))N. (85)

A similar phenomenon occurs along the sequence of
Maclaurin spheroids.'®

C. Transverse-Shear Modes

Group C depends only upon V5, Vi3, V.4, and
V3.2. It follows that the appropriate displacement
for these modes is

& = L7,
& = Ly 575,

This displacement induces relative motion of the
two hemispheres; the spheroid tilts over and simul-
taneously may become an ellipsoid.

The characteristic equation for these modes is

NN — @+ 2Q° +4°0 + Q7] =0. (8D

If we replace \’> by —«® (a real » implies stability),
then Eq. (87) can be factored in the form

W@ — D — 00 — 2Q)]
X [+ D + 2 —2Q)] =0.  (88)
It follows that the eight characteristic roots are
w = :3[2 + (2° + 8Q)Y, (89)

o = £0, and w = 0 (of multiplicity 2).
By using the equilibrium equation (38), which
can be written as

(86)
and & = L3, 2, + Ls,ots.

@ = (1 — az/a))@Q, (90)
we can rewrite Eq. (89) in the form
© = £32{1 £ [9a] — a3)/(@ — a)}}}.  (91)

It follows that oblate spheroids (a; < a,) are com-
pletely stable with respect to the transverse-shear
modes. However, prolate spheroids (a; > a,) are
stable with respect to these modes only when
a; 2 3a;. The prolate spheroids are overstable
when a, < a; < 3a,.

The displacement associated with the roots 40
corresponds to an infinitesimal rotation of the
spheroid about z, or z, without any change of
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shape. The direction of the angular momentum is
changed during this displacement. The pair of
zero roots belong to the proper solution for which
both V3 and V,; vanish. The associated displace-
ment leaves the spheroid upright but induces
infinitesimal internal motions having a uniform
vorticity along x, or z,.

We have obtained a total of six nonvanishing
values of w” in the second order in agreement with
a lemma of Cartan.*

VI. OSCILLATIONS BELONGING TO THE
THIRD HARMONICS

We use the virial equations of the third order to
investigate the stability of the axisymmetric equi-
librium configurations with respect to third-har-
monic deformations. The possible occurrence of
additional points of bifurcation is of particular
interest. The limits of stability with respect to
these asymmetric deformations can be obtained
from the characteristic equations for the fre-
quencies of oscillation.

The 18 virial equations, which follow from Eq.
(44), separate into two noncombining groups dis-
tinguished by their parity with respect to the index
3. There are 10 equations of even parity and 8
equations of odd parity. In analyzing these equa-
tions, we are guided, initially, by the corresponding
investigations of the third-harmonic oscillations
of the Jacobi ellipsoids and of the Maclaurin sphe-
roids, which have been given by Chandrasekhar
and Lebovitz.”*"

The virial equations of the third order, which are
appropriate for a rotating charged liquid drop, may
be obtained explicitly from Eqgs. (26)-(43) of Ref. 22
by replacing the components of —&8,;,, in each of
those equations by the corresponding components of

611;,';], = 25@“;)‘ - 6%;;;];. (92)

Later the quantity 6&,;; [Ref. 22, Eq. (62)] may be
replaced by the quantity

auiii = 46uii:i + 26111'1';9' - 2811:';‘::' (93)

(no summation over repeated indices). Expressions
for 6&,;., for homogeneous spheroids are given in
Table II of Ref. 18. The correct expressions for
8%;;.,, for homogeneous spheroids may be obtained
from Table I of Ref. 22 or Table I of Ref. 27 when

2 |, Cartan, in Proceedings of the International Mathemati-
cal Conference, 1924, J. C. Fields, Ed. (University of Toronto
Press, Toronto, Canada, 1928), Vol. 2, p. 9.

27§, Chandrasekhar and N. R. Lebovitz, Astrophys. J.
137, 1162 (1963).
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account is taken of the sign conventions discussed
in Appendix A.

A. Equations of Even Parity

The 10 equations of even parity correspond to
Eqgs. (26)-(35) of Ref. 22. These equations can be
rearranged into a form corresponding to Eqs. (48)-
(57) of Ref. 22. In this latter form, the guantities
811, and 61, can be eliminated. The resulting eight
equations, which correspond to Egs. (58)-(61) and
(64)—-(67) of Ref. 22, separate into two groups.

The two equations (hereafter called Group D)
which correspond to Egs. (568) and (59) of Ref. 22
contain, respectively, the quantities 811,,, and 5U,,,.
According to the tables, the expansions for these
quantities contain no terms in V53 and V,3; and,
moreover,

WUyee = Py(Viee — 3V11) (94)
and
Moy, = Pi(Vaur — 3Vas), (95)
where
P, = 3T/p)[7(G11 — 20B;11)
— (26°/T)(Bi, + aiBi)].  (96)

Therefore, Group D takes the form [ef., Egs. (2)
and (3) of Ref. 27]

O — 30 + PY)(Vip — 3V

+ (Vo — 3Vss0) =0,  (97)
(\* = 30" + P)(Vanr — $Vi0)

— (Vi — V) = 0. (98)

The remaining six equations (hereafter called
Group E) correspond to Eqs. (60), (61), and (64)-
(67) of Ref. 22, It is convenient to rearrange these
equations and make explicit use of the divergence
conditions

0’ (Vin + Vi) + a5 Vs =0 99)
and
07 (Vaes + Vo) + a3 Viss = 0 (100)
at this point. We have the group (see Appendix D)
[)\2(4 + 04) + (4 + 110’»)(M1 - 92) + aNl]Vl33
+ UV — Vaisa)
= (392 bl Pl il )\2)(V122 —_

V), (0D
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N4 +a) + 4 + 1la)(M;, — @) + aN,1Vass
— BAQ(Vyi22 — Viizg)
=B — P, — ) (Vo — Vi),

NVies — 20V, + M, — @)V = 0,
NV + 200V, 55 + (M — Q) Vs = 0,
ANV e + 2000V 355 — (M, — @) Vg

=BV — P)(Vie — 3V

— A2V — £V,

ANV — 2002V 153 — a(M, — Q) Vs

= (B0 — P)(Voyy — Vi)

(102)
(103)
(104)

(105)

+ 22Q(Vi2e — 3V 1a1),s (106)
where
M, = T/[1®11s — (¢°/T)(Bis — @:Bir)], (107)
N, = (30T/p)(1 — @3/a))(Crs — T®By;3), (108)
and
o = dai/a3. (109)
1. Group D

This group depends only upon the quantities
V122 bt %Vlll a,nd V211 — '%szz. The Cha»racteristic
equation is

(M — 3Q° 4+ P)® 4+ 4@ = 0. (110)

If we replace A’ by —w’ (a real w implies stability),
then Eq. (110) can be written in two equivalent
forms:

o+ 200 —P)+@BF —P)Y =0 (111
or
[+ 9)° + 20" — Py

X [ — @ +2Q° — P] = 0.

From Eq. (111), it follows that a neutral mode
(w = 0) of multiplicity 2 obtains when

30" = P,.

(112)

(113)

At this neutral point the perturbation has no
sinusoidal time dependence. Moreover, when o” = 0,
Egs. (97) and (98) do not allow any perturbation
which has a linear time dependence. Therefore,
this neutral point indicates the occurrence of an
addition point of bifurcation along a sequence of
axisymmetric equilibrium configurations.

At this point of bifurcation, genuine asymmetric
configurations first become possible figures of
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equilibrium. The values of z and y associated with
this point of bifurcation are given by the simul-
taneous solution of Eqs. (38) and (113):

@ _ 718Gy — 28:1) — 2(d} — 65)Cys
T 2“?(311 + afBlll) - 2(“? - ag)Bll’. !

(114)

Q?
bF = @ — a)
% [2@13(B11 + aiBy)) — 7@n — 2(3111)313].
20i(By, + a:B.1y) — 2(“? — a3)By,
(115)

The form of Eq. (111) implies that «’ does not
change sign when the quantity 3Q° — P, changes
sign. Therefore, in the absence of any dissipative
mechanism, no instability occurs at this point of
bifurcation.

The four characteristic roots of Eq. (112) are

w= £[Q £ P, — 20O)Y. (116)
These frequencies of oscillation cease to be real when

Q* = 2P,. (117)

For greater values of Q°, the configurations admit
overstable oscillations (complex w), and are, there-
fore, unstable. The values of z and y associated
with this overstable point are given by the simul-
taneous solution of Egs. (38) and (117), which is
similar to Egs. (114) and (115).

In order to illuminate the nature of the asym-
metric figures of equilibrium, it is of interest to
obtain the Lagrangian displacement which generates
these figures at the point of bifurcation. The ap-
propriate displacement must not affect the equa-
tions of odd parity. Therefore, all of the virials
which are odd in the index 3 must vanish. In view.of
the equality of @, and a,, there is no loss of generality
in supposing that all of the virials which are odd in
the index 2 also vanish. Group D is independent of
the quantity V35 so that we may choose

Vigs = 0. (118)

At the point of bifurcation [where A = 0 and Eq.
(113) is satisfied] the coupling between Groups D
and E is broken so that the displacement we seek
must be orthogonal to any displacement that is
appropriate for Group E. Finally, the displacement
must still allow

V122 - %Vlll = %V122 # 0. (119)

The only displacement which satisfies all of these
requirements is the displacement

&L= %C(a/axf)(x? - 3x1$§)y (120)
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whose components are

El = C($i - xz); (121)

£ = —2cxx,, and & = 0,

where ¢ is an arbitrary infinitesimal constant. This
displacement generates a figure of equilibrium which
has three identical lobes symmetrically placed
around the axis of rotation.

The phenomena of bifurcation and overstability
exhibited here by a rotating charged liquid drop also
occurs in exactly the same manner for the Maclaurin
spheroids.”” In that case, Chandrasekhar® obtained
the point of bifurcation in a slightly different (al-
though equivalent) way.

2. Group B

In analyzing Group E, we must require
Viee — %Vlll = Vou — %szz = 0,

so that we may not be inconsistent with the equa-
tions in Group D. Because of this requirement the
terms on the right-hand sides of Egs. (101), (102),
(105), and (106) vanish. Group E then depends
only upon V.3, Vaiss Ve, Viiszy Viasy and Vs,

The characteristic equation for these modes is

MO 4 499 [NBN + 1)° + 49%757]

(122)

— 32NQ%B[BN +r — (2 + a)s]} =0, (123)
where
r= (4 + 1la)s + a4 + Ny, (129
s=M, — @, (125)
and
B =4+ a. (126)

In addition to the factor \*, Eq. (123) contains a
polynomial of degree four in N*. If we replace \’
by —w’, then this polynomial can be written as
the product of two quartic factors. We have

Bu' & 28Q° — 10 F 200 — Bs)w + 4@ = 0.
(127)

It follows from Eq. (127) that a neutral mode
(o = 0) obtains when

s =M, — @ =0. (128)

However, we shall verify that this neutral mode does
not indicate the occurrence of a point of bifurcation
along the sequence of axisymmetric equilibrium
configurations for the rotating charged liquid drop.

28 §. Chandrasekhar, Astrophys. J. 137, 1185 (1963).
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This neutral point can be a point of bifurcation
if Egs. (101)-(106) admit only time-independent
perturbations when A = 0 (i.e., the perturbation
should not have any polynomial time dependence).
These requirements can be achieved only if the
pair of equations

(4 4 11a)(M, — Q) + aN,]V .5 = 0,
(M1 - QZ)V133 = 0: (130)

and a similar pair which involves V33, can be simul-
taneously satisfied with nonvanishing virials. This
is possible only when N, vanishes and Eq. (128) is
satisfied. However, N, is proportional to the non-
vanishing factor

(129)

Qs — 763113 = 3(03133 - 65113)

= 3(“? - ag)(ﬁusa # 0, (131)

where ®,3; is a four-index symbol in the notation
used in Ref. 18. Therefore, N, does not vanish,
and this neutral point is not a point of bifurcation.

It is of interest to recall that in the case of the
Maclaurin spheroids, the corresponding neutral
point is a point of bifurcation.”® At this point a
sequence of pear-shaped configurations branches off
from the sequence of spheroids. The absence of this
sequence of pear shapes along the axisymmetric
sequence for the rotating charged liquid drop clearly
depends upon the presence of the surface tension.
Whether this conclusion also depends critically
upon the assumed spheroidal shapes cannot be
decided within the present considerations.

B. Equations of Odd Parity

The eight equations of odd parity correspond to
Egs. (36)-(43) of Ref. 22. These equations can be
arranged into a form corresponding to Eqgs. (87)—(94)
of Ref. 22. In this latter form, the quantity &I,
can be eliminated. In the present case of axisym-
metry, the resulting equations separate into two
noncombining groups.

The first group (hereafter called Group F) con-
taing the four equations

NVauz + @ Vs = 0, (132)
N(Vaar — Vi) + @(Van — Vi) = 0, (133)
N(Vies + Vo) + 220V — Vi)
+ @+ Qs —20)Vyy =0,  (134)
2N (Vi — Vo) — ANQ(Vis + Vo)
+ @+ @ — 28)(Vau — Vi) =0,  (135)
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where

Ql = (T/P)[7(ala - 203113)

- (20'2/T)(B13 + afBua)], (136)
Qz = (T/P)[7(@11 - 26311:«1)
- (QUZ/T)(BH + aana)]- (137)

The remaining three equations depend upon the
divergence condition

al—z(V3ll + V322) + a;2V333 == 0, (138)

which can be used to eliminate V3;;. Then the second
group (hereafter called Group G) can be written
in the form

N (Vs —

N(Vain + Vi) + @s(Van + Vaz) = 0,

NV + Vaiad) + AQ(Vys — Vaa)
+ [(@3/a) (BN + Q) + Qs — @ — 207

V2;3]) - 2>\Q(V1;al + V2:32) = 07 (139)
(140)

X (Vo + Vi) =0, (141)

where
Qs = (5T/p)[T®13s — (¢°/T)Bis — 3Busg)],  (142)
Qs = 3(T/P[7(C1s + 25B,35)

— (8¢°/T)(4B,; — 5a3Bi3s)], (143)
and
Q: = 3(T/9[7(CQ1 — 58132)

— (26°/T)(B,s — 5a3B125)]. (144)

1. Group F

The equations in Group F depend upon the
quantities Vy,11 = Vaizzs Viin — Vaieay Visar + Vasas
and V;..,. The characteristic equation for these
modes is

NI 4+ 2Q, + Q. — 207)°
+ 49°(\ + Q)] = 0. (145)

In addition to the factor A\?, Eq. (145) contains a
polynomial of degree three in \’. If we replace \’
by —w’, then this polynomial can be written as
the product of two cubic factors. We have

o+ 20" — (2Q, + Q. — 22%w F 29Q, = 0.
(146)
It follows from Eq. (146) that a neutral mode
(w = 0) obtains when

Q, =0. (147)
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However, this neutral mode does not indicate the
occurrence of a point of bifurcation. It is impossible
to simultaneously satisfy Eq. (147), the relation

20" = @, (148)

and Eq. (38) (the equilibrium relation), and all
three of these relations are necessary conditions for
the occurrence of a point of bifurcation.

2. Group G

The equations in Group G depend upon the quan-
tities Va1 + Voo Vigar + Vasssy a0d Vg — Ve
If we replace A* by —o”, then the characteristic
equation assumes the form

{3 + &)o'’

- [a(292 -+ 2Q3 - Qﬁ) + Ql]wz + 430!92Qs} = (.
(149)

Although a neutral mode obtains when
Q@ =0, (150)

it does not indicate the occurrence of a point of
bifurcation.

The characteristic equations (146) and (149) are
of the same form as Eqs. (25) and (27) of Ref. 27,
so that the odd modes in this case and in the case
of the Maclaurin spheroids behave in a similar
fashion.

There are a total of 11 nonvanishing values of
»’ in the third order, in agreement with a lemma of
Cartan,*

VII. NUMERICAL RESULTS, DISCUSSION,
AND SUMMARY

The foregoing investigation of the stability of a
rotating charged liquid drop has been restricted to
those equilibrium configurations which initially
have triplanar symmetry, and in particular to those
which are axisymmetric. Under these restrictions,
all of the equilibrium relations, provided by the
virial equations through the third order (a total of
30), are satisfied when Eqs. (30) and (31) are satis-
fied. We have evaluated these relations by assuming
that the equilibrium configurations are spheroids.
These spheroids must rotate about the axis of
symmetry. The appropriate values of charge and
angular momentum that should be associated with
a spheroid having a given eccentricity are defined
by Egs. (38) and (40). Additional formulas were
derived which indicated the occurrence of points -
of bifurcation where new sequences of equilibrium
configurations branch off from the sequences of
spheroids.
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The numerical evaluation of all the formulas is
greatly facilitated by the use of the algebraic re-
cursion relations among the multi-index symbols.
Once the numerical values of the one-index symbols
@y, @3, A, and A; are known, all of the index sym-
bols with more than one index can be evaluated by
using the relations derived in Refs. 18 and 19. The
one-index symbols are evaluated (in these references)
in terms of elementary functions. The resulting
expressions depend only upon the eccentricity of
the spheroid.

The formulas to be evaluated also involve the im-
portant parameters o°/T and pQ*/2T (in our units).
When the supressed constants are restored (Ap-
pendix B), we find that ¢°/7 represents the fission-
ability parameter x, and pQ?/2T represents the
rotational parameter y, of nuclear fission theory.
These parameters are dimensionless ratios of ener-
gies. The parameter z measures the relative im-
portance of the electrostatic energy to the surface
energy, and the parameter y measures the relative
importance of the rotational energy to the surface
energy. It is convenient to express the results of the
following discussion in terms of these parameters.

Sequences of both oblate and prolate spheroids
satisfy the equilibrium equations. For each of these
classes of figures, we shall delineate the extent of the
equilibrium sequences and locate the points of
bifurcation. The appropriate physical interpretation
of each class of figures then follows from a closer
examination of the stability. We shall also indicate
the limits within which the spheroids approximate
the exact figures of equilibrium. Some additional
qualitative conclusions concerning the exact figures
will be inferred.

A. Oblate Spheroids (a; < a)
The eccentricity of an oblate spheroid is
e = (1 — ai/ad)t. 151)

For a given value of ¢, Eq. (38) defines a linear
relationship between z and y. Some representative
lines of constant e are shown in Fig. 1. As the rota-
tional energy is increased for a given charge, an
increased mean surface curvature is required at the
equator to provide the added pressure needed to
balance the additional centrifugal force. Therefore,
a sequence of spheroids with increasing e is generated
by increasing y for a given value of z. The centri-
fugal force is relatively more effective in deforming
the drop for large values of z, where the surface
tension and the electrostatic forces nearly balance
already. Hence all the lines of constant ¢ have nega-
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Fi16. 1. The variation of 2 and y with the eccentricity e of
rotating oblate spheroids (ground states). Allowed equih'grium
configurations lie between the curves z = 0 and IIS. Con-
figurations which are stable with respect to second harmonics
lie below the curve of overstability OS. Along the curve of
neutral stability NS, tri-axial ellipsoids first become possible
equilibrium configurations.

tive slopes. The lines all have z intercepts greater
than z = 1. Since the lines never cross, each point
(z, ) in Fig. 1 is associated with a single oblate
spheroid. However, the same oblate spheroid may
be associated with any value of (z, y) along a given
line of constant e. In the limit that y approaches
zero, these families of oblate spheroids merge with
the family of nonrotating, spherical equilibrium con-
figurations defined for 0 < z < 1. (Further dis-
cussion of the nonrotating configurations is given
in Appendix E.)

It is well known that when z exceeds 1, the at-
tractive surface tension is no longer sufficient to
hold a spherical drop together against the repulsive
electrostatic forces. For these values of z, the volume
integral of the internal pressure, which we have
denoted by II, is no longer positive. So in general,
the extent of the allowed rotating oblate equi-
librium configurations beyond =z = 1 is limited by
the curve IIS in Fig. 1 along which II vanishes. This
curve follows from Eq. (40). Only those configura-
tions whose z and y are to the left of this curve are
admissible equilibrium configurations.

Some additional lines of constant e are defined by
the parameters in Table I. Other parameters have
been given by Beringer and Knox.®

When the equilibrium relations are satisfied, we
may proceed with the investigation of the stability
of the equilibrium configurations. The analysis of
the characteristic frequencies belonging to the
second harmonics has revealed the presence of a
neutral point along a sequence of axisymmetric
equilibrium configurations. In the case of spheroids,
the parametric equations (75) and (76) determine
the values of z and y at which a given spheroid
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TasLE 1. The z and y intercepts of the lines of constant
eccentricity ¢ in the case of oblate spheroids in equilibrium.
The values of z and y along the limiting curve IS are included.

Intercepts s
e
Y z z Yy
0.40 0.05031 1.02648 1.00086 0.00126
0.50 0.08738 1.04545 1.00232 0.00360
0.55 0.11308 1.05834 1.00362 0.00585
0.60 0.14565 1.07441 1.00553 0.00934
0.64 0.17837 1.09026 1.00767 0.01351
0.67 0.20808 1.10443 1.00976 0.01784
0.70 0.24354 1.12108 1.01240 0.02361
0.72 0.27121 1.13388 1.01455 0.02854
0.74 0.30288 1.14834 1.01708 0.03462
0.76 0.33946 1.16481 1.02008 0.04218
0.78 0.38216 1.18374 1.02365 0.05168
0.80 0.43263 1.20572 1.02795 0.06379
0.81 0.46146 1.21812 1.03042 0.07110
0.82 0.49317 1.23161 1.03315 0.07947
0.83 0.52823 1.24636 1.03618 0.08908
0.84 0.56718 1.26257 1.03955 0.10019
0.85 0.61073 1.28048 1.04331 0.11312
0.86 0.65996 1.30039 1.04753 0.12829
0.87 0.71540 1.32267 1.05230 0.14623
0.88 0.77912 1.34781 1.05772 0.16769

admits a neutral mode of this type. Each allowed
sequence of oblate spheroids admits this neutral
mode at a different point; the resulting curve of
neutral stability NS is shown in Fig. 1.

This neutral point is also a point of bifurcation
where genuine tri-axial figures are expected to be-
come possible figures of equilibrium. Each point
along the curve NS indicates the values of = and y
belonging to the first member of a sequence of el-
lipsoidal figures of equilibrium (see Appendix C).
When taken together for all values of z, these se-
quences form a ‘‘second sheet’” of equilibrium figures
in the region of the plane above the curve NS.

In the absence of any dissipative mechanism, the
spheroidal figures continue to be stable beyond this

Tasig II. The variation of the rotational parameter y, the
deformation energy £, and the eccentricity ¢ with the fission-
ability parameter z along the curves of neutral stability and
overstability resulting from the v vibration of oblatespherocids.

Neutral Stability Overstability
z

Y £ X 10 e ¥ £ X10 e
0.0000 0.2830 —0.3605 0.72775 0.5795 —1.2073 0.84295
0.1000 0.2481 --0.3080 0.72058 0.4990 —1.0008 0.83374
0.2000 0.2137 -—0.2571 0.71202 0.4209 -—-0.8087 0.82269
0.3000 0.1799 —0.2084 0.70158 0.3458 —0.6300 0.80917
0.4000 0.1469 —0.1622 0.68854 0.2742 —0.4675 0.79219
0.5000 0.1150 —0.1193 0.67173 0.2069 —0.3239 0.77016
0.6000 0.0844 ~—0.0804 0.64909 0.1450 —0.2025 0.74035
0.7000 0.0558 —0.0469 0.61664 0.0900 —0.1067 0.69746
0.8000 0.0302 —0.0207 0.56520 0.0446 —0.0406 0.62986
0.9000 0.0097 —0.0043 0.46660 0.0125 —0.0067 0.50446
1.0000 0.0000  0.0000 0.00000 0.0000  0.0000 0.00000
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neutral point. When Eqs. (79) and (80) are satisfied,
the oscillation frequencies for the y vibration finally
become complex. The resulting curve of overstability
0S8 is shown in Fig. 1. For values of y above this
curve, oblate spheroids are unstable with respect to
the v vibration.

Table IT contains values of y and e along the
curves NS and 0S8 as functions of z. The values for
the curve NS agree with those obtained by Carlson
and Pao Lu,’ by Pik-Pichak,” and by Cohen,
Plasil, and Swiatecki.'®” We have also tabulated the
deformation energy, which is defined in Appendix C.

An examination of Egs. (83) and (91) reveals
that the oblate spheroids do not become unstable
with respect to either of the other two modes be-
longing to the second harmonics. Therefore, we
conclude that the oblate spheroids are completely
stable with respect to second-harmonic deformations
throughout the entire triangular region bounded by
the z and y axes and by the curve OS. This means
that we may tentatively identify the oblate axi-
symmetric figures of equilibrium as a class of rotat-
ing ground-state configurations. This would certainly
be the case if these configurations are also stable with
respect to all the deformations belonging to higher
harmonies.

It is of interest to justify the use of oblate sphe-
roids in our investigation of the stability of the
exact axisymmetric configurations and to establish
the range over which this approximation is valid.
Unfortunately, closed expressions for the exact
figures of equilibrium of a rotating charged liquid
drop are unknown. However, in the limit of zero
charge (z = 0), the exact axisymmetric figures of
equilibrium are known. The neutral and overstable
points belonging to the second harmonics were ob-
tained for these exact configurations by Chan-
drasekhar® using the virial method. An indication
of the error committed in using oblate spheroids
instead of the exact figures can be obtained by
comparing the values of y corresponding to the
neutral and overstable points in the two cases.

When 2 = 0, it follows from Eq. (75) that
G, = 62613. (152)

By using the expressions for the multi-index symbols
derived in Ref. 18, Eq. (152) reduces to

tanh™ e _ 3+ 128 — 7t
e (1 — B+ 4 + 76
The solution of Eq. (153) is ¢ = 0.727754. Thus,

» G, A. Pik-Pichak, Zh, Eksperim. i Teor. Fiz. 43, 1701
(1962) [English transl.: Soviet Phys.—JETP 16, 1201 (1963)].

(153)
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our neutral point occurs when y = 0.28297. This
is to be compared with Chandrasekhar’s more exact
value: y = 0.28338 (his = = 0.45871).*°

It follows from Eq. (79) that the point of over-
stability in the limit of zero charge obtains when

2&11 = 62&/130 (154)
This equation reduces to
tanh™'e 3 + 6¢° — 5¢*
e T -G+ 15 199

The solution of Eq. (155) is ¢ = 0.842948. Therefore,
our overstable oscillations begin when y = 0.57951.
This is to be compared with Chandrasekhar’s more
exact value of y = 0.5930 (his = = 0.84404).

Thus, up to the overstable point in the limit of
zero charge, this comparison shows that the error
in using spheroids to estimate the exact critical
values of y is less than 39. In this limit, the value
obtained for y is consistently less than the more
exact value, with the error increasing as y increases.

On the other hand, in the neighborhood of x = 1,
the critical values of y, obtained by using spheroids,
are consistently greater than the more exact values.
This follows from a comparison of the leading cor-
rection terms in series expansions for the critical
curves in this limit. For the curve NS, we obtain

y=%1 -2 -1 —2) + -],

0<1l1—-zK1 (156)

for spheroids. This agrees with the expansion ob-
tained by Pik-Pichak,” who also obtained® a more
exact expansion

y=31-2N-%Q -2+ -1 (159
For the curve of overstability OS, we obtain
y=31 -2 —-QQ—2)+ -],

0<l—zK1 (158)

for spheroids. A more exact expansion has not yet
been obtained for this curve.

Beyond the curve of overstability, the error in
using spheroids rapidly increases. In the limit of
zero charge, the exact figures of equilibrium begin
to develop a dimple in the polar regions when y
exceeds 0.74305 (£ = 1). This corresponds to an
eccentricity e = 0.87451. Beyond this eccentricity,
the spheroids are not expected to be adequate ap-

0 His = = pQa’/8T, where a is the equatorial radius of
the drop, is closely related to our y; see Appendix B.

31 G. A. Pik-Pichak, Zh. Eksperim. i Teor. Fiz. 42, 1294
(1962) [English transl.: Soviet Phys..—JETP 15, 897 (1962)].
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proximations to the exact figures of equilibrium.
Among the oscillations belonging to the third
harmonies, only those belonging to Group D indi-
cated the occurrence of a point of bifurcation along a
sequence of spheroidal configurations. When Egs.
(114) and (115) are satisfied, we may expect asym-
metric configurations to become possible figures of
equilibrium. The spheroids cease to be stable with
respect to the asymmetric deformation (121) when
Egs. (88) and (117) are simultaneously satisfied.
Unfortunately, the values of eccentricity which
satisfy these equations are beyond the expected
limit of validity of ¢ = 0.87451. When the numerator
of Eq. (114) vanishes in the limit of zero charge, we
obtain the relation
tanh™ ¢ 105 — 706* + 79¢* — 66¢°
e " - 05 + 93 T 668 199
The solution of this equation is e = 0.87997, which
corresponds to a value of y = 0.77892. A similar
calculation indicates that when z = 0, the spheroids
become overstable with respect to this mode when
¢ = 0.92211. The corresponding value of y is 1.1968.
The third neutral point along a sequence of spheroids
(the one which does not appear to be a point of
bifurcation) obtains when Egs. (38) and (128) are
simultaneously satisfied. This occurs in the limit of
zero charge when ¢ = 0.95594 and y = 1.9869.
Since these critical values are all beyond the
limit of validity, further quantitative estimates of
the stability with respect to the third-harmonic
oscillations, which are based on the spheroidal ap-
proximation, are expected to be greatly in error.
However, several qualitative conclusions concerning
the exact axisymmetric configurations can still be
inferred. The virial equations for the exact con-
figurations are expected to separate formally into
the four symmetry Groups D, E, F, and G. As in
the case of Group A (in the second order), Group D,
which exhibits a point of bifurcation here, is inde-
pendent of the divergence condition, and therefore is
relatively insensitive to the particular properties of
a shape which already possesses the proper sym-
metry. This implies that the exact axisymmetric
configurations will also exhibit these points of bifur-
cation and overstability. Moreover, for a given
value of z, the point of bifurcation resulting from
the third-harmonic deformation may be expected to
occur for a greater value of y than the point of
bifurcation resulting from the second-harmonic
deformation. (It may, however, occur before the
configurations become overstable with respect to
second harmonics, as is the case for the Maclaurin
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spheroids.) This supports the view that the lower
harmonics may be considered first in an investigation
of stability.

B. Prolate Spheroids (a; > a.)
The eccentricity of a prolate spheroid is

k= (1 — ai/ad)t. (160)

For a given value of &k, Eq. (38) defines a linear
relation between z and y. Some representative lines
of constant k are shown in Fig. 2. All of the lines
have a positive slope. (The existence of the rotating
prolate spheroids was first pointed out by Hiskes.”)

The extent of the allowed configurations beyond
z = 1 is limited by the restriction of II to positive
values. Only those configurations with z and y
values to the left of the curve II’S, along which II
vanishes, are admissible equilibrium configurations.

The rotating prolate spheroids do not fill the
entire allowed region of the z, y plane, but exist
only in a small neighborhood around z = 1. Initially,
as k increases from zero, the families of spheroids
form a sheet of allowed configurations. When k&
reaches the value 0.901 which corresponds to
z = 0.886, this sheet ‘‘turns back’’ or folds back on it-
self forming a second sheet which overlaps the first.
The behavior of turning back was also exhibited
by the original nonrotating Bohr-Wheeler saddle
shapes.” (Indeed, by using the x intercepts of these
lines of constant k, the known equilibrium curve
associated with nonrotating spheroids can be ob-
tained. See Appendix E.)

Positive identification of these figures as saddle
shapes follows from an examination of their sta-
bility. All of the rotating prolate spheroids are un-
stable (@’ < 0) with respect to the 8 vibration de-
scribed by the equations in Group B. This repre-
sents the fission mode along the axis of symmetry
(which in this case also coincides with the axis of

0.03 I I S T T
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,| tricity k of prolate sphe-
roids (saddle shapes)
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e symmetry axis. Allowed
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rotation). In addition, the rotating prolate spheroids
are overstable (w complex) with respect to the
transverse-shear mode (Group C) for & < 2(3)%.
For greater values of k the spheroids are stable with
respect to this mode.

The curves of neutral stability N’S and over-
stability O’S, which obtained from Egs. (75), (76),
(79) and (80) in the case of prolate spheroids, lie in
the unphysical region containing the equilibrium
configurations with negative II. The unphysical
sequences (x = const) in this region are initially
overstable with respect to the v vibration. When y
has been increased to 0’S, the oscillation frequencies
for this mode become real. Later, along N’S, a
neutral mode occurs which indicates a point of
bifurcation. The sequences of ellipsoidal figures,
which coincide with the sequences of spheroidal
figures along N’S, must have, initially, negative
values of II. For comparison with Fig. 1, the curves
NS and 0S8 for oblate spheroids are also shown
in Fig. 1.

The prolate spheroids are not a good approxima-
tion for this particular class of rotating saddle shapes.
This conclusion follows from a comparison of these
figures with the more exact figures obtained by
Cohen and Swiatecki® in the limit of zero charge.
Their studies have shown that the behavior of
turning back, exhibited here by the nonrotating
prolate spheroids, was not exhibited by their more
exact figures of equilibrium (see Appendix E).
Moreover, it is clear from their calculations and
earlier series expansions that the nonrotating prolate
spheroids with & > 0.5 no longer closely approximate
the more exact configurations. Qualitatively, this
simply means that higher moments of the surface
(and in particular the fourth moments) are not
unimportant. Therefore, further quantitative analy-
sis using prolate spheroids is expected to be greatly
in error.

We have employed approximate figures of equi-
librium and approximate proper solutions in these
investigations of stability. In those regions where
the exact figures of equilibrium are adequately ap-
proximated by spheroids, the oscillation frequencies
obtained by using the trial displacement (52) are
moderately accurate. This aspect of the virial
method resembles the solution of a characteristic
value problem by a variational method. In addi-
tion, the virial method shows that the qualitative
aspects of bifurcation and overstability, exhibited
here in the case of spheroids, can be expected to
occur in a similar manner in the case of more exact
axisymmetric figures of equilibrium.
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APPENDIX A. POTENTIAL-ENERGY TENSORS
OF HOMOGENEOUS ELLIPSOIDS

In view of the formal similarity between gravita-
tion and electrostatics, all of the formalism, previ-
ously developed by Chandrasekhar and Lebovitz in
the content of gravitation, can be used here to
evaluate the electrostatic potential-energy tensors
of homogeneously charged ellipsoids. After compar-
ing the formulas in Appendix A of Ref. 14 with those
in Ref. 19, the correct expressions for charged el-
lipsoids can be obtained. (Note that the signs of
the potential-energy tensors change, while those of
the potentials remain unchanged.) We have (no
summation over repeated indices)

(woa,a,04) ' Bi; = 2Bi;x.2;
+ ai 8 [A — (Aual + Aux; + Auz)], (Al
BW,: = (8r°0"/15)(e,0.0,)°a% A (A2)
= 2¢%a2A; (our units), (A3)
;= (26 /0B Vy @G #§), (A4

and
5%“ = ("2/9){(3«8;‘4 - Ai) Vi + (B":' - A,-)V;_;
+ (Bik - Alc) ka] ("' # .7 #= k)a (A5)

where A;, B;;, and B,; are the multi-index symbols
defined in Ref. 13,

The correct expressions for 628,;., can be obtained
directly from Eqgs. (119)-(122) of Ref. 22 or from
Table 1 of Ref. 22, by replacing the suppressed
factor rGpa,a,a; with the factor —ro*a,0,0;/p which
becomes just —¢®/p in our units. The appropriate
formulas for spheroids (¢, = a,) are given in Tables
1-3 of Ref. 27, with the same convention as above
regarding the suppressed factor.

APPENDIX B. PARAMETERS x AND y

In nuclear physics the equilibrium configurations
of a rotating charged liquid drop are usually classi-
fied in terms of the fissionability parameter z and
the rotational parameter y. These parameters are,
respectively, the dimensionless ratios of one-half
the Coulomb energy E? and of the rotational energy
E° to the surface energy E°. The superscript zero
implies that all these quantities refer to a reference
sphere of radius R. This reference sphere has the

115

same surface tension 7T, the same uniformly dis-
tributed total charge @, the same uniformly dis-
tributed total mass, and the same total volume as
the actual equilibrium configuration. In addition,
this sphere is rigidly rotating with the same angular
momentum IR as the actual equilibrium con-
figuration.

The fissionability parameter can be written in
several forms, We have

E; _ (3Q)/(5R)

T =R T 2T(eES

- 2KY
_ Q* _ 2nd’R?
10T(4xR*/3) ~ 15T

and in terms of the atomic number Z and the mass
number A,

(B1)

x = (Z°/ ANZ*/ A, (B2)

where (Z°/A) .. IS an empirical constant. Through-
out this paper, the quantity ¢*/7 in our units repre-
sents z. By restoring the suppressed constants, we
have

(0'2) _ o’[47*(a,0,0,)* /15]

T Tlr(a10:05)°)

(B3)

Since the reference sphere and the actual equi-
librium configuration have the same angular mo-
mentum, it follows that

1M = (@I = (aI)’,

where Q and

(B4)

I = Ill + 122 (B5)

are, respectively, the angular velocity and the
moment of inertia of the actual equilibrium con-
figuration about its axis of rotation. By using Eq.
(B4), we can express the rotational parameter in
the form

=B me
E)  2I'E.

I 2 IO) pQ‘z ( I )2
=1 2l = s ] mmm e | — 3
2l (I°> 7) = 157 \1°) B
Throughout this paper, the quantity pQ*/27 in our

units represents y. By restoring the suppressed
constants, we have

(ﬁ ) . 992[4’“'(0'10203)/ 15}
2T our uni ts B 2T[7r(a1a2a3)2]

(B6)




116

In writing these formulas, we have made use of
the relation (valid for ellipsoids)
R? = a,a,a;. (B8)

For the cases considered in this paper

I/I° = (a} + a3)/2R’. (B9

One further dimensionless parameter is useful in
connection with studies of the liquid drop. This
parameter is the deformation energy and is given
the symbol £ (This symbol should not be confused
with our Lagrangian displacements.) It is a measure
of the energy difference between the actual figure of
equilibrium and the associated reference sphere
defined above. In our notation

E=E)(B+ e+ IMI/2D
- Q@z+y+ 1. (B10)
For ellipsoids, we have
£ = z[(a10:0:)' (@2 4, + G54, + diA,) — 2]
+ y2(maas)tdl + @) — 1]
+ [3(0:0:09)°(@Q1 + @2 + @) — 1]

A more complete discussion of the relationship
between the fission barriers and other energies as-
sociated with rotating and nonrotating liquid drops
has been given by Plasil.”

APPENDIX C. ROTATING ELLIPSOIDS

In order to demonstrate that sequences of tri-
axial ellipsoids do bifurcate from sequences of
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spheroids at the values of ¢°/T and pQ*/2T indi-
cated by Eqgs. (75) and (76), we first obtain the
values of ¢°/T and pQ?/2T which define the se-
quences of ellipsoids (@, # a,) and then pass to the
limit a, = @, in order to recover Egs. (75) and (76).

For this purpose, it is convenient to form the
sum and difference of Eqs. (36) and (37), which
hold generally for ellipsoids. We have

(02*/2T)(a; + a3) + (o*/T)

X [(g1A, — a;4;) + (424, — a;4,)]
= (@ — @) + (@ — @) (C1)
and
(p2*/2T)(a} — )
+ (*/T)(d} 4, — a34.) = G, — @,. (C2)

These equations may be rearranged by using the
definitions of the two-index symbols to obtain

(p9°/2T)(a} + a)
+ (a'z/T)[(ai - ag)Bxa + (ag - a:)st]

(B11) = (a7 — @3)@y; + (a2 — 03)Qus (C3)
and
(p@*/2T) + (¢°/T)B1y = Q. (C4)
We can solve Eqs. (C3) and (C4) for
@ _ (@ + )8 — (@ — 65)Gys — (a5 — 63)Cus
T (af + a:)Bl2 — (ag - aZ)Bla — (ai - ag)Bza
(C5)
and
sz _ (a,f —_ a:)(@13B12 — alZBIB) + (az - ag)(@%Blz’ - @12B23). (06)

27

Equations (C5) and (C6) determine the equilibrium
values of ¢°/T and pQ°/2T for ellipsoids when the
ratios a,/a, and as;/a, are given.

The limiting forms of Egs. (C5) and (C6), which
are appropriate for a spheroid at the beginning of
the sequence, can be obtained by replacing the
index 2 by the index 1 wherever it appears in these
equations. The resulting expressions are exactly
Eqgs. (75) and (76).

Here, we have obtained the first point of bifur-
cation along the sequence of spheroids by using
only equiltbrium relations. This was possible be-
cause the exact form of the new figure was already
known. It is important to realize that Egs. (75) and
(76), which give the locus of instability, cannot be

(ai + ag)BIZ - (a21 -

a?i)Blti - (ag - ag)Bza

determined by a similar argument. The full normal
mode analysis was necessary for their determination
and interpretation.

APPENDIX D. REARRANGEMENT OF GROUP E
The equation
N = @)V — @GN — DV,
= 2A(Vsias — Vo)) + 8llips = 0

corresponds to Eq. (60) of Ref. 22. The quantity
8,35 can be expanded in the form

Mgz = aViyy + bV e + cV s,

(Db1)

D2)

where the coefficients a, b, ¢ are computed from
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the tables according to Eq. (93). Equation (D1) can
be rearranged in the form

H3b — a) — 30 + N](Viee — Vi)

— H4ca' — 3a — b — Q@B + 47

+ N1+ 4 N (Vg + Viz)

+c— @+ N[V + (Vi + Vi)l

— A Vyiss — Vay) = 0. (D3)

In view of Eq. (99), the third term of Eq. (D3)
vanishes and the second term is proportional to
aViss. By judicious use of the recursion relations
for the multi-index symbols, the relations

3(b — a) = P, (D4)

and
4ot — 3a — b
=N, + (11 + 4 )M, — 81 — o 1)Q (D5)

can be obtained. Equation (101) follows from Eq.
(D3) after Eq. (90) is used to eliminate @ from
Eq. (D5). Equations (103) and (105) can be obtained
in a similar manner without the use of Eq. (90).

APPENDIX E. NONROTATING SPHEROID

The nonrotating charged liquid drop has been
extensively investigated by Cohen and Swiatecki.**
Their calculations indicate that the equilibrium
configurations for this case are not closely approxi-
mated by spheroids except in the neighborhood of
z = 1. Nevertheless, for purposes of interpretation
and clarification, it is instructive to recover the
formulas appropriate for nonrotating spheroids from
those appropriate for rotating spheroids by passing
0 the limit @ = 0.

If we associate the index 3 with the axis of sym-
metry, then it follows from Eq. (38) that the equi-
librium configurations are defined by

Uz/T = Qu3/B1s- (E1)

The quantity ¢°/T is still restricted by Eq. (40),
which follows from the requirement that II be
positive.

The virial equations separate into groups which
have even and odd parity with respect to the index
3. Among the equations of the second order, Group
A (the vy vibration) contributes two values of

W' = 2P, (E2)
Group B (the 8 vibration) contributes one value of
o = 2(1 + 2a3/a) M + (a3/a)N],  (E3)
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and Group C contributes two values of
W' = 20, (B4)

However, in view of Eq. (E1), the quantity @ must
vanish for oscillations about these figures of equi-
librium. Therefore, the equations of even parity
contribute the only three nonvanishing values of «°
belonging to the second harmonics.

There are seven nonvanishing values of «° be-
longing to the third harmonics. Group D contributes
two values of

2
w :Pl;

Group E contributes two values of

(E5)

P = (4—}—9-::)—1[(4-{—11 gi)M +9—§N] E6
w = a§ a§ 1 (Z§ 1 ? ( )

Group F contributes two values of

W = 2Q1 + Qz; (E7)
and Group G contributes one value of
o = (3 + ai/a5) '[(a1/a2)(2Q: — Q) + Q.].  (E8)

Finally, by making use of the expressions for the
multi-index symbols and by restoring the suppressed
constants, we can recover the formulas appropriate
for a sphere of radius o, = ¢; = R. We have the
condition

I = ED)TR (1 — z) > 0. (E9)
Equations (E2)-(E4) reduce to the five values of
o' = 8T/pR)(1 — 2) (E10)

belonging to the second harmonics, and Eqs. (E5)—
(E8) reduce to the seven values of

W = (30T/pR*(1 — %z)

belonging to the third harmonies.

Equation (E1) determines the equilibrium value
of = associated with each eccentricity. In Fig. 3,
the curve E’S is the sequence of prolate figures
(as > R), and the curve ES is the sequence of

(EL1)

Fi. 3. Bquilibrium (s} |8 [E o N
curves E and limits of
stability with respect to
the v and g vibrations
of nonrotating prolate 1.4
(symmetry axis a; >
radius of reference %
sphere R) and oblate R
spheroids. The shaded
side of the curves is
unstable or otherwise
excluded. The dashed
curve C8 indicates the os
more exact saddle shapes
of Cohen and Swiatecki.
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oblate figures (a; < R). The allowed equilibrium
configurations which have positive values of II are
restricted to the left side of the curve II'SII. This
removes the oblate figures from further considera-
tion. An examination of Eq. (E2), which determines
the curve vSy’, reveals that the remaining prolate
figures are stable («® > 0) with respect to the v
vibration. However, Eq. (E3) and the curve 8'S
reveal that the prolate figures are unstable (® < 0)
with respect to the 8 vibration, as is well known.
The only stable region is the interior of the wedge
8’Sv which includes the line of stable spherical con-
figurations. These spheres become unstable with
respect to the second harmonics when z reaches the
value 1. This same value of x represents the limit

CARL E. ROSENKILDE

of possible spherical configurations in view of
Eq. (£9).

The stable spherical figures correspond to ground-
state configurations. The unstable prolate figures
correspond to saddle shape configurations. They
represent a first approximation (in the neighborhood
of £ = 1) to the original Bohr—~Wheeler saddle
shapes' and to the more exact saddle shapes [given
by the dashed curve CS in Fig. 3] which were in-
vestigated by Cohen and Swiatecki.’"* The z inter-
cepts of the equilibrium lines of constant & for the
rotating prolate configurations in Fig. 2 reproduce
the curve E’S in Fig. 3. This illustrates how one
may connect and identify the various classes of
equilibrium configurations.
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Einstein’s field equations for a homogeneous isotropic universe are written in terms of a conformally
flat coordinate system for both the closed and the open cases. It is shown that these can be readily
integrated for equations of state of the form p = ap in terms of algebraic functions. Explicit solutions
and expressions for the radius and Hubble factor are given fora = 1, 1, and for p = 0.

I. INTRODUCTION

N recent years there has been a renewed interest
in the expanding universe, as originally formu-
lated by Friedmann,' sparked to a large degree by
the new observations in radio astronomy.’ The
characteristics of this universe are its isotropy and
homogeneity expressed by the line element’

ds’ = dT* — G* do*, (L.1)

where do® = g;; dX* dX' (3, j = 1, 2, and 3) is the
line element of a three-dimensional, homogeneous,
and isotropic space with constant curvature, which
can either be positive, zero, or negative, and is
time independent. G(T') is a function of the time
T, measured by a clock comoving with the local

* This work has been supported in part by a grant from
the Army Research Office, Durham (AROD).

t On leave of absence from Western Reserve University,
Cleveland, Ohio.

A, Fnedmann, Z. Physik 10, 377 (1922).

2 A. Sandage, Astrophys. J. 133 355 (1961)

3 H. P. Robertson, Rev. Mod. Phys , 62 (1933).

nebula, and determined by the field equations and
the equation of state.

The choice of the spatial coordinates is still
arbitrary. A useful one for further work consists of
introducing the dimensionless quantities

= X '-/ Ro
and the radius
R = RoG,

which results in the isotropic form of the line
element (1.1)

= dT’ — [*(T)/(1 + kY*)’] dY-dY, 1.2

where k¥ = 1, 0, —1 depending on the sign of the
curvature. Upon redefining the time T through

- [ ar/r,

we obtain the alternate form

R(T) = R(),
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dsg="R*{d7*

— ldx* + S*(d6* +sin® 0dy))]l},  (1.3)

where
S(x) = sinx{k = 1), sinhx(k = ~1),

correspond to the_transformation

= 80).

Except in the simple cases corresponding to the
dust-filled pressureless (p = 0) or constant density
(0 = const) universes, the solution of the field
equations poses formidable mathematical difficulties.

In addition to being of interest in cosmological
problems, (1:1) also has an important application
to the implosion or explosion of spherically sym-
metric masses, where the interior solution is found
to be identical to the elliptic cosmology corre-

x(k = 0)

sponding to the line element (1.1).* Recently,
equations of state of the form
p/¢* = ap (1.4)

(a a constant) have been proposed to describe the
elementary processes taking place in the interior of
very condensed masses. Even in the simple case
a = 1, the solutions are given in terms of elliptic
functions which have to be computed numerically
for various values of the parameters.’

It would therefore be desirable to cast (1.1) into
a form such that the field equations are readily
integrable. Some time ago, Infeld and Schild®
have shown that the postulates of constancy of the
velocity of light, spatial isotropy, and homogeneity
limit the possible types of universe to three, whose
line element is conformal to the flat Minkowski
space, and can be written as

ds® = F(s, Ve, dz* dz’, (1.5)

where the function F (s, t) must be one of the follow-
ing forms, depending on the sign of the curvature;

k=1, F(s 0 =(>1-3)f/Q — 1], (1.6a)
k= —1, F@s, ) = (1 + )7t/ + )], (1.6b)
k=0, Fs 1 ={@, (1.6¢)

and s* = #* — r*,+* = 2* + y* + 72, is the invariant
distance.
Infeld and Schild have also shown that the con-
formal Minkowskian line element (1.5) is metrically,
‘F. Hoﬂe, W. A. Fowler, G. R. Burbidge, and E. M.

Burbldge trophys. J. 139, 909 (1964)
e’eman and G. Tauber, Astrophys. J. (to be pub-
hshed)

8 L, Infeld and A. Schild, Phys. Rev. 68, 250 (1945).
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although not topologically, equivalent, to the Robert-
son-Walker form (1.2). Introducing the variables’
2U =t 4+, 2V =1¢—r
and
%=1+4+x, 2n=

then, under the transformation

T = X

U = tan§, (1.7a)

(1.6a) transforms to the Robertson form correspond-
ing to k = 1 with

R*(7) = sec’ rf(tan 7).
Similarily, for £ = —1 the transformation
U =tanhg, V =tanh’y
yields the corresponding form with
R*(7) = sech® rf(tanh ),

The third case, corresponding to & = 0, is not of
interest for our work here, but it is listed for com-
pleteness. The required transformation is given by

V = tan ¢,

(1.7b)

U = 2, V = 29, (1.7¢)
and results in
R¥(r) = ().
For the open universe (¢ = —1) the conformal
factor F(s, ) may be replaced by the simpler form
Fis, t) =7, (1.6d)
since under the transformation
U = ¢, V =",

we still obtain the Robertson~Walker line element
(1.3). It can also be shown® that (1.1) can be trans-
formed directly into (1.6d) by

T="TF, Y =2/¢t+s G=123)

1.9d)
provided we choose

dT/ds = G(T)/s or Ins = f " aT /6T

with ef = G?/s*. In this metric, s corresponds to
the age of the universe at time T, s = 1 to the
singular state T = 0 at the beginning. The trans-
lation invariance or homogeneity of the world,
obscure in the original metric, now appears as the

7 This definition differs by a factor of 2 from that of Infeld

and Schild.® L
8 J. W. Weinberg (private communication).
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transformation among points of constant age (s =
const) and must therefore correspond to the Lorentz
transformation by keeping the fictitious point s = 0
fixed. The resulting geometry is that of a Lobachev-
sky space,’ and the fact that only one function e’
of one variable s appears makes it mathematically
very desirable.

The two forms of the line element (1.6a) and
(1.6d) (both are conformal to the flat Minkowski
space corresponding to positive or negative curva-
ture, respectively) now form the basis for further
calculations. Due to their different structure, they
have to be considered separately.'’ In Sec. II, we
obtain solutions of the field equations based on
(1.6d), while in See. IIT this is done for (1.6a).

II. THE OPEN UNIVERSE (& = —1)
Let us now consider the line element given by
ds’ = "¢, da* dr’ 2.1

corresponding to the transformation (1.7d). A
simple calculation gives for the Christoffel symbols

FT7(8%38. + 8285 — €ass”) 2.2)
and the Einstein tensor
G = By — 39uR,
Gy = 5,8,[0" — (I'/s) — 3T
— e[l + @'/ + 1177, (23

where we have introduced the vector s* = z2*/s
and its covariant form s, = e,,2’/s, which is not a
true vector, since raising and lowering is performed
via the ¢s rather than the ¢’s. Primes denote
differentiation with respect to s.

The function I'(s) is determined by the field
equations. For a distribution of matter character-
ized by a matter density p = T; and a pressure
3p = —T; in the original coordinate system (1.2),
we obtain an energy-momentum tensor with com-
ponents

Ti; = 8:plG°/(1 — £Y7)],
T, =0, T = p.

The transformation (1.7d) then leads to
T, = s8¢ (p + p)

in the new coordinates.

Y =
T =

2.4

— e,pe’ (2.5)

% V. Fock, The Theory of Space-Time and Gravitation
(Pergamon Press, Inc., New York, 1964).

19 Both line elements, of course, can be considered simul-
taneously by replacing s by 7s. However, in this case we loose
the_ alﬁvantage of limiting ourselves to a function of one
variable.
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The energy-momentum tensor must also satisfy
the conservation laws

T2, — 32°%(8g./02") = 0,

where, as usual, German letters denote tensor

densities. From the definition of s, and s*, we find
88 =1, s, = 9s/dz",

and

© |t

8, = "(e —8:8), §,=3/5  §s,=0,

s0 that we finally obtain
o+ (p+ B+ @3/91 =0 (2.6)

for the conservation law. If the field equations
G., = —«T,, are satisfied, then, of course, (2.6)
follows from the Bianchi identities. The field equa-~
tions yield

~x(p +p) = ¢ [I — (I'/s) —

and

71 (279

—xp = ¢ [T + (2I'/s) + §T7]  (2.7b)

upon equating terms proportional to ¢, and s,s,.
These are two equations for the three unknowns
T, p, and p. We therefore still need an additional in-
formation which is provided by the equation of state
connecting p and p. We consider the general class
of equations of the form

p = ap, (2.8)

where a is a constant and ¢ = 1 in our units.

Upon inserting (2.8) into (2.7) we find upon
integrating

eI‘ — AZ(K _ 1/830+1)4/(30+1). (29)

Since we require that ¢ = 0 if s = 1, we must
take K = 1 with A the age constant. For the Hubble
factor, we have

H = LQQ___ (E__’_l)e—%l‘
2 s

1 8(83“1 + 1)
Z (83a+1 _ 1)3(a+1)/3a+1)'

(2.10)

Finally, from (2.7), we obtain for the density
kp = (12a/A2)83(a+1) sStH»l . 1)*6(a+1)/(3a+l) (a — 0)’
(2.11a)

while in the special case p = 0 direct calculation
gives

kp = (12/A4A%[/(s — 1)°] (¢ = 0). (2.11b)
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Thus, all physical quantities are algebraic func-
tions of s. In Figs. 1 and 2 they are shown for the
cases, ¢ = 0, %, and 1, which are of special inferest.
The transformation to the Robertson-Walker line
element is more complicated and requires the evalua-
tion of the time T = T(s), and depends on the
value of a. For example, for ¢ = 0 and 3, we find

T=Al"— /s ~2Ins] (a=0),
T=Als+ (1/s) — 2] (@a=1%,

where the constant of integration has been chosen
so astomake T = Q0if s = 1.

III. THE CLOSED UNIVERSE (k2 = +1)

In the ease of the closed universe, it is not possi-
ble to write the gravitational potentials as a func-
tion of one variable, but a considerable simplifi-
cation is possible by introducing two variables

w=1-—13" and v = f/w (3.1)
in terms of which F(s, t) of (1.6a) becomes

Fs, 1) = f0/v°,

with f(v) as yet an arbitrary function of v. From the
definition (3.1), it follows that

w, = —iss, = ——;-eaﬁxﬁ, w* = —ix",
vo = (I/Wlews —vw.], v = (L/w)le™* — vw®].
Also

waw® =1’ =1 — w,

—@/w)(2 — w),

@ + o)/,

The Christoffel symbols are then given by
I, = VA, — (L/0)Z,,

W™ = W, = 3.2)

Il

07

(3.3)
where we have defined
A = &, + &, —
= = Sw, + Sw, —
¥ =Inf{.
A straightforward calculation then gives, for the
Einstein tensor,
Gor = 02,8 — 3
= (/W)@ + 1A + o)) + 3 + ],
(3.4)

where primes denote differentiation with respect to ».
We now have to transform the energy—momentum
tensor from the original line element (1.1) to the

A
€l

A
envw ’
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F1e. 1. Density distribution for the open universe.

final line element (1.5) with the help of the trans-
formations (1.7a). We start again with the usual
form, a pressure given by 3p = — T} and a density
p = T% which gives rise to the components

T9 = §pG* (1 + 17?7, T" =, (3.5

(where we have taken k = 1 for the closed universe).
By the series of transformations

¥' = Rsin 0 cos ¢,
Y? = Rsin #sin ¢,
Y® = R cos 4,

and

siny = Y/(1 4+ 1Y%, T = de/R,

we transform (1.2) into (1.3) and, at the same
time, T* into
Tll = p/R2,

T* = p/R*sin’ x sin” 4,

T22 = p/R2 Sin2 X,
T44 = p/R2.

(3%)

Hp

Fic. 2. Hubble factor for the open universe.
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F1a. 3. Solutions of field equations for the closed universe.

Following this with (1.7a) and returning to Car-
tesian coordinates gives, for the energy-momentum
tensor,

T = F'[(p + @' /o0%) — pe”]l. (3.7

Comparison with (3.4) shows that the w dependence
drops out by using (3.2), so that (3.7) can be written
as

T, = f(v){(p + p)[U“U,/(l + vz)] - (P/wz)fm}- (3'8)

Upon equating terms proportional to vw, and
€,, in the field equations, we finally obtain

1+ D@ — 3 = —(0 + 0,
(1 + )@ + 3¥7)

+ 3@ + 1) = —ke'p. 3.9
The conservation laws lead to
o+ 3+ ¥ + 20/Q + )] = 0, (3.10)

Pﬁl

Fia. 4. Density distribution for the closed universe.
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where we have used the identities
= =2, 5 = 0/w)2+w),

Vag = %(v/w)edﬁ - (vawﬂ + 'wa')p)/w,

@
W, o

—%5‘15-

Wa,pg =

The system of equations (3.9) are again two equa-

tions for the three unknowns p, p, and ¥, and have

therefore to be augmented again by an equation
of state, which we take of the form (2.8).

Upon eliminating p and p between the two equa-

tions, we obtain

a+ P + 30 + a)fuv + 31 + 3a)u] =0,
(3.11)

where we have defined the variable » through
f) = e* = (constyu 1+,

In the special case p = 0 (¢ = 0), further trans-
formation

v = ginh
leads to the solution
u = cosh (16) sech 8, 3.12)
while from (3.10) we find, for the density,
p = polcosh 6/(1 + cosh §). (3.12a)

In the general case, the solution of (3.11) can be
expressed as a hypergeometric function

u = Flic, 3 — 1);¢; 2], (3.13)
where
z=149" and ¢ = 31 + a).
For those values of particular interest, such asa = 1,

1 (corresponding to ¢ = 3, 2), the solutions become
degenerate and ean be expressed in terms of simple
algebraic functions.! Thus, for a = 1, we find

f=u= Al — 2)/7], (3.14)
while the density is given by
p = pole/(z — 2)T. (3.14a)
Similarily, for ¢ = % we obtain
f=1u = Al — 1)/ (3.15)
together with
p = pole/(z — DI". (3.158)

1 Of the two possible solutions, we have chosen the one
which seems to give the correct physical behavior at large
values of ».
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The behavior of these solutions and the correspond-
ing density distribution as a function of » are shown
in Figs. 3 and 4.

Finally, upon performing the transformation
(1.7a), these solutions can be expressed in terms of
the original coordinates if so desired. It is not
difficult to see that, as a result of (1.7a),

tanr = v
and thus
R’ = (1 + )@ = 4@),

where f(v) is determined by the field equations.
Also, the age T is given by

(3.16)

1 - -
T = fR(T) dr = EfRz e — ¥ de,  (3.17)
which gives, for the Hubble factor,
Sl e i)
H= Bar = 2(z — 1) & \R (3.18)

In Fig. 5 the Hubble factor H is shown for ¢ = 0,
3 and 1.

We therefore have a comparatively simple method
of obtaining all solutions of the cosmological prob-
lem'? for an equation of state of the form (2.8). For
other equations of state, the results are more
complicated, though they still provide some simpli-
fication on account of the conformal nature of the
line element.

IV. GENERALIZATIONS

If, in addition to the gravitational field, other
fields are present, their effect must also be taken
into account either as additional contributions.
or as the source of the pressure and density distri-
bution. In the first case, we obtain the effect of the

1 We have limited ourselves to the case of vanishing
cosmological constant. However, it is quite simple to generalize
our results also for nonvanishing cosmological constant by
introducing a term proportional to F into the field equations.

123

Fic. 5. Hubble factor for the closed universe.

gravitational field on their distributions, while in
the second case they provide the missing equation of
state. We have considered the fields corresponding
to a scalar meson, an electromagnetic field, and a
second-rank tensor for both cases with results to be
reported elsewhere.’®

Another possible extension consists in considering
line elements which, although conformally flat,
contain more general functions than the ones re-
quired by homogeneity and isotropy. In this way,
it might be possible to describe universes which are
not homogeneous. Work along these lines is in
progress and promises to give interesting results.
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The one-dimensional Ising model with general spin S has been formulated as an eigenvalue problem
of order 28 + 1. Two methods to reduce the order to [S + 1] have been developed for calculating
the energy and the susceptibility at zero external field. Exact solutions for § = § and 8 = 1 have
been obtained. Numerical calculations of § = £, 1, and % have been compared.

L. INTRODUCTION
1

HE one-dimensional Ising model with spin %

was solved by Ising' using a combinatorial
method, and by Kramers and Wannier’ and Kubo®
using a matrix method. The one-dimensional Ising
model with higher spin S can also be transformed
into an eigenvalue problem whose order is 28 + 1.
In this paper two methods for reducing the order
of the problem to [S + 1} are developed. Here
[S + 1] denotes the greatest integer not exceeding
S + 1. We first develop a perturbation method em-
ployed previously® in a treatment of the dilute
Ising model, and then demonstrate an implicit
differentiation method.

By these means we calculate the energy, specific
heat, and susceptibility in zero external field. For
S = % we calculate these quantities exactly and
explicitly; for 8 = 1 the thermodynamic quantities
are transcribed from the previous results* for the
idealized annealed case of the dilute Ising model of
8 = }. The results are compared with those of

II. EIGENVALUE PROBLEM

Consider a crystal lattice with an Ising spin of
spin S at each lattice site, labeled ¢ = 1, 2, --- N.
The total energy of this system is given by

H = —2J Z S,‘S,‘.H - gﬂm Z S,‘,

where S; is the z component of the spin operator

1 |, Ising, Z. Physik 31, 253 (1925).
2 H, A. Kramers and G. H. Wannier, Phys. Rev. 60, 252,

263 %94%.
8 R. Kubo, Busseiron-Kenkyu (in Japanese) No. 1, 1

(1943).

4 S) Katsura and B. Tsujiyama, in Proceedings of the Con-
ference on Phenomena in the Neighborhood of Critical Points
(Ngtiémal Bureau of Standards, Washington, D. C., 1965),
p. 219.

@2.1)

(8; =8, 8 —1, --- —8), J measures the magni-
tude of the exchange interaction, and ¢ and u de-
note gyromagnetic ratio and Bohr magneton. J > 0
corresponds to ferromagnetic interaction and J < 0
antiferromagnetic interaction.

In the case of a one-dimensional system with
cyclic boundary conditions, the partition function Z
is expressed as the trace of a matrix:

Z = Tr Vg, 2.2)
Ve = ViV, V} (2.3)

where
(8’| Vy |8”) = exp (2J8'S"/kT), (2.4)
(8| Vo |8y = 8s:5:+ exp (gu3CS'/ET).  (2.5)

Hereafter the case S = £ is treated as an example.
Then

—3K —9K |
e X e e
3K K -K -3K
e e e e
V= ’ (26)
—: - K
e 3K e K e esK
_ ~3K 3K K
Le 0K 3K 3 ¢° _J
oL
L
[
V, = , 2.7
~-L
€
L 3—3LJ
OK¥3L  K+2L 3K+L 9K
3K +2L K+L -K ~3R—L
€ € e e
Viv,vi = , (2.8)
~3K+L K P R
— —3K- - 9K—-3L
¢k o KL KL 9K-3
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where
K = J/2kT, L = guic/2kT.

In the limit of an infinitely large erystal, the
partition function per lattice site is given by

lim Z'% = A,

N—ow

(2.9
where ), is the largest eigenvalue of the matrix (2.8).

III. PERTURBATION METHOD

Since we are interested mainly in the energy
and the susceptibility at zero field, it is sufficient
to derive A, exactly only up to second order in
powers of L. Vy is expressed as a sum of two parts
which are an even function of the external field L
and an odd function of it:

A4 ¢ D B_'
Vi = C E F D{
'D F E C
LB D ¢C AJ
'y A B0
+|4 ¢ 0 T Gy
B 0 - -4
0o -B -4 D
where
A = k" cosh 3L, A’ = k°sinh 2L,
B = k7%, B’ = k *sinh L,
C = k° cosh 2L, C’ = k’sinh L, (3.2
D =Fk%cosh L, D’ = k' sinh 3L,
E = k®cosh L, & =K.
F =k,
By applying a similarity transformation T,
1 1
T=| & ~ 7, 33
1 -1
1 -1
we have
A+B C+D
,"VxT1=C+D E+F
E-F C-D
¢(—-—D A-B
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A — B’ D’
Cl A/ + BI
_+_ .
A’ — B’ 04
D’ A/ + B’
(34)
Next, a second transformation 7',
gin 6 cos #
T, = cos @ —sin @ - T;l, (3.5)
sin ¢ cos @
cose —Sine

is applied to (3.4) in such a way that the first matrix
becomes diagonal by choosing proper values of
and ¢. That is,

tan 260 = 2(C + D)/(E + F — A — B), (3.6)
tan 20 = 2(C — D)/(A — B — EzHiF). (3.6")
When 8 is restricted such that 0 < 6 < %,

sin @ = [A(1 F (1 + tan® 267}, 37

cos § = [4(1 = (1 + tan® 20)"%]F,

where the upper sign is taken when 0 < 6 < im,
and the lower sign when ir < 6 < 3. Similar re-
strictions apply to ¢.

Then
(0)
14
[(1)])
T;lTl—lvschTz = ?
(0)
3
}Iio)
(1) 1)
13 14
(1) (1)
+ Ha Wl @y
(1) (1)
31 32
(1) (1)
41 42
where
H® =3{(A+B+4+E+F)
+ [(E+ F — A — B+ 4(C + D},
H? =3{(A+B+E+F)
¥ [(E+ F — A — B + 4(C + D)'I}}, 3.9

H” = 3{(E—-F+ A — B)
+ [(E — F — A+ B+ 4C — DyI}},
H® = 3{(E—-—F+ A—B)
¥ [(E— F — A+ B + 4(C — D)’I}}.
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When C + D > 0, the upper signs of H{® and
H{® are taken, and when ¢ + D < 0, the lower
signs. When C — D > 0, the upper signs of H®
and H® are taken, and when C — D < 0, the lower
signs. (In H{® and H!”, C + D is always positive
and H{® is largest.) Expressions for H{}’ are omitted.

In order to obtain \,, in the case of L ~ 0, H®

SUZUKI, TSUJIYAMA, AND KATSURA

= cosh 9K + cosh K

+ [(cosh 9K — cosh K)* + 4 cosh® 3K}, (3.14)
N = FOK™ + &) + HE” +£7° - B — &)
X (9K — &) + 4(k* + k@ + K 0)/8, (3.15)

Mo+ A= 2007 + @) + /@ — m)it,  (3.16
is regarded as the unperturbed term and H® as + = 2T+ ) + 1/ —m) (3.16)
the perturbation. From second-order perturbation where
theory (first-order perturbation term vanishes) , o
W Who I=n" 4 4k + k),
Am = 1(0) + H{O)Lg_ E;o) + {0) _ .4H,i0)' (3-10) 7 — le + k—18 — k2 — k'2,
Terms of O(L*) do not appear from the third- m = ¢*® + 4(k" — k%7,
and higher-order terms in the perturbation. _ 18 _18 2 g2
Here we derive \,, up to O(L?). v=—kT+ kT +E -k (3.17)
__ 1.-18 -2 17t
@ = No + L + O, @1 =k T ET A+
HHD/E = H) = Do+ 00), g 1y P = OF —EO0 4R =
HOHS/HD - BY) = Dhe+ 0@y, 9= 3@+ + @+ 50 ~ 0,
then t =@ — ¢) + 4pg® — k7).
Moo = MEP A K 4K 4K 4 A (3.13) The energy E at zero field is given by
£ __1 (L)(sz)
NJ 2 \\o/ \3K
— l _!_ 9K __ q,—%K K _ _-K
= “in, {Qe 9™ -+ e e
4 (eox 467 F — K — e—K)(geQK — 967%F — K 4 e—K) + 12(66K _ e-ox)}' 3.18)
[(39K + e-9K _ eK _ e—K)Z + 4(63K + e—sK)2]§
The expression for the specific heat is omitted here. _ <a_]l£ ) L <ﬁ ) <<_9_)\_,,.) «2)
The zero field susceptibility x is given by X = \a5/wee Am \03C%/ 5020\ 98 /om0 ’
kTx 16°In Ay + Ma A+ A When
N(gw® 4 oL? T e (3.19)
# ” det (Ve — N-1) = fO\, B(30) 43)
Substituting (3.13), (3.15), and (3.16) into (3.19), x . L
can be expressed as a function of reduced tempera- 15 XPOWD, it gives
ture K. In the final expression, dogblei roots dis- - kT 1 (ﬁ ) 3f(\m, B)/38 @2
appear and square roots appear only in . X M \33C%/ 0f(\, B)/ONm :
IV. ALTERNATIVE DERIVATION OF THE
ZERO-FIELD SUSCEPTIBILITY Hereafter we put
. - __ ~J/2T . -L
In general the zero-field susceptibility x can also ¢~ ¢ = ¢ ! b=e", 4.4

be obtained in the following way. When g(3¢) is
chosen as an arbitrary even function of ¢,

— 9
M = kT 5 log M(B(50)

1 98 M

= kT 55 B’

B =0+ % — 2 cosh (gu/2kT)3c = 2 cosh L.

This method does not require knowledge of A,.(3C)
but only of A,.(0) and of f(A,, , B(3C)).
From the first term of (3.4) together with L = 0,

det (Vo — A-1) = f(r, 80) = 9.(Ng(n),  (4.5)
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g =N —Na+a'+ad +a
+ (@ + a™@ +a”’) — (@ + a7,
g:(N) =N +NMe—a' +d —a)
4+ (@ — a D@ —a®) — (@ — a®°.
Hence
f(0, B(0)) = 2{cosh 20K — 3 cosh 16K + cosh 12K
+ 4 cosh 8K — 2 cosh 4K — 1]. (4.6)

4.5"

Now

of0. BI0) _ _ 3 10, 1)

= _Zl [f,-()\, b) + f,.(x, —15)] 4.7

where f;(\, b) is a minor determinant of ¥V, — 1-A
excluding the ¢th row and 7th column:

a bt — a )
fi(x, b) = a a'b—N  a*
a’b a’®® a7 —

= = + N[a'(b + b7 + %
— )\(a—l(lb4 + a-—z + a—10b2 — a6b2 — a—8b4 - a2)

+ (@M'b® + 2ab® — a’b® — 2a77D°), 4.8)

and
a =N b7 a
N D) =1 &7 a'b — N a”%%’
a’ A
= —N* + N[a*(®® + b7*) + a7'b]

- NMa7% + a7+ a7

—a® — a”%* — ')

4+ (@b + 2a°b — a'db — a”b — a”°b). (4.9)

Hence

_ 9, B(3€))
()

= —4N 4 3\ {a7'(b + b7 + a7 + b))
— 2@’ + b7 + a7 + b7Y)
— a0 b =B+ )+ @ — )
+ @ — a9}
4+ @+ b — 27+ 28 — a°)
+ O+ —-a" —-a?+ 2" — a).
(4.10)
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Integrating (4.10) and using (4.6), we have

O\, BB = N — 23%a™ cosh L 4 a”° cosh 3L)
+ 23%{(a™*® — a”° cosh 4L + (a™*° — a®) cosh 2L
+ 3@’ — @) + 3" — d'%)}
— 2Ma™ — 2a77 + 2a — a°) cosh 3L
+ @ —a ¥ —a?+ 2" — a') cosh L}
+ 2[cosh 20K — 3 cosh 16K + cosh 12K
+ 4 cosh 3K — 2 cosh 4K — 1]. (4.11)

Hence

_{"_ — 31 -9
a6 o, 8 e M@ + 9a7°%)

+ N(20a7° — 16a~° — 44"
~ AM9@™ — 2277 + 2a — a°)
+@® —a—a?®+ 24 — a')}.
From (4.5)
af(x, B0/
giAg:(\m) + g:(An) gz (Na)
gi\n) g2(Nm)
B2na+ a°) +4 — 20 +a®]. (4.13)
Thus the zero-field susceptibility is given by
kTx/N(gr)* = 3[a(a™ + 9a7°)
+ 4\ (a® + 4a7® — 5a7")
+ 9™ — 2277 + 2a — a°)
+a™ —a™® —a” + 2a° - a"][f'(\, BON],
(4.14)

where f(\,,, 8(0)) is given by (4.13) and A,, the
largest eigenvalue in case of no external field, is
given by (3.14).

V. ISING MODEL WITH S = 1

(4.12)

[

I

The results of the previous paper* for the case of
the annealed dilute Ising model with S = % can be
transcribed for those of the Ising model with § = 1
by modifying minor notations. Substitution of
J—4J, K —4K,d = 1, and m = gu in the results
of the previous paper give immediately the parti-
tion function, the energy, and the susceptibility
at zero magnetic field of the model § = 1.

Partition function:

M = 3{2 cosh4K + 1

+ [(2 cosh 4K — 1)* 4+ 811},  (5.1)
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a—5+a"
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The energy:
E _1+4a
NI 1~ a{l +
where @ = ¢ ** = ¢ /47

The susceptibility:
kTx 1

[(a+a’ =1+ 8];} ’
. [Symbol a in this section is different from that in Seec. IV.]

5.2)

N(gw®*

+{4a_2 4o4 dleta — D@~ }) + 4a7')

[a+a"—-1"+ 8]}

_ ( a®—a'+3
at+a'F+14+[@a+a’—1+8\[(@+a"— 17+ 8]

i +a

}{3a —-a¢ '+ 14{a+a— 1)+ 8]*}“)- (5.3)

The method of Sec. IV can also be applied and gives

kTx 1

Ap +a—1

2N(gu)®

Both expressions (5.3) and (5.3’) are transformed
into a simple form:

ETx 1
2(gu)’N ~— 4d’a + 2)

40" + 56 —a+1 }
deta —D+ay 9

In this case the largest eigenvalue A,, as a function
of finite magnetic field® can be obtained easily.

A = 2.37(L, K))?
X cos (% arc cos {3(8)«(L, K)[»(L, K)]}})
+ 3L + L7 + 1],

i+

(5.5)
where
(L, K) = (L + L7 + (1 — 3@ + L)
— ¥ i+, (5.6
(L, K) = #e**(L° + L™°)
+ (3K + I+ LY
+ (=3 — 3 4+ 37+ DI+ L)

+ $% — $e*F 4 & + 267 — 27°F, (5.7

§ When we regard M, as a complex function of a complex
fugacity variable z = ¢Z, the singularities in the complex 2
plane are determined by the zeros of »(L, K) = 0 and
27&(L, K) — 4x¥L, K) = 0. The complex values of L for a
given K which satisfies the above equations are neither real
nor pure imaginary. »(L, K) and (L, K) are both symmetric
with respect to L and L1 This implies that A, has nonreal
singularities inside the circle {,ﬁ = 1. The one of which the
absolute value is the smallest determines the radius of con-
vergence of the fugacity series. The model is an example in
which the radius of convergence and the singularities have
no connection with the fugacity at the phase transition. [cf.
S. Katsura and H. Fujita, J. Chem. Phys. 19, 795 (1951); Progr.
Theoret. Phys. (Kyoto) 6, 498 (1951); 8. Katsura, Advan.
Phys. 12, 391 (1963); J. L. Lebowitz and O. Penrose, J.
Math. Phys. 5, 841 (1964).

T a3 —20F+2a M+ (@’ F2 - =2

(5.3

Here we used Slater’s formula® to diagonalize a
symmetric matrix of the third order.

V1. HIGH-TEMPERATURE AND
LOW-TEMPERATURE EXPANSIONS

High-temperature expansion of the energy and
the susceptibility with general spin S can be cal-
culated straightforwardly.” The results are

A = (28 + 1)

X [1 + 88%S + VXJ/kTY? + ---],  (6.1)

E/NJ = —$8%S + )*(J/kT) + -+,  (6.2)
xkT/N(gu)*

= 38(S + D1 + £8(S + D(J/kT) + ---1. (6.3)

For low temperature we have the following asymp-
totic formula from the results in previous sections.

S =1:
Ao ~ exp (2J/kT)
+ 3 exp (—2J/kT) + ---, (6.4)
XkT/N(gu)® ~ § exp (4J/kT) + -+,  (6.5)
S =1
A ~ exp (9J/2kT) + exp (—3J/2kT)
+ 3exp (—9J/2kT) + -- -, (6.6)
xkT/N(gu)® ~ % exp (9J/KT) + -+ . 6.7

8J. C. Slater, Quanium Mechanics of Atomic Structure
(McGraw-Hill Book Company, Inc., New York, 1960), Vol. 1,
Appendix 3.
( 9;8 8. Rushbooke and D. J. Morgan, Mol. Phys. 4, 291
1 .
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Fre. 5. The largest eigenvalue A, of § = 1 as a function of
the magnetic field and the temperature for ferromagnetic
interaction J > 0. The ordinate denotes In \,. Parameters
denote 4K = 2J/kT.

These results together with those of S = 1
be written as

Am ~ exp 2S*J/ET) + ---,
xkT/N(gu)* ~ 38 exp 4S*J/kT + -+ .

can

(6.8)
(6.9)

TSUJIYAMA, AND KATSURA

These expansions were used to check the results of
the previous sections numerically.

VII. NUMERICAL RESULTS

The energy, specific heat, and susceptibility of
the one-dimensional Ising model with § = £ and
S = 1 have been calculated. The agreement of the
susceptibility between both methods, (3.19) and
(4.14), has been confirmed numerically.

Now we compare the numerical results of three
cases, S = 1, 1, and . Figure 1 shows the energy of
these cases in zero magnetic field. Figure 2 shows
the specific heat. The energy and the specific heat is
the same for ferro- and antiferromagnetic interac-
tion. Figure 3 shows the inverse susceptibility for
ferromagnetic interaction. Figure 4 shows the sus-
ceptibility for antiferromagnetic interaction. Figure
5 shows \,, for § = 1 as a function of the magnetic
field and temperature for ferromagnetic interaction.

Both methods can be applied to the problem of
general spin, and the eigenvalue problem of order
28 + 1 can be reduced to order [S§ + 1}. The prob-
lems of 8§ = 2 and § can be reduced to an algebraic
equation of the third order, and those of S = 3 and
% of the fourth order.
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The present paper extends the study of SU, to the determination of particular root vectors and
fundamental weights. The root vectors are chosen so as to show explicitly the canonical nesting of
subgroups SU, D SUna X Uy, 8Up—t D 8S8Us-2 X Uy, ete. Explicit matrix representations of the
fundamental representations are given. The results are all dependent upon the use of n vectors which
define the fundamental region of SU,. Eigenvalues of fundamental invariant operators are also given

in terms of these n vectors.

INTRODUCTION

T has been shown by Cartan' that the root vectors

and fundamental weights of SU, may be ex-
pressed in terms of » (n — 1)-component vectors
w; 1 =1,2 --- n These vectors have apparently
not been further exploited, though they appear as
the coefficients A{"> in Ref. 2. The present paper
leans heavily upon the use of these vectors and their
use provides insight into the structure of SU,.

In Sec. I, we find the vectors w; which show ex-
plicitly the nesting of subgroups SU, D SU,_, X U,,
SU... D SU,._: X U, etc., and the properties of
these vectors are discussed. In Sec. II, the results
of Cartan,’ with regard to the fundamental weights
of SU,, are given and the labeling of irreducible
representations of SU, is reviewed.

Section III contains simple matrix representations
of the fundamental representations, and Sec. IV
deals with the symmetric coupling coefficients in
terms of the w; and the eigenvalues of the invariant
operators of SU,.

L
The generators of SU, are H; 7 = 1,2, -+ , I,

and E;;4,j=1,--,nt 5 j wherel =n — 1lis
the rank of the group. The labeling E, = E,; is

sometimes used and then, —a = (5i) if &« = (7).
The canonical commutation relations are
[H-'; H:] = 0: (1'1)

[H:, E;i] = (2n)_*(w§~” - wl(ci))Eik

or
(H,E,] = (2n)_*(wi — w)Bp,
(B, Byl = (2'"')_*(0’-' —w;)-H,
[Ei;, E.\] = @n)7}(3;, B, — 64 E.y),

* This work was partially supported by the National
Science Foundation.

t Submitted in partial fulfillment of the requirements of
the degree of Doctor of Philosophy, University of California,
Los Angeles, California.

1 E. Cartan, Ann. Mat. 4, 209 (1927); Bull. Soc. Math.
France 41, 53 (1913).

¢ L. C. Biedenharn, J. Math. Phys. 4, 436 (1963).

where w!® is the ith component of the jth vector,
t=1---,landj=1 - ,n.

The n l-component vectors w; are not orthogonal,
but form the same angle with respect to each other.

w;rw; = 8; — (1/n) (1.2)

or
ol = i/} (1.3)
and cos § = —1/I, where ¢ is the angle between

two different vectors.
The w; are not linearly independent and one
relationship exists between them, namely,

Zw.- =0.

i=1

(1.4)

The normalization (1.3) is such that the group
metric ga5, 4, B, = 7, a (i.e., A and B range over
the entire algebra) assumes the form g, = 64,-5
where —~4 = Aford =iand —4 = () if A = (4j).

Consequently the w,; satisfy

> 0Pt = 8, 1.5)
r=]1
Two root vectors w; — w; a.ndfw, — w, form
an angle ¢ given by
(wl'_wi).(wr — wl) = %(6.‘, + 8;. _ 6,‘, _ 6ir)

|‘°-’ - "’:'I ]wr - w~|
or
cos¢p =0
= 41
= :L'-%’
which identifies the group as SU.,.
The w; vectors point from the origin to n points
of an I-dimensional space. These points are the
vertices of the fundamental region of the root space.
The root vectors are the edges of the fundamental
regions.
Forl = 1, 2, 3, the fundamental region is a line,
an equilateral triangle, a tetrahedran, ete.

131
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TasLE 1. Components of the w; vectors.
X 2-% X 674 X 1274 X 20t e X (-1 X {41
U= = 1 1 1 1 1 1
Un=wn= -1 1 1 1 1 1
Up-1=w3z = 0 -2 1 1 1 1
Un—2 = w4 = 0 0 -3 1 1 1
Uz == 0 0 0 0 —I+1 1
Uz = wn = 0 0 0 0 0 -1
The fundamental region may be oriented ar- E/ = m)n — 2)*E,,, <,j=1,2, ---,1—1,
bitrarily with respect to a Cartesian coordinate 1.7)
system. If the coordinate axes are labeled by the ., ) 5 .
H; and an orientation of the fundamental region HY = @m'n—2)7°H,, 1=12,---,1-2,

is specified, then the vectors w;, and consequently
the root vectors, are determined. As an example
consider the group SU, with the tetrahedran as
fundamental region. The tetrahedran may be ori-
ented such that one of its four triangular faces lies
in the 1-2 plane. The edges of the face are the root
vectors for SU;. The tetrahedran may also be
oriented such that one of the three edges of the
above-mentioned triangular face lies in the 1 direc-
tion. This edge of the triangular face gives the root
veetors for SU,.

The orientation specified above displays the
decomposition

SU, D SU; X Hs,
SU3 D SUz X H2;

where H, and H; are independently the generators
for the group U,.

It is clear that an orientation of the fundamental
region of SU, exists which displays the decomposi-
tion

SU, D SU,.-; X H,,
SUn—-l D SUn—z x Hl—ly

The above-described canonical orientation of the
fundamental region is ensured if the w; are chosen
as follows. Place w, along the (—1) direction. Place
w,—, along the (—! + 1) direction and in the, ] — 1
subspace. Place w,_, along the (—I + 2) direction
and in the [, [ — 1, I — 2 subspace, etc. w, is de-
termined from (1.4).

Two features of this recipe reflect choices which
prove convenient. First is the labeling of the vectors,
which is such that the operators of SU,_, are

E:i = (n)i(n — 1)_§Et‘i: il .7 = 11 27 A} lr
H,=@®n—- 1D H, i=1,.--,1—1,

and the operators of SU,_; are

ete.

(1.6)

etc. Second is the choice of w, along (—1) instead
of the (I) direction. This has the effect of making
w; > w; the value of which becomes apparent later.

The components w!”’ are given by

o =[G+ D766 — ¢+ DI — i8] (1.8)
and explicitly in Table I.
Here 6(x) has the properties
0(z) = 1, z >0, (1.9)
6(x) = 0, z < 0.
II.

In discussing the weights, it is convenient to
introduce another set of n u vectors related to the
w vectors in the following way.

U = W, Uy = Way Ug = Wp-1, Us = Ws. 2.1)

This is simply a relabeling of the n vectors with
the virtue that

U; > Uiv1 7: - 1, 2, R l. (2.2)

The ordering of two vectors, say u; and wu,,
according to w, > u, means that the first non-
vanishing component of the vector u; — u,, reading
the components from left to right, is positive. If the
first nonvanishing component is negative, then
U < Us.

Now, the ! fundamental weights (that is, the I
highest weights of the ! fundamental representations)
may be easily expressed in terms of the u vectors.
Let w; be the highest weight of the ¢th fundamental
representation. Then'

m=0Cn)t X u, 1=1,2,-,1 (2.3)
i=1
and the [ fundamental weights are ordered by
7r.->7r,-+1, 1:=1,2,"',l_1. (2.4)
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The root vectors r;;
ry = (211)—%('“, - ui)

are ordered as follows:

2.5

Tix > Tik, t < j, 2.6)
Tsi > Tii i < j.
The ! simple roots r; are thus given by
Poo= T = @n) M — uiy), 2.7

and the 1I(I 4+ 1) plus roots are given by

T:i = T,'i = (271)_}(“. - u,'), i < j. (2.8)
The highest weight M of an irreducible representa-

tion is given by

1
M = Z)\,ﬂr;.

im=]

2.9

The ! numbers A; may be used to characterize an
irreducible representation. M may also be expressed
in terms of the u; to give

1
M = (27'7')_i Z Ui, (2.10)
i=1

where

(2.11)

The ! numbers 5; may also be used to characterize
an irreducible representation and in fact they are
the lengths of the rows of the Young tableaux
associated with the representation, whereas the X;
are the overlaps of one row over the next.

Let the highest state of the irreducible representa-
tion labeled by the set of 5, be given by |T{%}); then

H|t{2}) = @)~} Z_? na |T{n}),
and from (1.2) we have

e — w)-H [T{n}) = 2. [1{n});  (2.12)

that is, the ! operators (2n)}(u; — wu,)-H when
applied to the highest state give the 1 7..

I.

The matrix representations of the generators cor-
responding to the first fundamental representation
are given below

A = @ 3w lixil,

e = @n)™ il
where |4){j| is a matrix with 1 in the 7th row, jth
column and zero elsewhere.

3.1

ROOT VECTORS OF 8U.
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The representation (3.1) of the first fundamental
representation is well known. Representations of the
other fundamental representations are given below.

Second representation:

B = (2n)7} (Z) s + u;) [EANED],

& = e 3 {P1) i@,
o
where (4j) is a particular combination with no
repetitions of two of the integers 1, 2, --- , n and
the sum is over the combinations.
The numbers e(2*) have the following properties:

)= d7)- =,

e(pq>e<qm)e<pm) =1, (3.3)
r r T
N -
r/Ng/ \p
A particular solution is
() =s0-nea—n 69
where
o(x) =1, if >0, 3.5)
o@) = —1, if <0,
Third representation:
B = @) X s+ w4 w) |GR)XEGR),
(ijk) (36)

& = e 3 ") I,
s

q

where (ijk) is a particular combination with no
repetitions of three of the integers 1,2, - -+ , n.
The numbers (3% satisfy

)= ) - ) - ) -
L)) -,
L)) = 1.

A particular solution is

3.7

e(fsq) =¢@ — el — (g —Ndlg —5).  (3.8)

The above may be generalized to the other funda~
mental representations.
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Iv.

The anticommutation relations of (3.1) define the
symmetric coupling coefficients

(B, ) = @ny s + w)dl,
{e}, i’} = (1/nD1 + 2n)” i(u. + u) B,
fell!, e} = @n)Hs,, ) +

{h[ll h[-”}

¢.1)

. Er:]);

= (/n) 8,1 + 2(2n)"
X Z (Eu(i) (i) '(’k)> [ll.

r=1

Thus, the symmetric coupling coefficients [45°] in
the relation

(i, ' = LN, 4.2)

where I'!! runs over the whole algebra, are given by
k] = 22n)™t D ulPuPu®,

G kD] = @) P + w),
(2n)™Y; here r, 41547, =0,
[GR) k)] = @m) i + w”),

where ¢g*® has been used to lower [45°] t0 [45c].
Biedenharn® has constructed ! invariant operators
using the symmetric coupling coefficients. They are

4.3)
[aBy] =

I, = g”LALB,

I, = gABLA[BCD]LcLD;

I4 = gABLA[BCD][DEF]LcLELF) (44)
I,=g¢g*" LY - [JLL --- L

n — 1 factors
The eigenvalues of these operators are®
L = (M + 2R)9‘Miy
= (M + 2R);A:;;M;,

I, = (M + 2R);A;;A;.M,, (4.5)

filmﬂlm,
n — 2 factors
2 s0rd,
+a

s = @)@ +u”),  a=(h),
» M. Micu, Nucl. Phys. 60, 353 (1964).

= (M + 2R);A; ---
ﬁ——/

where

A;; = [kIM, + (4.6)

4.7)
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and

4.8)

1
5 _ )
=} Z" ;7’1 .

R is seen to be a highest weight where A\, = 1,
i=1--.,1 Now

1 n n
IR, = @)™ 3 20 D wwut e — )
k=1 rw=] <t
= > s — Xy, 4.9)
where
(2n)— Z(u(o) (i) (-) 1)) (410)
st
So,
Z sPr = [GKIR: + X.j; (4.11)

ie, Do 887 has been split into its symmetric
and antisymmetric parts.
A;; takes the form

Ay = [gklLy + X (4.12)
and I, is now expressed as
I, = (L + R):B:(L — R);, (4.13)
where
= (M + E), (4.14)
and
B = Audin . A A, (4.15)

r — 2 factors

The question as to whether or not these invariants
suffice to label uniquely the irreducible representa-
tions of SU, was answered by Biedenharn. The
argument runs as follows.

The quantities 7,, as functions of L,, are invariant
under the Weyl reflection group. That is, when
the vector L is reflected in the hyperplanes per-
pendicular to the root vectors, the I, are invariant.
The Jacobian with respect to L, of the [ independent
invariants of this Weyl reflection group factors into
i[n(n — 1)] linear forms, which, when equated to
zero, give the reflecting hyperplanes.® The factoring
of the Jacobian of the I, is equivalent to the factoring
of the Jacobian of I quantities

R = Ry, ez

i=1

M, (4.16)

and this Jacobian has the properties of the Jacobian
of the ! independent invariants of the Weyl reflection
group; therefore, the I, are independent.’

¢ G. Racah, CERN Re%[rt 61-8 (1961).
s C. Chevalley, Am. J. Math. 77, 778 (1955).
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Another set of invariant operators of SU, are the
familiar quantities

N, = E EyEy --- BBy,
all T~
indices

(4.17)

r factors

where the summation is now over all 7, j, ete., and
E; =u;-H. (4.18)

The eigenvalues ¥, are®

IV} =

> oM + W wllopu, M + W,ou,)
all
indices

X «-- [an u,-M + Wt‘ua](un'M)r

r — 1 factors

¢ A. M. Perelomov and V. 8. Popov, JETP Letters 1, 15
31965); see also F. Halbwachs, ‘“Invariants Fondamentaux
es Groups SU, et SU(n,1),” preprint (1965).

(4.19)
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where

W, = Zr;,- = 2n) Y — Du,] + .

i<j

(4.20)

This expression may be rearranged to give

N, = Z Culy, - Cp,(u,-M),

all
indices

r — 1 factors
where
Co=0dnu L+ W,
and
Wa = Cn) i + 1) 6a — 00k — 9)].

The independence argument given above may be
applied to the N, to establish them as fundamental
invariants.
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We find the representation functions of the group of motions of the three-dimensional Clifford
space and of the three-dimensional Einstein space. These functions are generalizations of spherical and
cylindrical waves of three-dimensional Euclidian space and reduce to these familiar functions in the
Euclidian limit. The generalization of the plane wave is also found.

1. INTRODUCTION

HYSICAL space is often characterized as a
three-dimensional metric space of absolute par-
allelism with positive definite symmetric metric and
zero torsion. This space has an associated group
of motions, that is, a group of coordinate trans-
formations that leave the metric (and also the con-
nection) invariant. This group is a six-parameter
group usually decomposed into three displacements
and three rotations.
A generalization of the above space may be made
by allowing the torsion to be nonzero, but uniform.
This space still has a six-parameter group of mo-
tions with transformations corresponding to dis-
placements and rotations. In this paper we find the
eigenfunctions of the operators associated with these

* This work was partially supported by the National
Science Foundation.

t Submitted in partial fulfillment of the requirements of
the degree of Doctor of Philosophy, University of California,
Los Angeles, California.

transformations and show their relationship to the
usual eigenfunctions of Euclidian space, i.e., the
spherical, cylindrical, and plane waves.

2. SPECIFICATION OF THE SPACE

The generalized space S considered here may be
characterized as follows'':

L, (+) = 0, 2.1)
Qogiy+ =0, (2.2)
Japly> = 0, ‘(23)

where® L%, (+), ©%;, and g, are tensors representing
the curvature, torsion, and metric. The |* sign ap-
pearing above means the covariant derivative with
respect to the (4-) conmection L, = L%s(+) and

1 L. P. Eisenhart, Continuous Groups of Transformations
(Dover Publications Inc., New York, 1961), pp. 51 and 231.

2 E. Cartan and J. A. Schouten, . van Wetens,
Amsterdam, Proc. 29, 803 (1926).

3 Latin and Greek indices run from 1 to 3 and the sum-
mation convention is used.



CANONICAL ROOT VECTORS OF SU.

Another set of invariant operators of SU, are the
familiar quantities

N, = E EyEy --- BBy,
all T~
indices

(4.17)

r factors

where the summation is now over all 7, j, ete., and
E; =u;-H. (4.18)

The eigenvalues ¥, are®

IV} =

> oM + W wllopu, M + W,ou,)
all
indices

X «-- [an u,-M + Wt‘ua](un'M)r

r — 1 factors

¢ A. M. Perelomov and V. 8. Popov, JETP Letters 1, 15
31965); see also F. Halbwachs, ‘“Invariants Fondamentaux
es Groups SU, et SU(n,1),” preprint (1965).

(4.19)

135

where

W, = Zr;,- = 2n) Y — Du,] + .

i<j

(4.20)

This expression may be rearranged to give

N, = Z Culy, - Cp,(u,-M),

all
indices

r — 1 factors
where
Co=0dnu L+ W,
and
Wa = Cn) i + 1) 6a — 00k — 9)].

The independence argument given above may be
applied to the N, to establish them as fundamental
invariants.

JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 8, NUMBER 1 JANUARY 1967

Representation Functions of the Group of Motions of Clifford Space*
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We find the representation functions of the group of motions of the three-dimensional Clifford
space and of the three-dimensional Einstein space. These functions are generalizations of spherical and
cylindrical waves of three-dimensional Euclidian space and reduce to these familiar functions in the
Euclidian limit. The generalization of the plane wave is also found.

1. INTRODUCTION

HYSICAL space is often characterized as a
three-dimensional metric space of absolute par-
allelism with positive definite symmetric metric and
zero torsion. This space has an associated group
of motions, that is, a group of coordinate trans-
formations that leave the metric (and also the con-
nection) invariant. This group is a six-parameter
group usually decomposed into three displacements
and three rotations.
A generalization of the above space may be made
by allowing the torsion to be nonzero, but uniform.
This space still has a six-parameter group of mo-
tions with transformations corresponding to dis-
placements and rotations. In this paper we find the
eigenfunctions of the operators associated with these

* This work was partially supported by the National
Science Foundation.

t Submitted in partial fulfillment of the requirements of
the degree of Doctor of Philosophy, University of California,
Los Angeles, California.

transformations and show their relationship to the
usual eigenfunctions of Euclidian space, i.e., the
spherical, cylindrical, and plane waves.

2. SPECIFICATION OF THE SPACE

The generalized space S considered here may be
characterized as follows'':

L, (+) = 0, 2.1)
Qogiy+ =0, (2.2)
Japly> = 0, ‘(23)

where® L%, (+), ©%;, and g, are tensors representing
the curvature, torsion, and metric. The |* sign ap-
pearing above means the covariant derivative with
respect to the (4-) conmection L, = L%s(+) and

1 L. P. Eisenhart, Continuous Groups of Transformations
(Dover Publications Inc., New York, 1961), pp. 51 and 231.

2 E. Cartan and J. A. Schouten, . van Wetens,
Amsterdam, Proc. 29, 803 (1926).

3 Latin and Greek indices run from 1 to 3 and the sum-
mation convention is used.
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the (—) connection L%,(—), where
«s = Log(+) = T + Qi
Lop(—) = Tup — Qup,

(2.4)
(2.5)

I',s and Q4 are, respectively, symmetric and anti-
symmetric in « and 8.

‘;ﬂ = Fsa ’ (2 -6)

2.7

Explicitly, the (&)-covariant derivatives and asome-
times used (0)-covariant derivative are given below
where A, is an arbitrary covariant vector.

w = — Qga.

Aulv“' = avAM - L:,(+)A,, (2'8)
A,- = 9,4, — Lu(—)A,, (2.9)
AFIV" = avAu - I‘:vAv- (210)

From (2.3) it follows that Q,.s is completely anti-
symmetric. If the torsion is taken to be zero, S
reduces to the usual Euclidian space.

3. ADDITIONAL PROPERTIES OF s

The properties of the space defined by the (—)
connection are the same as the space defined by
the (4) connection; that is,

Ligy(=) =0 @3.1)
and

Q‘;BI')'— =O- (32)
Also, the space defined by g,s and I'ig is an
Einstein space, that is,
Gapiye =0 (3.3)
and
Bug = —2Kg.s, (3.4)

where B,z is the contracted curvature tensor formed
from I',. Consequently,

s = {28},

where { %]} is the Christoffel symbol.

(3.5)

4. ENNUPLE FIELDS

Since S has the property Lis,(£) = 0, the two
equations \,;,= = 0 may be integrated to give two
vector fields which are individually everywhere par-
allel to themselves.

If we take three vector fields Ai(4) which are
orthogonal at a point, then they are orthogonal
everywhere. We think of these three vector fields
as defining a basis at every point of S, the bases
at different points being related by (+)-parallel
transfer.
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The same considerations apply to three vector
fields orthogonal at a point and satisfying A},,- = 0.
They are orthogonal everywhere and are related
by (—)-parallel transfer.

We define an ennuple fundamental, or metric
tensor §,;; by

g =1 if +=4
g“ = 0 if 7' # j,

and the ennuple tensor §*' by 7 '§;» = 6°.
We then associate with the vectors A} the vectors

(4.1)

N = JirNiy (4.2)
N = gl (4.3)
and
M= JugtN. (4.4)
5. GROUP OF MOTIONS
Consider the following six quantities:
Xi(£) = Ni() 9, (5.1)
Since the M\j() satisfy Killing’s equation
)‘Zlv° + )\:w =0, (5.2)

the quantities (5.1) are the generators of coordinate
transformations that leave the metric invariant. The
commutation relations of these generators are as
follows:

(X)), Xi()] = Ci' (1) Xu(+),  (5.39)

[X:(-), X ()] = Ciik(_)Xk(—): (5.3b)

[X:(+), X:(=)] =0, (5.3¢)
where

Cif(£) = LINENURN(E) 2. (5.4)

The C.;*(+) are constant scalars because they
satisfy

Cif'(£)1,~ =0 =9, C.if(E). (5.5)

They also satisfy the Jacobi relations and are thus
generators of a Lie group.

The C,;*(+) and C,;*(—) are related by choosing
the M\;(+) and Aj(—) to coincide at one point. Then

C;,'k(‘i‘) = —C"ik(—). (5.6)
The quantity
Ciik (:IZ) = C,-,-‘(:l:)g,,, (5-7)

is totally antisymmetric as a result of the anti-
symmetry of Q,5,. Consequently, we set

C-’ik(+) = 2K*€iik;
C”k(_) = —2K*€¢ik.

(5.8a)
(6.8b)
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The invariance of Q%; under (5.1) is a consequence
of Quap ~ gieuaﬁ'

Since I',; is derived from the metric, it is apparent
that the connection is invariant under (5.1) and
thus they constitute the generators of the group
of motions of S.

If we introduce the operators

2B =ga X, i#l, (G
R+ =~ Xu(H), (5.90)
(=) = g X(5), (5.99

then the commutation relations take the usual form
for the four-dimensional orthogonal group.

The relationship between the group of motions
of § and 0, may be seen in another way. As regards
the metric alone, the space S is that of the surface
of a four-dimensional sphere since g.; describes an
Einstein space. Transformations of this sphere that
leave the metric of its surface invariant are the
rotations of the sphere about its center. These
transformations belong to 0,.

6. REPRESENTATION FUNCTIONS

We now wish to find representation functions of
the group of motions on the space S. The rep-
resentation functions of 0, on the four-dimensional
Euclidian space are functions of three independent
coordinates, the fourth coordinate being restricted
by the condition that the radius of the sphere re-
main invariant. These functions are the hyper-
spherical harmonics and they constitute representa-
tion functions of the group of motions of S.

In general, 0, representations are labeled by the
eigenvalues of two Casimir operators associated with
the two invariant 0; subgroups, namely j(j 4+ 1)
and 7(; + 1). From functions on a four-dimen-
sional Euclidian space, only certain representations
of 0, may be found, namely, those for which the
Casimir operator eigenvalues are identical or for
which § = §.

In terms of the X (), the two Casimir operators
are

g”X‘(‘i')Xi('*‘) = X2(+):
g”Xi'(_)Xi(_) = X*(-),
and* these operators are seen to be identical when
expressed in terms of the A’s. Also X” is the La-~
placian in 8
4+ The Killing form is identical to §;.

(6.1)
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X)) = X¥(—) = A =g"a(%"0). (62

The form of the representation functions depends
upon the choice of the set of eigenvalues used as
labels. We are guided by the desire to make a con-
nection with the well-known representation func-
tions of three-dimensional Euclidian space. Con-
sequently, the following linear and bilinear com-
binations of the X,(+) are of interest.

P, = (1/9X«(+), (6.3a)
L; = 1/2KH[X.(-) — X(+)],  (6.3b)
L’ = §'L.L,, (6.3¢)
P’ = §"P.P; = — X" (6.3d)

These operators have the following commutation
relations:

[P;, L;] = de:nPs,
[(L:, L;] = teinla,
[Pz,Pi] = 07 [Lg} L,] =0
[Lz; P;] = te;ju{P;, L}, [Lzy Pz] = 0.

The operators have the property that in the limit
of K — 0, i.e., in the Euclidian limit, their com-
mutation relations become those for P,, L;, P?, L?,
where P; and L; are the usual momentum and
angular momentum operators.

We are concerned with the representation func-~

tions for which the following sets of operators are
diagonal

[P;, P;] = 2K¥e, Py,

[Pza L,] =0 (64)

PZ) Lz; L3 (653)

and
P’ P, L,. (6.5b)

The functions associated with the first set cor-
respond in Euclidian space to j;(kr)Y,,.(8, ¢). The
eigenvalues of P?, L?, L, are respectively &%, I( + 1),
and m,

The functions associated with the second set cor-
respond in Euclidian space to J,.[(k* — k2)}ple***=*¢*™
with eigenvalues k% ks, and m for the three operators.

7. RIEMANNIAN COORDINATE SYSTEM

We begin the study of the various differential
operators of (6.5) in the Riemannian coordinate
system. The vector fields A{(+) may be expressed
in this system in the following way":

MN(E) = & + 3C... ()™ +
+ [1/(T + 1) !]C“axﬂ‘cﬂ:a:ﬁ‘ * Cﬁv—s‘arxal s x“'
_ 6;smw Wt & smw_i_weml—GOSw’
w w w

(7.1)
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where dimensionless coordinates " have been in-
troduced
o = 2K (7 .2a)
and
3
o= 2 (@) (7.2b)

p=1
It is seen that in the limit K — 0, the A} go to §;.
The parallel vector fields of Euclidian space are
the Cartesian coordinate axes.
The other quantities of interest are

2(1 — cosw)
2

[

gw = gii)‘:‘t)‘i =3

+%g@a_m+mm@, (73)

2

w , (2 —2cosw — o)

6y __ » 13
g = 8’2(1—cosw)+ww 2°(1 — cosw)
(7.4)
“ _ g wSMw
(k) = & 2(1 — cos w)
0'0'(2 — 2 cosw — wsinw) |, «
+ 2%°(1 — cos @) Ty e @)

P _l[ w sin w K
‘7 4 L2(1 — cosw) oz’
+w"w"(2—2008w—wsinw)_¢2_
20°(1 — cosw) ar*

+ fo“e”a‘ _6__“] ) (7-6)
oz

L; = ;]';xaepae(a/ax“) = (1/9)@ o — 2*8). (1.7)

It is easily seen that as K — 0, P, — (1/2)(3/0z°).
The L, already have the form of the angular mo-
mentum operator in Cartesian coordinates.

8. SPHERICAL WAVES

To obtain the generalization of spherical waves
in S, we transform from the o* system to “polar”
coordinates

3 )
=T e[,
B=1
tan 6 = [(@")" + )T/,
tan ¢ = (&’)/(").
The coordinate « is dimensionless and equals
2K%, where 1° is the usual sum » 2., (2*)’. The
ranges of the coordinates are

0<Lw<2m,
0<6<Lm,
0< ¢ < 2r.

8.1

8.2
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The Laplacian in this coordinate system takes
the form,

w9 1

62
A= 4K{6w2 T cot 2 dw + 4 sin® 3w

X [g;— + cot 05 + — :T:’]}' (8.3)
The equation
Py = —X'y = —A¢ = KjG+ Dy (84
is solved by separation of variables to give
Yo = 7, ) Y1a(6, ¢), 8.5)

where the Y,,,(8, ¢) are the usual spherical harmonics
and the 7,(§, ») satisfy

&’ wd
{d(_nf 4+ cot 20

tlig+o -G 00 o

4 sin® 1w
with solutions®

it @ g cos §nw

Xsm o d(cos 1w)' "’ ®.7)
where n = 2j -+ 1. The metric is
1
0o = 22| 4sin’ (o) ®.8)
4 sin® (3w) sin® @
The invariant volume element is
dr = gt dw d8 d¢
= 3R®sin® (3v) sin 0 dw d6 do (8.9)

and the normalization of the ¥, over the invariant
volume is taken to be unity. The operators L? and
L; have the forms

2
L= —%5 + cot 6 2 +§n1—2—0£2) , (8108
Ls = (1/9)(3/9¢), (8.10b)
and with P? have the eigenvalues
P* — 4Kj(G + 1),
L - 11+ 1), (8.11)
L} — m,

¢ These solutions are related to solutions of the hydrogen
atom in momentum space; see V. Fock [Z. Physik 98, 145
(1935)]. Schridinger discusses these solutions in his series of
articles on eigenvalue problems in a hypersphere [E. Schro-
dinger, Commen. Pont. Acad. Sci. 2, 321 (1938); Proc. Roy.
Trish Acad. XLVI, Sec. A, 9, 25 (1940)].
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where j takes on nonnegative integer and half-
integer values and ! and m range from 0 to 27 and
~—1 to I, respectively, in integer steps.

The behavior of ¢, for small K is best seen via
the differential equation that the 7(j, w) functions
satisfy, the Y',,, being unaffected in the limit K — 0.

We expand (8.8) for small values of w, keeping
only lowest-order terms in « but allowing for large 4.
We obtain

f Lot 2 L s - 10+ D1} = 0
(8.12)

with solutions j;(jw) or ji(kr), where k = 2K%j.
Thus the usual momentum k* = 4Kj® is seen
to correspond to the eigenvalue of P? in the limit
K — 0, K remaining finite.
K0
Pz‘l’n = 4KJ(.7 + Dy, — 4Kj2¢a = kz\bl- (8~13)
The interpretation of ¥, as a representation func-
tion of 0, is made by identifying «, 8, and ¢ with
the angular coordinates of a sphere in a four-di-
mensional Euclidian space. If 4* are the coordinates
of a unit sphere, then

y' =sin Jwsin §cos¢, ¥ = sin fwsin #sin g,

y* = sin }w cos 6, y' = cos w, (8.14)
where

(8.15)

4
> @) = 1.
B=1

9, CYLINDRICAL WAVES

The usual method of finding the cylindrical waves
of Euclidian space involves a transformation to
cylindrical coordinates and a separation of the
Helmholtz equation in that system. The trans-
formation from spherical coordinates is

¢$=9¢. (9.1)

The generalization of this transformation is seen
as follows. On a unit three-dimensional sphere draw
a meridian M through an arbitrary origin or pole.
A point A in one hemisphere may be labeled by
its longitude # with respect to M and polar distance
1, or, by the shortest distance 38 from 4 to M,
which is via the great circle € through A and
perpendicular to M, and the polar distance 3w, of
the intersection M and C. To make the labeling
unique, points of § < $= have w; > 0 and points
of 8 > 3x have ws < 0. 8 is seen to range from 0
to = and ws from —27 to 2x. The relationship be-
tween the coordinate systems is (see Fig. 1)

z* =rcos g, p = rsin 4,

FUNCTIONS OF CLIFFORD SPACE
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Fia. 1. Rela.tlonshlpbe-
tween “polar” and “cylin~
drical” coordinates.

sin 18 = sin dwsin 4,

tan iw, = tan 3w cos 9, 9.2)

b =¢.
Equations (9. 2) reduce to (9.1) in the limit K — 0.
Here 8 = 2K%p and w; = o* = 2K%°.
The equation

[A+4KjG+ Dy =0 9.3)
now takes the form
[ 5 + cot ﬁ 1 i
ag° 008’ (36) duw;
1
+ Ton® (3p) 38 a¢z + 3G + 1)] =0 (94
with solutions
Yo = Ju(d, 8; B)e* 6™, 9.5)
where J,.(4, s; B) satisfies
a 1
{dﬁ + cothB e 3[28 + 5
— cos ;3(23 - — ] + G + 1)}.7 (9.6)
With the substitution
s = 3(u + ), 9.7a)
m= —u++v, (9.7b)

Eq. (9.6) takes the form
[(@*/d8") + cot B — (1/sin’ B)
X @+ —2weosp) + 3G+ DT =0 (9.8
with solutions
(i, 83 8) ~ di(8), 9.9)
where the d’,(8) are the familiar functions of the
finite representation theory of 0.

The complete solutions may be put into the form
of the Df,,(a, B8, v) functions as follows:

= TalG, 53 8)c" 0™
- (__ l)u-(vad“y(ﬁ) fpo lv'y

= (_1)“+,ND:;'(“) 8, 'Y)y (9~10)
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where
v = 3w + ¢+, (9.11a)
@ = bo, — ¢ + 3, (9.11b)
and
0<axdm (9.12)
0 <y <d4r.

N is a normalization factor which is now computed.
The metric takes the form

1
cos’ (36)

9w = 3R (9.13)

4 sin® (38)

with the invariant volume element given by (here
RS — K--l)

dr = g* dB dws dp = 3R®sin B df dws dp.
We have
61'1" 6::' 6mm’

_ E R * p2x 2r . i eres imive

=Zwe [ [ sinp@ee

X (die* "¢ ) dB dws do
— B NE o b B f sin g% di, dg
0

9.14)

2:°R? [N|?

= ii0 Oage . ni
2‘5_‘_ 1 a:: au amm (9 5)
or ) )
- 2:'+1) u(2j+1)
N = (%2 5) =(%5—), o1

where V is the total volume of 8. The last integration
is based on the orthogonality of the d,.

The operators P?, P, L, have eigenvalues
4Kj(j + 1), 2K% = 2K*(s — 4m), and —p +v=m,
where ¢ and » have the ranges —j < 4 < jin integer
steps.

The equation for J may be expanded for small K,
or 8, keeping only lowest-order terms but allowing
for large j and s.

We have from (9.6),

2 2
S L
or Bessel’s equation with solutions J,.[(j° — s%)4g].
The argument is (k* — k3)*p, where * = 4/°K and
ks = 2Ks.
10. PLANE WAVES

We are now in a position to see the generaliza-
tion of the plane wave of flat space. The wave
J (0 — E)ple™='¢™ reduces to a plane wave
in the three-direction when %, assumes its maximum
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value and when m = 0. The same two conditions
when applied to the generalized cylindrical wave
define a function which we call a generalized plane
wave. Thus the plane wave is

be = 125 + D/VI &i; @)
= [(2j + 1)/V]* cos®’ (%B)eiiou.

When expressed in terms of the dimensional coor-
dinates and expanded for large R, we have

2; + 1\ ) T oes
pe = (2 1t e
...%

_’Igg__){}ik;x‘< __13132_2: _._>.
(RVe 1—-%p +

11. EINSTEIN SPACE

(10.1)

(10.2)

As shown earlier, the space defined by g.s and
I is the Einstein space. Its group of motions is
the same as that of $‘®. Thus, the above functions
are also representation functions of the group of
motions of the Einstein space on the space itgelf.

In the case of 8, K is a measure of the torsion,
there being no curvature to the space. In the case
of the Einstein space, K is a measure of the curvature
of the space, the torsion being zero.

12. SUMMARY

The space described here is in several ways a
convenient one to describe physical space. The ob-~
served Hubble effect may be given an interpretation
in terms of either an expanding Einstein space or
an expanding Clifford space. Also, coordinate reflec-
tions do not take the space into itself and con-
sequently, linear equations involving the operators
X (=) are not invariant under parity operations.’
Such a situation is interesting from the point of
view of the description of processes in which parity
is not conserved or is only partially conserved, such
as in weak interactions.

The functions discussed in this paper are basis
funections for a description of quantization in Clifford
space. The scalar field theory generalizes to Clifford
space with no difficulty.” Spinor quantization prob-
lems are now being investigated by the author.®
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A recently developed method in the theory of potential scattering is investigated. The authors
supply analytic computations for determining the location and the type of singularities, which occur
in several scattering amplitudes that are constructed from physically relevant potentials.

N a paper by Gilbert and Shieh,’ a new method
for investigating the analytic properties of the
scattering amplitude A(k, cos 6) was given. Their
results depended upon the fact that there exist an
integral operator Q[B] and its inverse @ '[4] which
map the following two series,

o

B(k,Z) = E al(k)zza (1)
A 2) = X aPO), ®
onto one another, i.e,,
Ak, 2) = Ql[B]
=L 1 1oz _ ds
= 2mi gy B[k’ et 2 (§ + §'>(z 1)}] ¢’
®3)
and
B,2) = Q7'[A]
YAk, §) dE

=1i1-2 — s e 4

2(1 Z) o (1 — 2tz + z2)§ ( )
By using both operators, they were able to list
theorems concerning the location, the number, and
the type of singularities the scattering amplitude
could have by comparing it with its associate func-
tion B(k, z). The reader is referred to the paper
mentioned above, to the original paper by Nehari®
concerning the location of singularities of Legendre
series, and to the book by Bergman,® who pioneered
the research in this area.

* This paper was supported in part by the National Science
Foundation under Grants GP-3937 and GP-5023, and in part
by the U. 8. Air Force Office of Scientific Research under
Grants AFOSR 400-64, and AFOSR 1206-67.

1R, P. Gilbert and 8. Y. Shieh, Technical Note BN-401,
Institute for Fluid Dynamics and Applied Mathematics,
University of Maryland, 1965.

2 7, Nehari, J. Ratl. Mech. Anal., 5, 987 (1956).

3 8. Bergman, Integral Operators in the Theory of Linear
Partial Differential Equations (Springer-Verlag, Berlin, 1960).

The advantage of the method given by Gilbert
and Shieh over that used by Regge® is that in-
formation concerning the analytic properties of the
scattering amplitude can be obtained directly from
the partial wave amplitudes without the continua-
tion of the angular momentum from physical values
to complex ones. In this paper, we illustrate the
method of Gilbert and Shieh by considering some
potentials of physical interest.

Newton® gives the following asymptotic expression
for the partial wave amplitudes as ] — «,

a(k) ~ —ir f T VO] dr, ®)

which is valid when V(r) & O(™) as r — o,
where V(r) is the potential, and J,(z) is a Bessel
function of the first kind and of the lth order. From
the literature on Bessel functions,® it is possible to
list the asymptotic forms of several partial wave
amplitudes; this is done in Table I. We remark
that the inverse square potential (4) is actually
contained in Eq. (2), although it is listed separately.
The superposition of Yukawa potentials (5) and
the Coulomb potential (7) were not obtained by
direct integration and we owe these results to New-
ton.” We have added them because they are of
general interest. The cases (2) and (4) are merely
the Born approximations for the partial wave am-
plitudes; hence our corresponding computations of
the singularities are only estimates.

We are able to locate the singularities of the
function B(k, ) in the z plane by using the Hadamard
formula for the radius of convergence (in the 2 plane),

5 = limsw la,BI”, ©

4 T. Regge, Nuovo Cimento 14, 951 (1959).

§ R. Newton, The Complex j-plane (W. A. Benjamin, Inc.,
New York, 1964), p. 42.

¢ G. N. Watson, A Treatice on the Theory of Bessel Func-
tions (Cambridge University Press, New York, 1944), See
in particular pp. 395, 399, 403, 411.

7 See Ref. 5 pp. 44 and 86.
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Tasre I. Asymptotic forms of several partial wave amplitudes.

Scattering potential

Partial wave amplitude as ] — o

1. eetr?
2. r-alRea >0
3. ro—2g—a’s?
r2
e~ror/r
=]
6.

f P(I‘);'—“'dllyl-‘o >0
Mo

7. 71

(—ix/2a%)e*" 1" T (k?/2a?)

(BT __ T(e)T(+ii1—a))
2)  2(HatITC+Hat1)

— ik
Qgatta

I(l+3e)
T(+1y

XoFo(l+3,1+a/2;1+1,21+1;—k*/a?)
—1/21
(—2/k)Qu(1 410/ 2K%)

U 4{(po/2K) (1 +-nuc? /4K7)H

Tl+1+ey)

TaFri=ay” = +C/k,

where C is the strength of the Coulomb
potential.

and the Fabry formula,®

lim at(lgc) = p(k)e*™, @

oo Q141

when the indicated limit exists. Providing z = =1,
the singularities of A(k, z) are then related to those
of B(k, 2) by the formula’

z = 3{E(k) + 1/8(k)), ®

where £(k) = p(k)e’™. Using formulas (6)—(8), we
are able to compute the singularities of B(k, z) and
A(k, z). We list these singularities in Table II.

In the case of (1), we use the asymptotic
estimate,"’

LE) =2 V2@ +A)71
X exp [(P + 29 — Isinh™ (1/2)])
X {1+ 03/)}, z>0,

hence

lim 1 log 1,(2) = ~lim [sinh™ (/3] = — .

1w 1

In this case, we have the scattering amplitude

8 P. Dienes, The Taylor Series (Oxford University Press,
London, 1931), p. 377.

? See Refs. 1 and 2. In Ref. 1, it is shown that A(k, z) may
b? gi(r;cgul?,r at z = +1 without corresponding to a singularity
o s 2).

10 Bateman Manuscript Project, Higher Transcendenlal
Functions, A. Erdelyi, Ed. (McGraw-Hill Book Company,
Inc., New York, 1953), Vol. II, p. 86.

Ak, 2) = é%e-“’“' ,i L#/2PE)  ©)

converges everywhere in the z plane for k in the
physical range.

The case (2) is estimated as follows. Since, for
arbitrary complex «, 8,

%"%{%N z""”[l + 3@~ 8) + O(T}’)J ’

we have

T'(w)

i e L B
2

and consequently

a,(k) I
~ 1
a.1(k) {4+ -
The case of (4) is contained in the case of (2).
Case (7) can be handled similarly by noting that
as l — o,
LT+ 1414y
“B N T0FT— o

~ 2iq| 1 _ WY EARN
~O+D [1 l+1+0(l“)J

Hence, a;.,(k)/a;(k) = 1 + 0(1/1), and we realize
that z = 1 is a singular point.
In order to treat the case of (3), we must ob-

as | — o,

1 See Vol. I of Ref. 10, p. 47.
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TasLE II. Singularities of B(k, z) and A(k, z).

Singularity in z plane of

Scattering potential B(k, z) Ak, 2)

e o’r? © ©
relL Rea >0 1 1

rai e—u syt © ©

2 1 1
eporir (mo/2k) + (1 + pe/4K2), k| < o (1 + pet/4k2)

Q0
—r
f p(n):—dn,no >0
r’uf 1

N o e

(uo/2k) + (1 + po?/46W, k| < o

(A + po?/4k2)
1

tain an asymptotic expression for F.(I + 1/2,
I 4+ a/2;1 4+ 1, 2l + 1; —k*/d’), which is a gen-
eralized hypergeometric function.'* We consider the
generalized hypergeometric function'®

Fol + ay, U4 ag; 1+ ¢y, 21 + ¢33 2)

—_ Zw: (l + al)n(l + a'z)n §1
S 4 el 4 ¢),n!’

where (@), = afe + 1) - (@a+n—1),n 21,
and (), = 1. We note that the general term of the
series can be rewritten as

(L + a)all + a2)n 2°
(I + c)all + ca)a n!

= (§>»1{(1+ z+cl)[’v1§+(7ﬂi%l_)7§]

E (I + @)l + a)s & z
nry (l + cl) (2l + 02),. n!

Al |

X [(n - TR v —-?)]}

X {(l + ij"%?)[’\}"é T ;(c—:_-é 1)]\/2] a
X[m1w+u+£ﬁj@3%—wﬂ}

where @« = a;, — ¢, B = a; — %¢,. Now, let m be
the smallest positive integer such that

- 1 o
0<s= 7[(m - 1)} + (m - DA+e+m— 1)]

1 B/(m*) + 3(m — 1)}
X[(m—l)*+ l+%(cz+m~1)]<1’

where |2/2| < v. Then, if » > m, the remainder
of the series,

1

<ol [

m—1 T (m

- D +c+m— 1)]}
1 B(m — 1) +

m—1p

l+a@+$ﬁﬁn]} %

which tends to 0 as » — « for [ sufficiently large. Hence, we conclude that

lim ,Fo(l + ay, 1+ a3 L+ 61, 21 + €5 —K%/a%) = ¢

1-s®

for k contained in a compact set. From this, we have

% T+ a/2)
- 2212t T(l + 1H*?

lim |a,|Y! = 11

l—m

gince, as [ — ®,

1 k 1
Tlog |a;| 2 log%—}- T{(% - 1)

X log !+ log [1 + 0] — log T(I + 1)}
and 1/1log T + 1) &~ logl — 1 4+ 0(1/D).

12 See Vol. I of Ref. 10, Chap. IV.
12 See Vol. I of Ref. 10, p. 76.

Fz(l +314e/2;14+ 1,214 1; ‘;f)

—k3/2a*

(10)

171

— 0, (n

We conclude that the scattering amplitude

rd + 1)2
X F(l+3 1+ 04+ 204, =)o
12)

is regular for all z and k in any compact set of C?,
since the estimate (10) holds for all k& # .
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The case of (5) is handled by making use of
the asymptotic expression

Q) = [1 + 0(32)]
x(5)

which leads to
7 N}
o~ _-:.._z E _f
(k) A - Q‘(l +2k2) ~% (2)5

2 \}]-21-1
X{2k+(1+4k2>] :

Newton obtains the asymptotic form for the case
of (6) (which contains the above if a Stieltjes
measure is used) in the same way. His result for
(6) is

a,(k) = const I (uo/2k) + (1 + w2/akH™>, (13)

where u, is the lower integration limit. By using
the Hadamard and the Fabry theorems, we realize
that the first singularity in the 2z plane of B(k, z)
is located at

z = (uo/2k) + (1 + up/4k")*.
Hence, by Eq. (8), A(k, 2) must be singular at
2= (1 + ue/4k). 19
In the paper by Gilbert and Shieh, a method was
given for obtaining the type and the numbers of
singularities of the functions A (%, z) in the z plane.
(The reader is directed to Gilbert,’ and Gilbert and
Howard™® for further details of this method.) It
was shown that, by considering the following
lim sup,

rg+1y @ -nt
i+ Pl+ & — DY

L, = lim sup DV, (15)

R. P. GILBERT AND H. C.

O™ 0+ 107,

i SR
ng)(k) = (l + %) L]
I+ V)—ir *
We may rewrite (17) as
1,

ng)(k) - l-%(vﬂ) (1 + l/l)-}:

A+ -,

1 R, P. Gilbert, J. Math. Phys. 5, 983 (1964).

HOWARD

where

D(")(k) _ al(.k)’ ) aHu(k)

al-w(k)) * a“‘zﬂ(k)

one could obtain information concerning the number
of singularities in certain ellipses of the z plane. For
instance, if

(16)

tim sup Ja,(B)|* — L

and we define the ellipse E(p) as the set of points
2z = (x, y) such that

2 2

z Y 1
G- T or Uy

then, depending on whether the ratios L,/L,., are
(1) equal to zero for all » > N, (2) tend to zero
as » — o, (3) tend to 1/p as » — =, or (4) equal
to 1/p for all » > N, for some N > 0, we have
the following corresponding possibilities for the
singular behavior of A(k, 2): (1) there are at most
N polelike branch points in the entire z plane,
(2) there are just a finite number of polelike branch
points in every compact set of the z plane, (3) there
are a finite number of polelike branch points in
the ellipse E(p — ¢), 0 < ¢ < p, but an infinite
number in a neighborhood of E(p), and (4) the
singularity, in general, is not a polelike branch point.

To illustrate this result, we consider cases (6)
and (7), where

a;(k) ~ const I}

—21-1
&,

for I sufficiently large and

8 = (uo/2k) + (1 + ui/ak)}.
This leads us to consider the determinants D{" (u),

) (l + V)—.%
an

I+ )

GO V) R R ¢ B Y

a+2/p*

5 R. P. Gilbert and H. C. Howard, Proc. London Math. Soc., 15, 346 (1965).
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For [ sufficiently large, we have

gl gl

D(v)(k) - 1(»+1) i=0 i=0
© o _i 211 i
Z Cr E Ci T
i=0 =0
However, D (k) = P(ao, a1, * - , a,) i8 a persymmetric determinant, and it is well known'® that

P(ao, ay, **+ , @) = P(ao, Aay, A’a,, -+, A%a,), where Afa; = A(A*ay), A'a; = a; — a;_,.

Applying this result to D{” (k) above yields

L cr o), - et v o k)
14 —=3(r+1 ]-'
Di(k) = 17#+» C,* + 0( ) y (18)
v‘ _; (2!
i >+ O(l"“) Yt P L + O<l2v+1)

Factoring 1/ from column 2, 1/7* from column 3, . . ., 1/1" from column » + 1, and, in addition, factoring
1/1 from row 2, 1/I? from row 3, . . ., etc., we obtain

Dl(v)(n) — l—-}(w+1)(lx+2+ ---+y)—1(l1+2+ ---+v)—1

1, ot 4+ 01/n, C¥21 4+ 01/, -, CTHt + O(1/D)
X Cl—%+0(1/l)) e
Crhl 4 0Q/D), - - - Czi @) + 0(1/1)

From the structure of this last determinant, it is clear that we can write D}(k) = I"“*V*V®[C, + O(1/1)],
where C, is the persymmetric determinant, with

| B o B AR
C, = .

Ch, Czi-(2n)!
By elementary factoring methods, this can be shown to be equal to
= (_1)%“”1)(1)(1.3)(1.3.5) oo (185 .- 20 — 1]
1, -1, 1-3, v (—1)"1-3-5 -+ (20 — 1)
% [ =3, 3.5, e (=1)"8-57 - (2 + 1)

L=-@+D,@&+D&+3), - D@+D - G-

If one now operates on this last determinant with the following operations: row (n) — row (n — 1), row
(n — 1) — row (n — 2), - -+ , row (2) — row (1), and then if one performs on the resulting determinant the
operations row (n) — row (n — 1), --- , row (3) — row (2), and so on (there being one less operation each
time), and since A'(2y + 1)(2» + 3) --- (2v + (2j — 1)) = 27;!, one obtains

18 A, C. Aitken, Determinants and Matrices (Interscience Publishers, Inc., New York, 1951), p. 122.
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C, = (_l)h:hnnl(]__g) e (1435 -0 [20 — 1))

1 z z x z r

0 —2.1! z z z z

0 0 +-27.21 z z z

0 o 0 ~2%.31 z

X1 0 0
z
0,(—1)'2'jt
0 0,(—1)"2%!
—_ 2"“"'””(1)(1'3)(1'3'5) -ee (1-3:5- «+- {2 — 1])1! 21 ..., (19)
hence, for arg (z — &°) between }r and 57/2],
DP(k) = (Co/I ¥ N1 + 0(1/D], (200  Bu(k,2) = Bk, 2) + [x/(2 log 8"* — log 2)]t.

where C, is independent of I, as is shown above.
Hence, we have the result that

C 1
l[:’+§(0v+x)] [1 + 0(7)]

=1 forall » 2> 0.

It follows then that L,/L,., = 1 for all » > 1,
which rules out the possibility of A(k, 2} having
a polelike branch point at z = (1 -+ u/4k%)}. We
conclude that B{k, z) has a nonpolar singularity,
sinee L,/L,., is monotone decreasing and only Eq.
(4) contains the situation described above. That this
is indeed true is shown below by using known in-
formation concerning a related function,

We remark at this point that we can easily de-
termine the behavior of B,(k, z} about its singularity
at z = &°, because of its relation to the generalized
zeta function,”

1/t

lim sup ‘DY)‘U! th

{—o

o

Fiz,8) = Z
whose singularity at z = 1 has logarithmic branching
and whose continuation across [1, «) is well known.
If By(k, 2) is the principal branch correspond to
the series representation above, and B,(%, 2) is the
continued function obtained by crossing over the
cut A = {z ]2z = & + 4\; A > 0} from the left to
the right, then one has'™ [by rotating coordinates
and choosing the principal branch to be defined

17 See Vol. I of Ref. 10, pp. 27-31.
18 See Ref. 10, p. 31.

Crossing from right to left yields the relation to
the second branch

By(k,2) = Bo(k,2) — [x/(2 log 8¢'*"* — log 2)]}.

The choice of this particular principal branch is
made to facilitate the study of the branching be-
havior by means of the operator Q[B]. To simplify
our discussion, let us introduce the variable ¢ = 2z -+
3¢ + 1/9)(E — 1)}, and hence refer to the mapping
Q : Bk, o) — Ak, 2).

We wish to study the possibility of branching for
the function A(k, z) about the singular point

= }(8* + &%), which corresponds to the singular
point ¢ = 8 3 1 of B(k, ¢). To do this, we consider -
the following integral, where ¢ > 0 is arbitrarily
small,

Ak, 20 + ") — Ak, 20 + ¢

2r
- "A o8 (20 + ™ o

0

_1 hde{f Bgc aadg-}
[§h=2

do 30 ¢ @

If the integrand is absolutely integrable on the
product space {[¢| = 1} X {0 < § < 2x}, then
we may interchange orders of integration. This is
certainly satisfied if B(k, o) is O([c — ]7%), a < 1,
about ¢ = &°, which can be shown to be true by
the method of dominants.

We consider the mapping z — ¢ for fixed {. Then
the circle [z — 2| = ¢ is mapped onto the closed
curve
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C¢E{0‘0z30+(23_1)§cos¢

+ e[e“’ + —zi—;coscb] ;05 6< 2#},
(@ — 1)
where ¢ = arg {; the integral (21) becomes
Ak, 20 + ™) — Ak, 20 + ¢

1 2r
=§;fo c‘a—a‘da

Since 2, + (22 + 1) = °, we may rewrite our

expression for C, as
—(1 — cos )@ — 1)?

-+ el:e" + (zg—z_o‘l—); cos ¢] + 0(é),

where 6 € [0, 2r]. We now subdivide the ¢ interval
from 0 to 2 into three parts [0, ¢,), (¢:, ¢2), and
(@2, 27], where ¢, < ¢, are roots of the equation
(ZO 7£ 0; 1)

c— & =

€ 2o 2
s = 1+ i 14 gy + 0

It is clear if ¢ € [0, ¢,) or (¢, 27] that the curve C,
winds about the point ¢ = §° exactly once; whereas,
for ¢ € (¢, ¢2), C, does not contain ¢ = §°. Hence,
we may rewrite (making use of symmetry) integral
(21) as

Ak, z + e — Ak, 2 + ¢
=21_; * o+ “d¢{ CoaBg; o) }
- 11-; dé {By(k, 2[6]) — Bo(k, 2[¢])}
_;1? {— log i[";]”} dg,

where

2[¢] = 20 + (25 — 1)} cos ¢

2o 2
+ e[l + m cos¢:| + 0(¢).
(22)

We note that the point z[¢], the intersection point
of C, with the cut ¢ = 6° 4 ¢\, A > 0, is a monotone
decreasing function for ¢ € [0, ¢,); hence, our last
integral does not vanish. We conclude from this
that the difference, A (k, z + e¢***) — A(k,z + ¢€) #0,
and A(k, z) is not single valued in a neighborhood
of z = (8 + 677).

Summarizing our results above along with those
obtained by considering the determinants D{”, we
have the following theorem.
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Theorem 1: The scattering amplitude Ak, 2)
which corresponds to a superposition of Yukawa
potentials is multiple valued about the singularity
at the point z = (1 + u2/4k™)}, which, moreover,
cannot be a polelike branch point. The discontinuity
across the branch cut (originating at this singularity),

= (1 + u2/4k*)* 4 4\, A > 0, is given by expres-
sion (22).

The results of the above discussion may be gen-
eralized in an obvious manner to yield a new method
for studying the branching of scattering amplitudes,
A(k, 2), about a singularity.

Theorem 2: Let the associated function B(k, o)
have an isolated singularity at ¢ = «, but be regular
in the disk |¢| < |a|. Furthermore, let B(k, o) be
majorized by (¢ — o)™, u < +1, in a neighborhood
of a. Finally, let the difference of the value of the
principal branch, By(k, o), and the branch B,(k, o),
obtained by passing over the cut A = {o | ¢ =
a -+ 2\, A 2> 0} from right to left, be given by

By(k, 6) — By(k, 0) = AB(k, o).

Then, the corresponding scattering amplitude 4 (%, z)
is single valued about z, = %i(a + 1/a), whenever
the following integral vanighes.

A,z + ') — Ak, z + e)
1

AB(k, 2(¢]) do,
with
2[¢] =20 + (& — 1)} cos

+ e[l + P — & 137 €08 ¢] + 0(),

for ¢ > 0 arbitrarily small, and ¢, the smallest
positive root of

cosgp =1 +'(;g%17;|:1 +Eﬁ] + 0().

A natural question that arises in our study of the
singularities of A(k, z) is what type of singularity
of B(k, 2) corresponds to a pole in the z plane of
Ak, z). To answer this question we return to our
integral operators Q[B] and Q7 '[4]. Let us consider
the case where

Ak, &) = [ — o[kD")"

Since no loss of generality occurs by assuming m = 1
(as we shall see), we consider those B(k, z) defined by

B(k,2) = Q[ — o[E)™'].

- entire function.
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The entire part of A{k, 2) does not lead to finite singularities, and hence may be ignored. This leads

us to evaluate'®

+1

{1 [ @ —24 D~ @ — 2%+ 1)*]}“
Bl 2+ DI+ (@ — 202+ DS iery

_ 1 — zz +1 dE
k9 =55 [ rmaima ST
_ 1-2 [ 1 :l
T @ =24 LE - 282+ D
1 -2
T o = 2 1)
e —2 + %(1 - 32)
T =241 (@ — 2a+ DY

Hence, for z in a neighborhood of z, = 1(a + 1/a),
B(k, z) has the expansion,

Bk,2) = + @ -2

a — 1
= (2 — 2t 1)
X % Em T I —

which is clearly analytic regular. We conclude that
there do not exist any polar singularities for scat-
tering amplitudes of the form given above. In a
similar way, we may discuss the case where A(k, 2)
has a pole of order m by writing

Bk, 2) = “_1[(5 —la)’"}
- (m — 1)1(;’;_1, g-l[ 1 ]

E—a

We list this result as Theorem 3.

Theorem 3: There are no scattering amplitudes
that have polar singularities of the form
d 1
Ak, 2) = e
2 ;l & — a;kD™

We conclude this work by listing several theorems
which are analogous to those obtained by Gilbert™
in an earlier study of a certain partial differential
equation.

Theorem 4: Let A,(k, 2) and A,(k, 2z) be two
scattering amplitudes defined by the series expan-
sions,

- entire function.

Ak, 2) = 2 ai”(k)P.(2) »=1,2).
1=0
Furthermore, let us suppose that 4,(k, 2) (# = 1, 2)
is singular for

19 W, Grobner and N. Hofreiter, Unbestimmie Inlegrale
(Springer-Verlag, Wien, 1949).
20 See Ref. 14.

. [1 +m+(z”—2m+1)*}
811 Foa~ @ — 2 + 1)}

2 + 3 [k] + (@)™
Then the scattering amplitude given by

v=1,2).

Ak, 2) = § a’(R)ai®P,(2)

is singular for z = [(en[klalk]) + (@lklaslk]) ™.

Theorem &: Let A(k, z) be a scattering amplitude
with the partial wave expansion,

©

Ak, 2) = § a, ()P, (),
where for each ¥ € D C C* one has lim;..
la:(k)]'"* = 0. Furthermore, if

; llog !
A= lim ———2——r
im log 1/]a:(R)] ’

then in the region ® X {z] ||* + [¢* — 1] < R},
Ak, z) satisfies the inequality

|A(%, )| < exp B

for R sufficiently large and arbitrary ¢ > 0.

The proof is analogous to that of Gilbert.”* We
remark in conclusion that Khuri®*'* has also studied
the analytic properties of the Legendre series (2).
His approach, however, differs from ours in that
he rearranges (2) to become a power series in the
variable z. Since the Legendre polynomials may be
approximated asymptotically* as I — o by

P.@) ~ )@ — 1)z + @ — DI,

it is apparent that these two approaches should lead
to some similar results.

21 See Ref. 14, p. 991,

# N, Khuri, Phys. Rev. 132, 914 (1963).

2 N, Khuri, Phys. Rev. Letters 10, 420 (1963).

% G, Szegd, Orthogonal Polynomials (Colloquium Publi-
cations, American Mathematical Society, Providence, R. 1.,
1939), Vol. 23.
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A variational principle is developed to provide an estimate of an arbitrary functional of the eigen-
functions of a set of eigenvalue equations. It is shown that the variational formalism is equivalent
to a functional Taylor series expansion of the desired functional about the trial functions. The relation-
ship of this work to perturbation theory is considered, and it is shown that the formalism can be used
to construct higher-order variational principles, i.e., those for which first-order errors in the trial
functions leads to an nth-order error in the desired functional. Finally, it is shown that the variational
principle of Borowitz and Vassell for estimating off-diagonal matrix elements, as well as the usual
Rayleigh quotient, are special cases of the principle presented here.

L INTRODUCTION

ARIATIONAL methods have found widespread
use in mathematical physies. In particular, the
Rayleigh quotient' is often used for estimating
eigenvalues, and the Schwinger variational principle®
can be used to estimate an arbitrary linear functional
of the solution to an inhomogeneous equation. It
can be shown® that both of these variational prin-
ciples can be derived from the more basic Rous-
sopoulos principle.* Recently, two papers have ap-
peared which generalize the Roussopoulos principle
for inhomogeneous equations, The first of these,
by Kostin and Brooks,® gives two nth-order prin-
ciples for linear functionals. That is, these principles
have the characteristic that first~order errors in the
trial functions (actually trial operators) lead to
nth-order errors in the estimate of the desired
linear functional. The second paper,® by the present
author, generalizes the Roussopoulos formalism to
provide an estimate of an arbitrary (not necessarily
linear) functional of the solution to an inhomoge-
neous equation, with first-order errors in the trial
functions leading to second-order errors in the esti-
mate. A generalization of the Schwinger method
to provide an estimate of an arbitrary functional
of the solution to an inhomogeneous equation is
also presented in that paper.
In this paper we present a variational principle

1P, M. Morse and H. Feshbach, Methods of Theoretical
Physics (MeGraw-Hill Book Company, Inc., New York,
1953), p. 1108. }

* H. Levine and J. Schwinger, Phys. Rev. 75, 1423 (1949).

3 D, 8. Selengut, Hanford Laboratories Report HW-59126
1959).
¢ 4 P) Rousgopoulos, Compt. Rend. 236, 1858 (1953).

8§ M. D. Kostin and H. Brooks, J. Math. Phys. 5, 1691
1964).
¢ s Cg C: Pomraning, J. Soc. Indust. Appl. Math. 13, 511
{19865).

for a set of eigenvalue equations which allows one
to estimate an arbitrary functional of the eigen-
functions of these equations. The principle is con-
structed along the lines previously used by the
author for inhomogeneous equations.® We show the
connection of thig variational method to a functional
Taylor series expansion of the desired functional
about the trial functions. We also show the relation-
ship of this work to perturbation theory and how
the formalism can be used to construct higher-order
principles, analogous to those of Kostin and Brooks®
for estimating linear functionals of the solution to
an inhomogeneous problem. Finally, we show that
the variational principle of Borowitz and Vassell’
for estimating off-diagonal matrix elements, as well
as the usual Rayleigh quotient for estimating eigen-
values, are special cases of the principle presented
here. Borowitz and Gerjuoy® have recently outlined
a general procedure for deriving variational prin-
ciples for estimating an arbitrary functional of the
solution to the time-independent Schrédinger equa-
tion. Although their considerations are quite dif-
ferent from those of this paper, the results of the
two approaches are identical in the two cases (di-
agonal and off-diagonal matrix elements) to which
they applied their procedure. '

II. PRINCIPLE FOR A SINGLE EQUATION

We consider the eigenvalue equation,

A@¥i(x) = A,B@)¥,(2), (1)

where z is the independent variable (or represents
the set of independent variables), ¢;(z) is the jth

7 8. Borowitz and M. O. Vassell, J. Quant. Spectry. &
Radiative Transfer 4, 663 (1964).

8 8. Borowitz and E. Gerjuoy, Joint Institute for Labo-
ratory Astrophysics, Report No. 36 (1965).
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eigenfunction, A; is the jth eigenvalue, and A(z)
and B(z) are real, but not necessarily self-adjoint
(Hermitian), operators. The eigenvalues A; are as-
sumed real and nondegenerate. In certain applica-
tions, such as quantum mechanics, the special case
B(x) = 1 and A(x) a self-adjoint operator, is of
particular interest. It should also be emphasized
that since we have assumed discrete eigenvalues,
the application to quantum mechanics of the for-
malism in the form given in this paper is only valid
for bound states. Associated with Eq. (1) is the
adjoint equation which has the same eigenvalues, i.e.,

AX)yi(@) = AB*@)¥5@), @

where A*(z) and B*(z) are the operators adjoint
to A(x) and B(z) according to the usual definition.
The functions y,;(z) and ¥*%(z) form a biorthogonal
set with respect to the operator B(z), i.e.,

fawmwww@

- [@veB@v@ =0, ixi ©
We wish to construct a variational expression to
estimate Gy;(z)], an arbitrary homogeneous func-
tional of ¢;(x). A homogeneous functional is defined
as one which satisfies

Gl¥i(@)] = Glay;(@)], @)

where « is an arbitrary constant. It is clear that
only homogeneous functionals can be of interest
since Eq. (1) is homogeneous.

We consider the functional

Flyi@), 0,@), ] = Gle,@)]
+ [ &z 6,@IA@eG@) — MB@e@], )

where ¢;(z) and \; are estimates of the jth eigen-
function and eigenvalue, respectively, and are as-
sumed to differ from the exact quantities by first-
order terms, i.e.,

pi(@) = ¥i(x) + dpi(2), (6)
N o= A; + 8\, )

Likewise, 0;(z) is taken to be a first-order estimate
of x;(z) which satisfies an, as yet unspecified, auxil-
iary equation, i.e., ‘

0;() = x;(x) + 86,(x). (8)

Equation (5) can be thought of as arising in the
following way: We wish to compute a stationary
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estimate of G[y;(z)] subject to the conditions im-
posed by Eq. (1). These conditions can be incor-
porated by the standard Lagrange multiplier tech-
nique with 6,(z) being this multiplier. Since Eq. (1)
holds for all 2, the sum of the conditions implied
by Eq. (1) takes the form of an integral in Eq. (5).
To prove that Fle;(z), 6;(x), ;] is actually a
variational estimate of G[¥;(z)], we must show

Fly;(@), xi(x), A;] = Qly;(x)], ©
OF[Y;(x), x;(), A;] = 0. (10)

That is, we must first show that the functional F
yields the exact result for Qy;(zx)] if the exact
solutions of the eigenvalue and auxiliary problems
are used, and secondly that first-order errors in these
solutions give rise to second-order errors in the
estimate. The first condition, Eq. (9), is immediately
evident by virtue of Eq. (1). We force Eq. (10)
to be satisfied by properly choosing the auxiliary
problem. The first variation of Eq. (5) is

0F[pi(2), 6;(2), \]
= [ dz 60,AG/E) ~ NB@e @]

— &\ f dz 0,(x)B(z)¢;(2)

+ [ @ s 4 @0,

= \B*@)6,(x) + G'les(®); 21} €3

G'le;(£); z] in Eq. (11) denotes the first functional
derivative of Glp;(z)] and is formally given by®

@'le®); 2]

= lim

0

{G&a@ + bz — P] — G[¢<s>]} a2

€

where 4(z) is the Dirac delta function. Evaluating
Eq. (11) with ¢;(z) and A;, we see that the first
term on the right-hand side vanishes. The last term
can be made to vanish when ¢;(z) = ¢,(z) and
A = A; if x;(x), to which 6;(z) is a first-order
approximation, satisfies

A*@)xi(2) — AB*a)x,(@) = —G'[¢;(9;2].  (13)

Equation (13) has the form of an eigenvalue problem
with an inhomogeneous term. A necessary condition
for a problem of this type to have a solution is
that the eigenfunction expansion, in the y*(z), of

V. Volterra, Theory of Funciionals and o Integral and
Integro—Diﬁerent,ial Equations (Dover Publijc‘m;ions,‘z Ine,,
New York, 1959).
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the inhomogeneous term have no ¢ = j contribution.
In physical terms, we must not drive the system
which Eq. (13) describes at its resonant frequency.
Because of the biorthogonality condition of the
eigenfunctions, the above condition is equivalent to
[ iz v @etw@; 2 = 0. (14)
Equation (14) is just a basic property of homoge-
neous functionals,” which is the only class of func-
tionals of interest for the eigenvalue problem.
Finally, we must show that the term involving
8\; in Eq. (11) is of second order. If one obtains the
trial quantity A; from the Rayleigh quotient, i.e.,

= [z i@ A(@ei(x)
" [ dz e¥@)B@)ei() ’

where ¢*(z) is a first-order approximation to y*(z),
then o\; itself is of second order, and we need not
investigate the coefficient of 8\; in Eq. (11). More
generally, however, we can allow first-order errors
in \; if we choose a particular solution of Eq. (13)
for x;(z). With the assumption that the eigenfunc-
tions defined by Eq. (2) form a complete set, a
solution for x;(z) is

(15)

x;(x) = ; [K:L_'I'] Vi), (16)
where we have defined

%= [ dz @) B*@) ¥i()
Because of the biorthogonality condition of the
eigenfunctions, we have, with x;(z) given by Eq. (16),
[ dz x@B@w@ = o, (18)
and hence the coefficient of 8\; in Eq. (11) is of
first order, making the product of this coefficient
and a first-order 6\; a second-order quantity.
However, if one allows a first-order 8)\;, care must
be taken to ensure that 6;(x) is a first-order ap-
proximation to x;(x) as given by Eq. (16), which
is only a particular solution of Eq. (13). The general
solution of Eq. (13), which we denote by x}(z) to
distinguish it from Eq. (16), is

Xi@ = 2 [ﬁ-]ﬁ(@ + I'Yh@), (19)
545 i i

where T is an arbitrary constant. A first-order
approximation to x/(z), with I' other than zero
(or a first-order quantity), coupled with a first-order
o\;, yield a first-order, rather than a second-
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order, 8F and the functional given by Eq. (5)
yield an estimate of Gy¥;(x)] which is no more
accurate, in general, than G[¢;(z)], obtained from
a direct calculation with the trial function, ¢;(z).
However, in practice this offers no great difficulty.
If one finds an arbitrary solution to Eq. (13), ie.,
Eq. (19), one can easily construct from this the
proper solution to use in connection with a first-
order 8\, i.e.,, Eq. (16). We have

vi() [ dE ,(E)B*E)xi(8)
J g ¢ (©B*E)¢4(®)

We shortly give the more useful analog of Eq. (20)
for 6/(z) and 6;(z). That is, if one has a first-order
approximation to x/(z), given by Eq. (19), we show
how one easily constructs a first-order approximation
to x;(x), given by Eq. (16), which is the required
trial function in connection with a first-order 8X;.

To summarize, we have shown that if ¢,(x) is
a first-order approximation to ¥,(z), if \; is a first-
order approximation to A;, and if 8;(x) is a first-order
approximation to x;(z) as given by Eq. (16), then
the functional given by Eq. (5) yields an estimate
of GQ[¢;(z)] containing only second-order errors in
8e;(x), 86;(x), and &X;.

We note that the defining equation for x;(z),
Eq. (13), depends upon the exact solution of the
eigenvalue problem, ;(z) and A;, which by hy-
pothesis is not known. This is not particularly dis-
turbing since we do not require an exact solution
of Eq. (13). We need only a first~order approximation
to x;(z). Nevertheless, it seems desirable to replace
Eq. (13) with an equation for ¥;(z), which differs
from x;(z) by first-order terms, and which contains
no reference to the exact eigenfunction, ¢;(x), or the
exact eigenvalue, A;. One such equation is

A*@)xi(x) — NB*(@)B,(7)x:(2)
= —G'le;(®); ],

xi(z) = xi(z) — (20)

21
where we have defined

B:(@) = A@e;(@)/\B(®)e;(x). (22)

We can easily demonstrate that the solutions for
x;(x) and %;(x) needed in connection with a first-
order 8\; differ by first-order terms only. For this
purpose we define the eigenfunctions ¢%(z) and
eigenvalues A;; by

A*@)P4@) = L,B*@)8:(@)¥5@.  (23)

These eigenfunctions are orthogonal to the set ¢,;(z)
defined by

A@Pii(x) = X;8:(2)B(x) Vi), (29)
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with the orthogonality relationship being

f dz P4(2)B8(2)B@) ;@)

= [ @ @B @B =0, ik (@5
In particular, we have

Vi)

K,‘,' == )\,‘;

(26)
@7

= ¢i(x)y

A particular solution to Eq. (21) is then given by

%i(x) = ; [;—E_i—'fj @, (28)
where we have defined

%1 = Tl 0,@B*@B:@ P5@

Since B;(z) differs from unity by first-order terms
only, it is clear from perturbation theory arguments
that ¢%(z) and ¢X(z), as well as A; and A;;, and
Y.(x) and ¥,;(z), differ by first-order terms only.
It then follows that «,; and &;; differ by first-order
terms. Finally, a comparison of the right-hand sides
of Eqgs. (16) and (28) shows that x;(z) and %,(z) are
equal to within first-order terms, as postulated. The
general solution of Eq. (21), which we denote by
%i(x), is found by adding the term T¢%(z) to the
right-hand side of Eq. (28), where T is an arbitrary
constant. Analogous to Eq. (20), we have the con-
nection formula

/5(@) [ dE e,(B*®)B,(OX®
[ dt 0, ()B*()B:(D¢5®

Unfortunately, ¢#(z) is not related to the trial
functions ¢;(z) or ¢*(z) in any simple manner as
is ¥;;(z) [see Eq. (26)], but it can be shown that
Y X(z) and ¢*%(z) differ by first-order terms only.

Hence 8;(z), needed in Eq. (5), can be taken as
a first~order approximation to either x;(z) given by
Eq. (16} or x;(z) given by Eq. (28). In practice
1t may be easier to obtain 8;(x) as an approximation
to x;(x) since the defining equation for %,;(x) con-
tains only the known quantities, 4 (z), 4*(z), B(x),
B*(z), and ¢;(z). To complete the argument, one
final practical point needs discussion. If one ob-
tains a function #/(z), a first-order approximation
to an arbitrary solution of either Eq. (13) or Eq.
(21), how does one obtain the function 8;(z) needed
as the trial function for use with a first-order &;?
It is easily shown that 8;(z) defined by

xi(@) = xi(a) — (30)
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¢i(@) [ di :(E)B*(£)8:(8) ;)

0@ = 0@ = Y G o EBenE OV
or equivalently, to first order,
b = o) — @ L pOBQEE

[ dt 0, (®B*@)e5()

differs from Egs. (16) and (28) by first-order quan-
tities and, hence, is the desired trial function. It
should be re-emphasized that if one uses the Rayleigh
quotient Eq. (15) to obtain \;, then 8}, is of second
order and #/(x) can be used directly as the trial
function without first modifying it according to
Eq. (31) or Eq. (32).

III. RELATIONSHIP TO OTHER WORK

In this section we relate our variational prineiple
to other mathematical techniques. For simplicity,
we consider the self-adjoint problem (so that ¢; = ¢*
and ¢; = ¢*)

A@)g(x) = A;¢i(2). (33)

We can very easily show the relationship of this
variational principle to a functional Taylor series
expansion of G[Y;{z)] about Glp;{(x)]. Using Egs.
(6), (7), and (8) in the integral term of the func-
tional, Eq. (5), and using the defining equations
for ¢;(z), A;, and x;(z), Egs. (1) and (13), we find

Flo(2), 8,(2), A
= Glp@] — [ do s0,@E ;7]
-+ 0(5¢5 §0; -+ 8N de; + &\ 53;‘):

where the symbol O(e) means ‘“‘of the order of &”
With the assumption that G'[¢;(); 2] has a fune-
tional derivative, Eq. (34) ean be rewritten as

F[ﬂai(x)’ 9,-(11), }‘i]
= Glo@) ~ [ dz 30,@ET0i®); 2]

+ O(8¢; 88; + ON; dp; + ON; 86; + o, ;). (35)

Equation (35) is the desired result and shows the
identity, to first order, between the variational re-
sult and a functional Taylor series expansion of
Gly: ()] about Gle;(z)]. Equation (35) can also be
rewritten
Flpi(z), 8;(2), \]

= Glgix)] + 0(d¢; 86, + OX; dp;

+ 8N, 80; + d¢; dei),

(34)

(36)
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which explicitly shows the order of the error involved
in the variational estimate.

We can just as easily show that the Rayleigh
quotient, Eq. (15), is a special case of the principle
given in this paper. If we choose the functional
Glp;(x)] to be the Rayleigh quotient, then

G'le;(®); 2]
_ 24@ei(z) _ 20:(x) | dt o, (HA@)e(H) (37)
[ dele;(® {J dele: T}

Evaluating Eq. (37) with the exact eigenfunction,
¥i(x), we find @[y, (§); xz] = 0, and thus the auxiliary
equation given by Eq. (13) becomes

A(@)x; (@) — Ax(x) = 0. (38)
Equation (38) has the solution x;(z) = 0, and thus
we may take 8;(x) = 0 in the functional, Eq. (5).
This yields

Flo(@) = Gloi) = L2 LBEE0E),

We see that we have just recovered the Rayleigh
quotient, and we conclude that the Rayleigh quotient
is a special case of the more general principle con-
tained in Eq. (5).

For the purpose of relating the variational prin-
ciple to perturbation theory, we consider the operator
in Eq. (33) to be composed of two parts and write

Ax) = Ao@) + Ai(@), (40)

where A,(x) is a small perturbation on 4,(x). If we
consider a first-order perturbation theory treatment,
we write

(39)

(41)
(42)
where subseript 1 indicates a small quantity com-
pared to the corresponding quantity with a zero

subseript. Perturbation theory then yields the fol-
lowing identities:

vi(@) = i@ + ¢a),
A = Ay + Ap,

Ao@Yi0(®) = Ajo¥io(x), (43)
[(4o(@) — A;@Yin(@) = [Ay — 4:@)]¥0(), (44
A = Jdx ¢jo(x)A1($)¢io($)_ (45)

J dz [io(@)]*

Thus the first-order perturbation theory estimate
of the functional Gly;(z)] is

Gl¥i(@)] = Glyo(x) + Vi@, (46)

or, expanding the right-hand side of Eq. (46) in
a first-order functional Taylor series,
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GLH)] ~ GlYa@] + [ do G0 2l
(@)

Now, the symbolic solution of Eq. (44) for ¢;,(z) is
'hl(x) = [Ao(w) - A,-o]"
X [Aj — 4i(@)]¥io(@) + T¢0(2),

where I' is an arbitrary constant. This arbitrary
multiple of y;,(x) arises as the solution to the
homogeneous portion of Eq. (44). The operator
[Ao(x) — Aj)] " is arbitrary to within an additive
multiple of the operator C;, defined by

(48)

Cuf @ = ¥ul@) [ dE1©. 49)
However, since we have explicitly included an ar-
bitrary multiple of ¥;o(z) in Eq. (48), we can define
[Ag(x) — A;]™' as the particular operator which,
when operating on a function orthogonal to ¥(x)
(it is only for these functions that this operator
exists) yields a function orthogonal to ¢;,(z). That is,

[Ao(x) — As0] f(2)

_ [ dva®i© ]
=2 ‘”"’(’”)[(A.-o = A e wm(s)r]

With this definition of [4,(x) — A;0]™}, coupled with
the facts that it is a self-adjoint operator and
G[yY;(z)] is a homogeneous functional, it is easily
shown that the use of Eq. (48) in Eq. (47) yields

(50)

G @) ~ O¥n@)] — [ de (4@ (@)

X [Ao(x) — Aol [¥50@®; 2] (BD)

Equation (51) is the final result of the first-order
perturbation calculation.

We wish to compare this perturbation theory
result with that obtained from the wvariational
method using zeroth-order trial functions, i.e.,

¢i(x) = ‘I/io(x):
)\,‘ = A,'o.

(52)
(53)

With these trial functions, the variational expres-
sion, Eq. (5), becomes
Flyjo(x), 0;(x), B0

= Gy + [ do @AV (69

For 6,(x), the trial function for x;(x), we take the
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zeroth-order approximation to the exact auxiliary
equation given by Eq. (13), i.e,,

Ao@)0,(z) — As0bi(z) = —F'[¥:0(8); 2].

As discussed in some detail in Sec. II, we require,
since the trial eigenvalue is in error by first-order
terms, the particular solution to Eq. (55) which is
orthogonal to ¢,,(x). This is given formally by

0;(z) = —[Ao(2) — Aio(x)]—lG'[‘ﬁio(E);z]:

where the inverse operator is the same one en-
countered in the perturbation theory treatment and
is given by Eq. (60). Use of Eq. (56) in Eq. (54)
yields

Flyio(@); Ajo] = Q[¢0(x)]

—~ [ a2 4@ Y@ Ao — Al T®); 2],
(57)

which is identical to the first-order perturbation
theory result, Eq. (51). Hence we have established
a connection between perturbation theory and the
variational principle. Hirschfelder et al.'® have shown
this same relationship in two special cases, the
Rayleigh quotient and a principle for calculating off-
diagonal matrix elements. They have also shown,
given a variational principle for a functional G, how
one can derive a variational principle for G, the
nth term in a perturbation theory solution for G.
Although we have restricted our attention to the
use of zeroth-order perturbation theory results as
the trial functions in the variational method, one
could also use higher-order results as trial functions.
If one used the results of an (n — 1)th-order per-
turbation theory solution of Eqs. (1) and (13) as
trial functions in Eq. (5), the variational method
would yield an estimate of Gly;(z)] with an error
of order ¢, where e denotes the order of 4,(z) as
compared to 4,(x). This is the essence of the method
used by Kostin and Brooks® in constructing their
functional jg,.. Their variational principle gives an
estimate of a linear functional of the solution to an
inhomogeneous problem with an error of the order
of ¢, where ¢ is the error in the trial operator.
(Kostin and Brooks use trial operators rather than
trial functions.) This same class of trial functions
could be used in the previous work of the present
author® which gives generalizations of the Rous-
sopoulos* and Schwinger’ methods to allow one to

(55)

(56)

10 J. O. Hirschfelder, W. B. Brown, and S. T. Epstein,
Advances in Quantum Chemistry (Academic Press Inc., New
York, 1964), Vol. I, p. 255.
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estimate an arbitrary functional of the solution to an
inhomogeneous problem. This would lead to a direct
generalization of the jz, functional to one which
would estimate, with errors of the order of ¢, an
arbitrary functional (not necessarily linear as treated
by Kostin and Brooks) of the solution to an inhomo-
geneous problem. This functional, together with the
functional for eigenvalue problems just discussed,
would in principle allow one to estimate, with
an arbitrarily small error, an arbitrary funetional of
the solution to either an inhomogeneous or an
eigenvalue problem.

An interesting possibility is to use the variational
principle to improve upon the eigenfunction itself.
For this purpose, we choose

Gl¥:(@)] = ¥i(zo)/L{¥: ()], (58)

where L[y;(z)] is an appropriate functional of ¢;(z) so
as to make Gy;(z)] a homogeneous functional. For
example, one might take

4
@) ={[ awerf.
Equation (58) has the functional derivative,
Q'Y 2] = 8z — o) _ di(z)L'[¥:(8); ] (60)

L{yi(®) (Ly,®1 7

where 6(z) is the Dirac delta function. With this
choice of G[y,(x)], the variational method gives an
estimate, with second-order errors, of the eigen-
function itself, with the functional L[y¢,(z)] acting
as a normalization factor in this estimate. A further
possibility is to use the variational principle re-
peatedly, with the estimate of the eigenfunction
from the nth use of the principle used as the trial
function for the (n + 1)th application. With the
assumption that this is a convergent process, one
can then obtain the eigenfunction to any desired
accuracy.

Mathematically, this procedure can be written,
from Eq. (5),

o @) _ o (z)
LT @] ~ Ll (@)

+ [ &2 @U@ @ - @], (6D
where ¢{™ (z) is the nth estimate of the eigenfunction
with ¢{”(z) being the initial trial function, A{™ is
the nth estimate of the eigenvalue which can be
calculated from the Rayleigh quotient,

s _ [ 4z 0”(2) A(2)¢i" (z)
' [ P@F

(62)
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and 9;(z) is an approximation to x;(x) which satisfies

A(@)x;(x) — Apx;(a)

_ Yi@)L'[¥i(8);2] _ 8z — 7o), 63)
{Ll¥;1)° L{y,®)]

Since ¢;(z), the exact eigenfunction, is not known
in Eq. (63), this equation would be replaced in an
actual computation with the equation for x;(z)
based on the initial trial function, ¢{”(z). From
Egs. (21) and (22) we find

0" (W A@x:(2) — %@ A@)e}” (2)

_ e@el @) Lo @); 2] _ ¢ @) 3 = w).
{Lle”(®1} Llei™(®)]
(64)

Let us now make an estimate of the error in
M (z). We assume that ¢ (z), the initial trial
function, has an error of order e and that 8,(z) has
an error of order & From Eq. (62) it is clear that
A® has an error of order €. Since in practice 6,(x)
is obtained as an approximation to x;(z) which is
in error from x;(z) by order ¢ € is in general of
the order of or larger than ¢. With this observation,
the order of the error in ¢{™(z), which we denote
by E., is easily computed. From Eq. (36) we see
that the (0p;86,) term is dominant, and we have

E,., = EE'U (65)

the solution to which is, subject to the boundary
condition E, = ¢

E. = «@". (66)

This error could be reduced considerably if the error
in the auxiliary trial function, 8;(z), is reduced at
each step in the n-fold process instead of being held
constant at order & That is, we could replace

Egs. (61) and (64) by
o) _ o ()
L@ ~ L@
+ [ @z 6P @A @) — NP @),

2@ A@x" @) — %" (@) A@)e” (2)
_ 0" @e" @)L e (®); 2] _ @i (o) 8z — )

{Lle™@®1) Lig™®1
(68)
where 6{”(z) in Eq. (67) is an approximation to
%™ (z) as defined by Eq. (68). Since %{”(z) is in
error, compared to the exact solution x;(z), by the
same order as the error in ¢{™ (z), this is the smallest

(67)
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error which one could expect in 6{”(z). If one
achieved this optimum situation, Eq. (36) implies

E’H‘l = E:, (69)

which has the solution, subject to the boundary
condition B, = ¢ where ¢ here is the order of the
error in both ¢{” (z) and 6! (x),

E, = (. (70)

In this case E, decreases very rapidly with increasing
n. Once one has the eigenfunction to the desired
accuracy, say with an error given by Eq. (66) or
Eq. (70), one can then compute an estimate of
Gy i(x)] which is in general also in error by only E,.

At this point we can easily show the relationship
of this work to the second functional of Kostin and
Brooks® which they denote by j,,.. This functional,
which gives an estimate of a linear functional of
the solution to an inhomogeneous problem, has the
property that first-order errors in the trial operators
lead to nth-order errors in the estimate. The connec-
tion of js. to the present work is that it can be
derived in the manner we have just outlined for
the eigenvalue problem. That is, one uses the basic
Roussopoulos formalism* for inhomogeneous prob-
lems and chooses the inhomogeneous term in the
auxiliary problem as a delta function §(z — =z,),
and repeatedly uses the variational method to im-
prove the solution to the problem of interest. Having
obtained the solution to nth order, one computes
the linear functional of interest with this solution.
The final expression for the linear functional in-
volves repeated integrals over approximate Green’s
functions. If one defines the integral over the Green’s
function as the operator G of Kostin and Brooks,
one finds the functional j,,. The repeated use of
the variational method as given by Eq. (61) is the
analog of j,, for eigenvalue equations.

One can repeat most of the analysis of this section
for the more general eigenvalue equation given by
Eq. (1). The only exception is the Rayleigh quotient.
Since the Rayleigh quotient for a non-self-adjoint
equation, Eq. (15), is a functional of both ¢;(z)
and ¢*%(z), we cannot show the relationship of the
present work to the Rayleigh quotient for a non-
self-adjoint system before considering a generaliza-
tion of the formalism.

IV. PRINCIPLE FOR A SET OF EQUATIONS
We consider the set of I eigenvalue equations,
AP @y (z)

= APBP@y"@) (A <i<D, (@)
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where the superscript ¢ refers to the 7th equation
and the subseript j refers to the jth eigenfunction.
As before, A’(z) and B‘”(z) are real, but not
necessarily self-adjoint, operators and the eigen-
values A" are assumed real, and for a given 1,
nondegenerate. We wish to estimate the functional
Gly?, ¢&®, ¢{?] which is homogeneous with
respect to each function y;"(x). For this purpose
we consider the functional

Fles (@), 67@), 3"]
- al@) + 3 [ @ 0@

X [A°@¢*@ - \"BY@ei" @],  (72)

where ¢;”(z), A", and 6{”(z) are first-order ap-
proximations to ¥{”(z), A"’, and x{"(z), respec-
tively. xi"(x) is defined shortly. To simplify the
writing in Eq. (72), we have used the superseript s
to indicate all of the 7 quantities in the argument
list, i.e.,

Flei”, 6;”, N]

= F[¢(1) ‘o (P,I) 0(1) ’ 0:(‘1)7 >‘:('l)y ) )‘1('1)]7
73)
Glei”] = Qle, -+ , o1, (74)

Clearly, Fle{" (z), 6" (z), M\{*’] reduces to G[¢{" (z)]
if the exact solutions of the I equations given by
Eq. (71) are used for ¢{”(z) and A{”. The first
variation of Eq. (72) is given by

8Foi" (), 6;” (), M)

= -3 o [ @ 8O@BY (@@

te]

+ Zfdx 865" (x)
X [AP@)ei" @) —
+ E f dzx 6¢f”(x){A"’*(x)0“’(x)

i=1

NUB ()6 @)

(2) .

- op @) + Ll
where 4”%(z) and B’’(z) are the operators ad-
joint to A’(z) and B’ (x) and 8Q[e{" (£); z]/d¢ "
denotes the first functional derivative of Gle{” ()]
with respect to ¢ (z). Following the methods pre-
viously used for a single eigenvalue equation, we
can show 8F to be a second-order quantity if ¢{* ()
is a first-order approximation to ¥:“(z), A{” is a
first-order approximation to A{", and 6{”(z) is
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a first-order approximation to a particular solution
for x{"(z), defined by

A @O @) ~ APBO* @)X ()
~ G (©); /000, (76)

It can also be shown, following the methods pre-
viously used, that this particular solution for x}" (z)
differs from a particular solution for %" (z) by first-
order terms only if we define %"’ (z) by the equation

A DO @) ~ NB @B @ @)

—8Glei"(®); 21/ 0},  (T7)

where we have defined

Bi7 (@) = AV@e;°@)/N"BV(2)e; (). (78)

As we have pointed out earlier, the motivation for
replacing x{* (x) by %{”(z) is that the equation for
%9 (x) contains no reference to the unknown quan-
tities ;¥ (z) and A",

We are now in a position to show the relationship
of this work to the Rayleigh quotient for a non-
self-adjoint equation. We take the functional
Gl¥;(z), y*%(x)] to be the Rayleigh quotient as given
by Eq. (15). The sum in Eq. (72) then reduces to
two terms, and we have

% * _ [ dz %) A()e,(x)
F[‘Pi; et 0;, 0%, N = fdx (pf(ﬂ?)B(ﬁZJ)(p,(x)

+ [ dz 0@ 4@ — \B@ew)]

+ [ do @A @) — NB*@A@). (79)
We also have

8G[¥.(8), ¥3(®); 21/ 8¢,

= §G[y,(8), ¥i(®);z]/8¢F =0,  (80)

and hence Eq. (76) gives
A*@)xi(z) — AB*(x)xi(x) = 0, 81
A@)xi) — AB@)() = 0. (82)

These two equations have a particular solution

xi(@ = x%@) = 0, and thus we can take 6;(z) =
6%(z) = 0. Equation (79) then simplifies to
J dz o%(2) A(@)e;(2)
Flo;(@), o%(x)] = fdx <p’f(x)B(x)go,(x) ’ (83)

which is just the Rayleigh quotient we started with.
Thus the Rayleigh quotient for non-self-adjoint
equations is embedded in the more general varia-
tional principle given here.



VARIATIONAL PRINCIPLE FOR EIGENVALUE EQUATIONS

As a final example, we consider the application
of the variational method to the calculation of
off-diagonal matrix elements. That is, we consider
two eigenfunctions of the same eigenvalue equation,

H@)y:(@) = A¥;(2), (84
H@)¥(x) = Av(2), (85)

where H(z) is a real, self-adjoint operator. We con-
sider this particularly simple eigenvalue equation
since this is the equation considered by Borowitz
and Vassell.” A more general equation of the form
given by Eq. (1) presents no difficulties. We take
the functional of interest to be

Gle:(x), ex(2)]

- I dz o/(x)R(@)e;(x)
([ dz [ex@T1 do [e;@)1}

where E(x) is an arbitrary, real, self-adjoint operator
and ¢;(z) and ¢.(r) are first-order approximations
to ¢;(z) and ¢, (z). If the trial functions are assumed
to be normalized according to

(86)

(87)

[awto@r =1, i=i&

we find

8G{ei(®), eu(8); 7]
0y

= R@o@) ~ 0@ [ & a®R@e®,  (69)

8Gle,(8), 0:(8); 7]
S¢r

= R@la) — i) [ dE e ®RO0:0).

(89)

Thus Eqgs. (72) and (77) in this special case are
written

F[‘Pi(x); ‘Pls(x); 0,-(11), 0:(), Niy M)

- | & a@R@e@
+ f dz 0;(x)[H(@)e;(x) — N (z)]

+ [ dz 6@H@AGE) — @], 90
P@HORE) — $@H@(@)

= @E@nE) — A@) [ & (OB, O
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o) H(@)x:(x) — 22 H(z)es(2)

= A@R@e@) — oi@) [ di a@REe,®. (©2)
To make clear the correspondence of Eqs. (90)—(92)
to the variational principle of Borowitz and Vassell,

we define the quantities j(z), k(z), J(z), K(z), J'(z),
K'(z), {E;), and (E,) by the equations

¢i(x) = j(@), (93)
ou(x) = k(z), (94)
0;(z) = j(@)J(a), (95)
6.(x) = —k(x)K(x), (96)
xi(@) = j@@)J'(2), 97
(@) = —k(@)K'(x), (98)

N = (Ey, (99)

A= (B (100)

The primes in Eqs. (97) and (98) are used to dis-
tinguish these quantities from the corresponding
unprimed quantities in Eqs. (95) and (96) and do
not imply differentiation. We further make use of
the commutator symbol [,] for two operators A (z)
and B(z),

[4, B] = A(®)B(x) — B(x)A@@),  (101)
and Dirac notation, e.g.,
A(@)j(x) = 4 |j), (102)
k@) A(x) = (k| A, (103)
[ = i@ a@ka) = Gl 4. 108

With these definitions and notation, Egs. (90)—(92)
can be written

F[j; k; J; K: <Ei>: (Ek>]
= (k| R |f) — (Gl J(ES)

— HJ |j) — (k| KH — (E)K [k),  (105)
Gl Y’ H] = k| @, (106)
[K', H] |k) = Q |3, (107)
where we have defined the operator @ as
Q =R — |kXk| B |Gl (108)

Equations (105)-(108) are just Egs. (2.5), (2.6),
(2.7), and (2.22) of Borowitz and Vassell. Hence
we see that the formalism given in this paper con-
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tains the variational principle of Borowitz and
Vassell as a special case.

Two final points should be made. In the first
place, J and K in Eq. (105) are meant as first-order
approximations to J’ and K’ as defined by Eqs. (106)
and (107). In the paper of Borowitz and Vassell,
only one set of functions, J and K, is introduced,
implying that an exact solution of Eqgs. (106) and
(107) is required for use in the functional, Eq. (105).
We see from the present work, however, that this
is not the case. Secondly, Borowitz and Vassell imply
that (E;) and (E,) in Eq. (105) must either be the
exact eigenvalues or differ from the exact results
by second-order terms (e.g., as calculated from the
Rayleigh quotient). This is the case if one uses any
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solution, or a first-order approximation to any solu-
tion of Eqgs. (106) and (107) as the trial functions.
However, as we have shown, if one chooses a par-
ticular solution, or a first-order approximation to
this particular solution, for J' and K’, all that is
required of (E;) and (E,) is that they be first-order
approximations to the exact eigenvalues. These
same points have been discussed by Borowitz and
Gerjuoy.®
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